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A NOTE ON A FAMILY
OF QUADRATURE FORMULAS
AND SOME APPLICATIONS

Abstract. In this paper a construction of a one-parameter family of quadrature formulas
is presented. This family contains the classical quadrature formulas: trapezoidal rule, mid-
point rule and two-point Gauss rule. One can prove that for any continuous function there
exists a parameter for which the value of quadrature formula is equal to the integral. Some
applications of this family to the construction of cubature formulas, numerical solution of
ordinary differential equations and integral equations are presented.
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1. INTRODUCTION

We will introduce a one-parameter family of quadrature formulas which contains the
classical quadrature formulas: trapezoidal rule and midpoint rule.
We consider a family of quadrature formulas

h n—1

Q) =5 - (Flatih+5h) + flat G +1h—pn)) W
j=0

for the integral I(f) = f: f(z) dz, where 3 € [0,1], h =22 n>1and f € Cla,b].
Let us note that Q° = T}, and Q% = M, where

n—1

T () = (5 (/@) + F®)+ Y fla+ jh)

=1

is the trapezoidal rule, while
n—1 1
=1 o+ 0+ 1)
(=h3_ flat+(+3)h),
7=0
is the midpoint rule.
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The first part of this paper is devoted to answering the questions on the order of
quadrature formula and its error estimate

E°(f) = I1(f) = Q°(f), (2)

as well as other questions, for example, on whether in a given family there exists a
quadrature formula “bringing out” an exact value of integral, or the question of when
Q" considered as a function in the variable 3 (with f fixed) is monotone, or what is
the relation between the order of quadrature formula and the parameter 3.

In the second part of the paper, some applications of this family to the construction
of cubature formulas, numerical solution of one-dimensional Fredholm equation of the
second kind and ordinary differential equations are showed.

2. PROPERTIES OF THE FAMILY Q”

Let f be a real-valued function defined on an interval [a,b] and a sequence of points
{a:j} for 7 =0,1,...,n, given as follows
_b-a

z; = a+ jh, h= .
n

We define the following functions F; and F in the variable § € [0,1]:

n—1
F(B) =) Fi(p).
7=0

Making use of these notations, formula (1) becomes

h

QL) = 3F ).

Proposition 1. If the function f is continuous on interval [a,b], then there exists a
g e [0, %] such that
b
[ @) ds =)
a

Proof. Let us note that making the substitution x = x; + Sh in the integral
JE4 f(2) dx we get h [y f(z; + Bh) dB, and by substitution = = xj41 — Sh we
obtain h [ f(z;11 — Bh) dB, that is

Tj4+1 1

2 [ faydo=n / Fy(8) dB,

Tj
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and hence

with a certain 3 € [0,1]. The last passage is correct because the continuity of f(z) on

[a, b] implies the continuity of F(8) on [0, 1]. We obtain the assertion of this theorem

noticing that F(8) is symmetric with respect to 8 = %, that is to say F(% + ﬁ):
1

F(3 - 8). -
Under some additional assumptions, the function F(/3) is monotone. The following

assertion is true

Proposition 2. If f is a convex (concave) function on [a,b], then F(8) is decreasing
(increasing) on the interval [0, 3].

Proof. Let 0 < 81 < [ < % Since the functionf is convex on [a,b], then, for

j=0,1,...,n—1withu=(B1+B2—1)(261 — 1) Land v = (B — B2)(261 — 1)1,
there holds

faj+ Boh) < pf(xj + Aih)+(1 = p) f(z; + (1= B1)h),
fzj+ (1= Bo)h) < vf(z;+ Bih)+(1 —v)f(z;+ (1= B1)h).
From these two inequalities and the relation p 4+ v = 1, there follows
f(xj+ Beh)+f(xj + (1 — B2)h) < (u+v)f(z; + Bih)+
+ 2= (ut+v)f(z+ (1= B)h)=
= f(zj + Bih)+f(z; + (1= B)h).

This means that F;(81) > Fj(B2) for j = 0,...,n — 1 and, in consequence,
F(B1) = F(B2). O

Let us note that the values of quadrature formulas M, and 7,1 for function f
satisfying the assumptions of Theorem 2 determine an interval containing I(f).

Remark 1. If f is a convex function on [a,b], then

M,(f) = Q*(f) < Q°(f) < Q°(f) = Tura (f)
and if f is a concave function on [a,b], then we have

Tori(f) = Q°(F) < Q°(f) < Q*(f) = Mu(f)
for each B € (O, %)
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2.1. ERROR ESTIMATE

For monomials 1, x, 22, 23, 2%, ... the error of quadrature formula (1) is given by:

EP(1) = Ef(2) = 0,
(b — a)h?

