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AND TRIGONOMETRIC POLYNOMIALS
TO THE APPROXIMATION OF A SOLUTION
OF A SINGULAR INTEGRAL EQUATION
WITH A MULTIPLICATIVE CAUCHY KERNEL
IN THE HALF-PLANE

Abstract. In this article Chebyshev and trigonometric polynomials are used to construct
an approximate solution of a singular integral equation with a multiplicative Cauchy kernel
in the half-plane.
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1. INTRODUCTION

Let us consider a singular integral equation of the form

(Wli)2 //( 2 (01,02) doidoy = f(2,y), (1)
D

o1 —x) (02 — y)

where (z,y) € D = {(z,y) : 0 <Rez < 00, —o0o <Imz < 00, z =2+ iy}, f(z,y) is
a given function and ¢ (z,y) is an unknown function. Let us notice that the surface
of integration is the complex half-plane. In the case of surface of integration being
the quarter-plane or the whole complex plane, the exact solutions are presented in [7].
Theory of (1) is presented in [4]. Let us shortly recall the explicit solution of (1).

Definition 1.1. We write ¢ (z,y) € h(0,00) X h(00), 0 < & < 00, —00 <y < 00, if
the function

1+t 1+t
1
1—t;" 1—ty

QD* (tl,tg)(p( ) R (tl,tQ)E [*1,1) XL, L:{tgl |t2|:1},
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satisfies the conditions
" (1) — " (8, )] < K Ity — 1" + K Ity — 41", )
Ky, K3 > 0,0 < p1, p2 < 1, in each closed domain contained in (—1,1) x L and

lm " (t1,t2) = lim p(x,y) =0, Vioe L (Yy€ (—o0,)). (3)

t1—1-0
Theorem 1.1. Let f (x,y) € h(0,00) x h(c0) and let

lim f(z,y)=0, z€]0,00).

ly|—o0

Then the solution ¢ (x,y) of (1) in the function class h (0,00) x h (00), satisfying the
relations

p(x,00) =0, z€]0,00), (4)
and
i/@(Uhy // (01,09) dordos (5)
x! o1+1 2 Vo1 (o1 +1) (o2 —y)’
0 0 —oo

s given by the following formula

01702 ) do1dos
—) (02 —y)

¢ (z, (6)

In this paper we present the method of finding on approximate solution of (1) in
the function class h (0, 00) X h (00) based on Chebyshev and trigonometric polynomials.
Let us notice that the surface of integration is unbounded. In the literature [2,3,5,8],
the methods of approximating a solution of equation (1) are well-known in the case
of D bounded only. We have not found, in the literature, any study of the equation
in which the surface of integration is a half-plane.

2. APPROXIMATE SOLUTION

Using the following identities

1 s+l 1 1 1 y+i 1 1

or—x oy+loy—x o1+1 oo—y oatioce—y oo+i

and substitutions

1+7 x—1+t1 o 1+Tz 1+t2

0'1:1—7'17 _1—t17 1—7'2 y= 1—t2
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71, t1 € (—1,1), 79, ty € L, we can rewrite equation (1) in the form

1
7'1,7'2 7'1,7'2
drid dridro—
(mi) // (11 —t1) (12 — t2) T e 2// (m—t1) (2 — 1) T
1L
(7)

1
7—177—2 TI;TQ
drd dridre =
7m // 7'1—1 TQ—tQ) m T2+ Z‘ZL/ 7'1—1 7'2—1) a7

= f*(t1,t2),

where

) 147 147 . 1+h 141
= t t = :
©* (11, 72) @(1—71’21—72)’ I* (t1,to) f(l_t17ll—t2>

Let us introduce a new unknown function w (1,t2) using the relation

0 (t1,t2) = \/1 — t2u(ty,t2) . (8)

Substituting (8) into (7), (4) and (5), we get

1
u (11, T2) 1 —1iu(m, m2)

deT— // dridro—

(i) // Tl—tl Tz—tg) 1o 2 S (m—t1) (2 —1) e

1 1 (9)
\/ﬁ T1,7'2 \/ﬁ 7'1,7'2
e e sy g R -

dridmy =
(m—1) (12—t (1 —1) (2 — 1) e

= f (t17t2)7
(t1, 1) = (10)

1
1 [/1—7hu(r,t2) 142 1-7 * (71, 72)
- d = dTldTQ.
i 1-—7 147 (1—7) 1—72)(72—152)
(11)