E°(a?) = E— (68> —65+1),
EP () = —W (68> —68+1),
Ef(2*) = —;6—1 (30(1) —a)?B2(B - 1)*+

+10n%(a® + b* + ab) (68° — 68 + 1) —(b — a)2).

Thus, the quadrature Q%(f) is of the second order for 8 # 3 = % = 3+1\/§ (B is

a root of the equation 632 — 63 + 1 = 0), and for 3 = f3, it is of the fourth order,
because then

_ . _ _ h4
Ef(z)) =0 for i=0,1,2,3, Eﬁ(x‘l):%. (3)

In particular, the quadrature formulas 7}, 1 and M,, are of the second order with

(b—a)h?

(b—a)h?
6 ’ '

1
Ez(z%) =
() B

E°(a?) = — (4)
Error estimate for quadrature formulas of the second order. Before we give
an error estimate for the quadrature formula, let us recall the notation:

& {(t—x)k for t>z, (5)

t— =

( z)+ 0 for t<uz.
Using the notation, the Peano kernel (see [3]) of second order for the quadrature
formula Q°(f) (B # B3) takes the form:

b

Kaa(o) = [(t - a)sdt - Q((t~ 0)y). (6)
a
This kernel is a periodic function with A being a period, thus it is sufficient to define

it on the interval [a,a + h]. For considered quadrature formula Q”(f) of the second
order the kernel has the following form

%2(’”;‘1)2 for € [a,a+ Bh],
Kpalw) = 5 ((552)°=(52)+8) for @€ (a+ Bha+(1-B)h),
B (zza _1)° for z€a+(1—B)h,a+h].
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Fig. 2. Overlapping graphs of Peano kernels for different values of 3

The Figures 1 and 2 show graphs of Peano kernel depending on the parameter (.
A simple calculation leads to the relation

(b — a)h?

b
/Km(x) de = 0 (68> —68+1). (7)

If K3 2(x) is of a constant sign, we can give an error estimate for quadrature formula
with a function f of class C?([a,b]):

b b
E2(f) = I(f) — Q°(f) = / (@) Ko@) de = 1(€) / Koa(a) dz = .
a a 8
(b—a)h?
12

(65° —68+1)f"(€), &€ lab].
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If B € {0} U [, 3] the Peano kernel Kz s(z) is of a constant sign. In this case the

4032
error of the quadrature Q° can be expressed by (8). For example we can write
b—a)h?
) = Br,., (1) = - e, £ la)],
1 b—a h2
wi(p) = L g, £ o]
1 b—a h2
5(7) = B, (1) = L5 e, € fa ]
The Figure 3 shows the graph of the function y(8) = — (6ﬂ2 — 60+ 1), 0 e [0, %]
y(B3)
0.4
0.2
0.1 T2 0.3 0.4 0.5

2
-0.4
6
8

-1

Fig. 3. Graph of the function y(8)

For a sign-changing kernel ([ € (O, %)) we give the following estimate:

b b
BN =15 = Q1) = [ £ @)Kpa(e)dz = [ (@) (K] () + K5 (@) dx =

b

= /f”(x)Kg(az) dx + / (@)K (x) de =

a

b b
— 1) [ K@) do+ £(&) [ K (@) do,
where
K;(x) = max{Kg(z),0}, K;(z) = min{ Kz (z),0}.
Since
/ b h? 3
/Kﬁ*(x)dxz—%( 1—45) ;

/K;(a;) de = % (( 1 74/3)3 — (682 65+1)> :
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it follows that

(1) = W{(( T=15) (03~ 09 +1) ) f"(61)-

- (vi—am)’ f"(@)}

This estimate is valid for 3 = 3+1 75 = 3_6‘/57 thus

3
. —a 2 _
g () = Lok W (1(60) ~ £(2).

9)

(10)

Error estimate for optimal quadrature formula of the fourth order. The

_1

error estimate for the quadrature formula Q° with § = 375

which is, obviously of

the fourth order, can be found in a more subtle way. In this case the Peano kernel

K_1_ ,(x) has the form:

343’
}2%(“7“)4 for € [a,a+ Bh],
1 4 _.\3 o\ 2 —
K _1_4(x)= %((xha) _Q(xha) +3+6\/§(£ha) +(2+\/§)(zha)+m>
313’ for x € (a+ Bh,a+ (1 - pB)h),

%(z;a - 1)4 for z€la+(1—p0)h,a+h].

Its graph is given in Figure 4 below.

Fig. 4. Graph of the Peano kernel K_1_ ,(x)
ENRVEE

A simple calculation leads to the relation

nh®  (b—a)h?
/ Kamal@)de =208 = 30
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For f € C*([a,b]), we thus obtain the following estimate:

EF(f) = S fW(e), g€ [a,bl. (11)

Example 1. Consider the integral

cos L —zsin 1 .
where f(z) = W”TTE (Fig. 1).

It is easy to verify by a direct calculation that the primitive function of f(x) is the
function F(z) = /1 —xsin L, so that J = 0.

T’

Consequently, the value Q®(f) (Tab. 1) is equal to the error for the quadrature
formula.

Fig. 5. Graph of the function f(z) in Example 1

Table 1
Values of the error of Q° for the integral .J
_1 _1 !
f=3 A=3 p 3+V3

n =10 | 5.463635e —3 | —6.398709e — 3 | 2.099473e — 3
n =40 | 3.385498e —5 | —5.428245e — 5 | 6.210446e — 6

3. APPLICATIONS

In this section we demonstrate some applications of the family Q7. We will take into
account cubature formulas, integral equations and ordinary differential equations.
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3.1. CONSTRUCTION OF THE PRODUCT CUBATURE FORMULA

If Q(f) = X" gaif(t;) is a quadrature formula of the r-th order for the integral
I(f) = [, f(t)dt, then

@(F) = Z Z Qg Ay ...(linF(til,tiQ,...,tin)

11=0 in=0

defines so called product cubature formula for the integral

I(F) = / F(z)dz
[0,1]™

where F': R™ D [0,1]™ — R. It is proved (see [5]) that this cubature formula is of the
r-th order too. An integral [, F(z) dz where F:R" > Q — R, z = (21,...,2,) and
Q is a regular domain may be reduced to an integral over cube [0, 1]™ by a change of
variables. For example, for a double integral [[, F(z1,22) dxy dxy, where Q = {2 =
(v1,m2) 0 a < <b (@) < xy <P(x1)} C R?, we can do it by substitution
x1(81,82) = (1 — s1)a + s1b, x2(s1,82) = (1 — sz)w(zl(sl, 52))—|—521/1(x1(51, 52)).

So, if we put Q7" instead of Q with 3* = 3+1\/§, then the suitable product cubature

formula CfQE; is of the fourth order.

Example 2. Let us calculate the double integral

I:= // @_(x2+y2)dl‘dy7
Q

where € is the circle of radius 3 with centre at the origin. Its value can be computed
by passing to polar coordinates. The exact value of the integral is (1 — e™°) ~

3.141204 950255893570 3. The application of cubature formula QP yields results with
the error (I — QP). In Table 2, we give some exemplary values.

Table 2
Error arising if the cubature formula Q7 is applied to computing integral I
B=14 6=14 B—
6 3 3+V3

n =10 | 6.249007e —6 | —3.258042¢e¢ —5 | —7.661622¢ — 6
n=30 | 1.775033e — 6 | —5.495439e —6 | —7.692695¢e — 7

3.2. AN APPLICATION TO FREDHOLM INTEGRAL EQUATIONS

Let us consider the one-dimensional Fredholm equation of second kind in the form

b
Nu(z) — / ko yhuly) dy = f(z) @€ [a,b], (12)
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where k and f are continuous functions, and A € R\ {0}. The Nystrém method of
solving this equation (see [1,4]) consists in replacing the integral appearing in equation
(12) by a quadrature formula and equalizing both the sides of (12) in its nodes. We
will here apply the quadrature formula Q°.

Let us adopt the notations

p2j =a+jh+ph pgjp1 =a+(j+1)h—ph )
j=0,1,...,n—1.
25 A u(fhz;) 22541 ~ u(pzj41)

The Nystrom method constructed by using quadrature formula Q7 leads to a system
of 2n algebraic equations:

n—1

/\sz - % 1=0 (k(,UQjaNQI)ZQl + k(HQj,M21+1)Z2l+1>: f(,UQj)a

- (13)
Az2j41 — %Zl:ol (k(/tszrh M2l)221 + k(u2j+1, M21+1)221+1>: f(uzj+1)

(j=0,1,...,n—1) in 2n unknowns z; (k=0,1,...,2n — 1). We denote the matrix
of this system by As,. A discrete solution z (k=0,1,...,2n — 1) may be extended
onto the whole interval [a, b] to the function

n—1

2@) =+ | 1)+ 237 (ko) 2+ bl agin) 22y )

Jj=0

In [1], an asymptotic error estimation of this method and the bound of cond(As,) in
a general case are given. Some generalization to non-continuous kernels is also given.
These results may be transferred on to our particular case.