Now we approximate the function f*(¢;,t2) with an interpolating polynomial
, (t1,t2) of the form (cf. [6])

[r(tte) = fr o (T t2) Z Z Fij Ty (1) 8, (12)

j=—n

where

2n

2 « 1 .
Frj=——- friTk(tin),  fro=5—= tif(tirtay), (13
kj n+17;0f] k(17) f7.7 2n+11;0 Q,pf(l, 2,p) ( )
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Tk (t1) = cos(narccosty), k = 0,1,...,n, are Chebyshev polynomials of the first

kind, the points t;; = cos (22(?5:1);7, k = 0,1,...,n, are Chebyshev nodes, and

ty; = €', where s; = %,j =0,1,...,2n. Here we approximate f* (t1,ts) with
Chebyshev polynomials of the first kind with respect to the first variable and by
trigonometric polynomials with respect to the second variable.

We are going to get the error estimations for an approximate solution of (9)—(11)

using the following lemma.

Lemma 2.1. ([8]) If the function f* (t1,t2) satisfies Holder condition with respect to
both variables on [~1,1] x L, L : [to| = 1, i.e., f* (t1,t2) € H (1, p2), and f;; ,, (t1,t2)
is a polynomial of form (12), then the following inequality holds

2
In“n

b

£ (trsta) = fr o (B, t2)]| < C

nt
where = min {u1, 2} and C is an arbitrary constant.

We approximate the unknown function u (¢1,t2) with a polynomial wu,_1 », (¢1, t2)
of the form

u(t1,t2) = Up—1,n (t1,t2) = Z Z ek Uk (t1) th, (14)
k=0 j=-n
where Uy (t1) = %#5“), k=0,1,...,n — 1, are Chebyshev polynomials of
the second kind, and cy; are unknown coefficients.
An approximate solution w,_1,y (t1,t2) of (9)—(11) is defined as a solution of the
following problem

\/lleun 1,n T1,T2) \/lleun 1,n ’7'1,7’2)
dr dTQ—
7TZ

d7'1d7'2—
T1*t1 ’7'27152) Tlftl 7—2,1)

15)
1 - n—1i,n ) 1 - n—1i,n ) (
//\/ T2 Un—1,n (11 7'2) 1d7’2+ //\/ T2 Un—1,n (T1 Tz)dTId

ﬂ"L 7TZ

T1—1 Tz—tz) 7'1—1 7'2—1) ==
= Gn,n (t17t2) - Gn,n (tly 1) - G':,,n (17t2) + Gn,n (17 1)7

where Gy, |, (t1,t2) = f; , (t1,t2) + Q, (t2),

Un—1,n (tl, 1) = 07 (16)
1 \/177’1un 1,n ’7'1,t2 l—tQ 1—7n fnn T1, T2 —‘rQn(Tg)
- d dTlde.
i 1—-7 1471 (1=—71) (1 —72) (12 — t2)
(17)
n .
Here we need the polynomial Q;, (t2) = > ¢jt; to satisfy (5). However, the

j=-n
unknown coefficients ¢y; are independent of Q7 (t2).
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Substituting (13) and (14) into (15), (16) and (17), we obtain

o
P S — ki Tl—tl 17'1'2 2_t2 2

) 1

o [ [
7'17751 T 7'27
1 1 j
——,/\/1—7'127(]]{3 (Tl)dﬁ—_/ dro+ (18)
Iy 7 —1 wi ) Ty — 1o

U J
/ ACAPRE .
1—1 m ) T —1

L
—Z Z ij {Tk t1 —Tk(tl)—t2+1}
k=0 j=—n
n—1 n
>3 kUi (1) =0, (19)
k=0 j=—n

1 1
n i ij/\/l_TlUk 1 th
= -1

e 1-n

1
n n ].—tz 1_7'1 ijTk )
drd 2
,; ; //\/1+n i—mi-mmom 20
—J= —1L

n 1 * 7

l—tz 1—7'1 quQ
E dridry.
- //\/1+T1 1—m)(1— 1) (2 —t2) nan
j=-n —1L

Since (cf. [1])

1
1 1—7f d
W/ﬁUk(Tl) T (), te(-1,1), k=0,1,..

ty— 7
21

1 J i >
T dry = { t?, ] >0,
—t3, 7 <0,
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it follows that (18) takes the form