Example 3. Consider the integral equation

1
Nuw) - [ eru)dy = @) we o)
0

with A = 2. Since the norm of the integral operator in this equation is equal to e —1 =
1.72 then the integral equation is uniquely solvable for any given f € C[0,1]. For exam-

ple: the function uy(x) = e® is the solution for f(x) = 2e® + 1;?:;1 and the function
1—z4e® 1 ((z—1 in1
us(x) = e *cosx is the solution for f(x) = 2e~%cosx — ot 2(_&00_;)655 e )

By applying formulas (13) withn =5 and § = ﬁ we obtain results with mazimum

errors on quadrature QP in the nodal points 1.76997e—5 in the first case and 5.835e—7
in the second case.

3.3. A METHOD OF SOLVING ORDINARY DIFFERENTIAL EQUATIONS
We consider the Cauchy initial problem

2= f(t,z), x(to) =z for tel=]ty,T], (14)
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where z : I — R", f: I x Q — R”, with a domain Q C R". We suppose f to be
continuous in the set I x ) and satisfy a Lipschitz condition there, with a constant
L > 0, with respect to the second variable, i.e., ||f(¢t,x) — f (¢,2)| < L]z — Z|| for
each ¢t € I and x,Z € . These assumptions guarantee that problem (14) has exactly
one solution defined in a right-hand neighbourhood of the point ¢g.

On the interval [tg,T], we introduce a uniform net t; = ¢t +4h, ¢ = 0,1,..., N,
where N € N\ {0,1} is a given number and h = 15fo.

Definition 1. We define an explicit one-step scheme of the form

$Z‘+1:£L'i+hq)f(h,ti,$i), ’iZO,l,...,N, (15)
where ®¢ is a function depending on f, and x; denotes an approrimate value of the
solution x of equation (14) at the nodal point t; (see [2]).

We consider scheme (15) in which

1 h h
O (h,ti, ;) = §f (ti + Bh, x; +ﬁhf(ti + 55,9@ +ﬁ2f(ti,l’i))) +
+ §f (ti +(1=-B3)hx; + (1 - 5)hf(ti +(1— 6)5,% +(1— ﬂ)Qf(ti,xz'D) ;
_ 1
where G = FYRVEE
Now we assume that the function f is sufficiently smooth. From (15) and the
expansion of function z(t + h) into a Taylor series it follows that

’ h 1 h? (3) h? (4)
@f(h,t,x):x(t)+§m (t)—l—gx t)+ =) +....

24
From (14), after suitable differentiations, we get

h h?
(I)f(h’tvx) =f+ 5(ft Jrfacf) + F(ftfm +f(fm)2 + fie +2f fra +f2fzz)+

h? 2 2 (17)

+ [(fo)® + fofie + fer + 3f frea + 3% fraw + f° fowa) + - .-

Let us take the value of (17) at the point (h, t;, ;). Subtracting this from the Taylor
series expansion of the right-hand side of (16), we get

(gu e + g f ke b gg FUP + 5 fill) + g P hefue )B4 O, (18)

thus, method (16) is of the third order. The local error of the method, 7;, defined by
the formula

with z(-) being an exact solution of equation (14), is equal to

ri= (sgfuts+ gl fuade+ i 0P+ Sl + o fufin )W+ OU), (19)
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having noticed that the function f and all of its partial derivatives appearing in this
formula, are calculated at the point (t;,x(t;)). Figure 6 illustrates the domain of
stability for scheme (15)—(16). It is interesting that this stability domain is the same

Fig. 6. Domain of stability for scheme (15)—(16)

as for the explicit Runge-Kutta method of the third order:

h
Tit1 = T + 5 (2K1 + 3Ks + 4K3) s (20)
h h 3 3
Ky = f(ti,zi), Ko= f(t;+ 50T + §K1)7 K3 = f(t; + Zh’xi + ZhKQ)'
Example 4. [t is known that the system of equations (three-body gravitational prob-
lem):
xr1 = T3,
T2 = T4,
1+ @ 1 —14u
rg=a1+ 204 — (1 — p) D, M b,
X9 To
= Vpa — (1 — ) =2 — =22
T4 =Ty + 273 — ( N)Dl ND2,

where D = ((m1+u)2+m§)3/2, D, = ((x1—1+u)2+x§)3/2, 1= gigs with initial con-
ditions (21,2, z3,24)(0) = (0.994,0,0, —2.001 585 106 379 082 522 405 378 622 24) has
a periodical solution with period T = 17.065216 560 157 965 588 917 206 249. Solving
this system by methods (15)—~(16), (20) with step size h = L we obtain the following
results (Tab. 3).

Table 3
Value of 24(T)

Method (15)-(16) | Method (20)
n = 100000 —0.000207 —0.000126
n = 150000 —0.000063 —0.000038

The exact value z5(T') is equal to 0.
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