—

n—

3 et (T (1) 550 (1)1 + i (1) s 1) + s () 1+ sn 1)) =

k=0 j=- (21)
—Z Z Fij {Tk t)t —Tk(tl)—t2+1}
k=0 j=—n
From (21) we get
Ckj :—isgn(j)FkJrl,j, k‘:O,l,...,n—l, _]750 (22)
Next, from (19) we derive
ckoz—chj7 k:O7...,n—1. (23)

j=—n

3#0

Now we find the coefficients of Q7 (¢2). Using the equality

1
1 1—7’1 T{c .k k—1
— [/ dr =i (t t kE=0,1,...
™ 1471 —t o Z( R +pk>, ’ ’
-1

where p1,po, ..., pr are the coeflicients of the expansion

z—1
1/ PARS (1—&—*—1—@4- )
z+1

n—1
Zle Zd(k) Zpl —isgn (j) Y cuy, (24)
k=0

k=0 r=0

from (20) we obtain

where dgk), k=0,....,n,7 =0,...,k are the coefficients of Chebyshev polynomials
k
of the first kind T}, (t1), i.e., Ty (t1) = 3. dF e

Let us summarize our considerations in the following theorem.

Theorem 2.1. Let f* (t1,12), being the right side of (9) satisfy conditions (2) and
(3) and let f*(t1,t2) be approximated by the polynomial f , (ti,t2) of form (12).
Moreover, let u (t1,t2) be an unknown function in (9)—(11). An approximate solution
Un—1,n (t1,t2) of (15)—(17), corresponding to an exact solution u (t1,t2) of (9)-(11)
is given by polynomial (14), with coefficients cxj, k =0,...,n—1,j=—-n,...,n
given by (22) and (23).

Moreover, the coefficients of the polynomial Q7 (t2), which coefficients necessarily
satisfy (5), are given by (24).
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Example. Let

1 11—t 1—+ts

Ty =aiggrizg WP =50y,

)

Then the solution ¢ (z,y) € h(0,00) X h (00) of (1) satisfying (4) and (5) is given by
the formula

iv2 1 1—ts

W2 Va1
2 3—t11+2i—ty

o (z,y) =

2 x+2y+i+1’

u (tl,tg) =

The values of u (t1,%2) , Un—1.n (f1,t2) for n = 20 are shown in Table 1. The values of
the exact and the approximate solutions of (1) are tabulated in Table 2.

Table 1
Comparison of the values of wu(t1,t2), Un—1n(t1,%2)

tq

t2 u(t17t2)

Un—1,n (t1,%2)

0.99720379718118

0.988280423780349 + 0.1526492842188741

0.00242478904699766 — 0.02915846153038261

0.00242485214964709 — 0.0291584381822308%

0.930873748644204

0.896165556961056 + 0.443719837866961

0.0291719127489146 — 0.09548957737303497

0.0291719754738018 — 0.09548954484964937

0.680172737770919

0.606225410966638 + 0.7952928712734271

0.149437423868678 — 0.1523761547981671

0.149437429952641 — 0.1523761852553234

—0.433883739117558

—0.40906863717134 + 0.912503616476551%

0.183172195569413 + 0.064551081958809714

0.183172200692985 + 0.06455110461376081%

—0.78183148246803

—0.99706580118374 — 0.07654925283649571

0.0899725258754509 + 0.09342125031282081%

0.0899725314804843 + 0.093421260776082714

Table 2
Comparison of the values of exact and approximate solutions of (1)

T

Y

¢ (z,y)

Pn—1,n (33, y)

714.255698384602

—13.0251539268895

0.000181204712409472 — 0.00217901455900165%

0.00018120942807637 — 0.002179012814192094

27.9325684638375

—4.27333960563102

0.0106576964864156 — 0.03488626001377871%

0.0106577194023901 — 0.03488624813165174

5.25337560675948

—2.01966529436476

0.109545383288362 — 0.11169962549702714

0.109545387748222 — 0.1116996478237031

0.394813223302777

—0.647593447476322

0.165032445673374 + 0.058158515234305114

0.165032450289554 + 0.05815853564571071

0.122440600965128

0.0383308616026182

0.0560969523308147 4 0.0582471968469358%

0.0560969558254958 4 0.05824720337067294
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3. CONCLUSIONS

In this paper a numerical solution of equation (1) in the function class h (0, 00) x h (o)
is presented. Numerical experiments show that the method gives very accurate results
and may be useful in practice. However, estimation of the error of the approximate
solution remains a research problem.
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