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ON THE PERFECTNESS
OF C**-DIFFEOMORPHISM GROUPS
ON A FOLIATED MANIFOLD

Abstract. The notion of C™* and C'°°*-diffeomorphisms is introduced. It is shown that
the identity component of the group of leaf preserving C°°*-diffeomorphisms with compact
supports is perfect. This result is a modification of the Mather and Epstein perfectness
theorem.
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1. INTRODUCTION

We say that a group G is perfect iff G = [G, G|, where [G,G] is the commutator
subgroup of G. Next, G is simple iff it has no normal subgroups except {e} and G
itself. In terms of homology groups it means that H;(G) = G/[G, G] = 0.

Let D7.(M) be the group of all C"-diffeomorphisms on a manifold M isotopic to
the identity through compactly supported C"-isotopies. D. B. A. Epstein proved in
[2] that for a large class of homeomorphism groups perfectness implies simplicity. So
it sufficies to show that the group D7 (M) is perfect. Especially the following result is
valid.

Theorem 1.1 (Thurston, Mather). Let M be an n-dimensional smooth manifold
and let 1 <r < oo, r#n+1. Then the group D.(M) is perfect and simple.

For r = o0 and M = T"™, where T"™ is the n-dimensional torus, Theorem 1.1 was
proved by M. R. Herman [4]. Small denominator theory [1] was used in the proof.
W. Thurston [11] generalized Herman'’s considerations to an arbitrary manifold M by
homological arguments.

Next, Mather [6,7] solved the case r finite, r # n+ 1. His method is quite different
to the one mentioned above. The rolling-up operators ¥; 4 play a key role. Epstein
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[3] modified this method to prove the perfectness of the group DJ° (M) in a way other
than Thurston’s. The case » = n + 1 is still open. But there are strong arguments
that it may not be perfect (see [8], [9]).

Let (M, F) be a foliated manifold of dimension n and dimF = k. We consider
the perfectness of the group D (M, F) of leaf preserving C”-diffeomorphisms isotopic
to the identity through compactly supported isotopies.

For r = o0, the group was proved to be perfect by Rybicki [10] following Herman
and Thurston’s arguments. Moreover, for r < k, it is easily checked by using Mather’s
proof [7].

For r > k+1 the perfectness of the group D. (M, F) follows the perfectness of the
group D7 (M) as it was presented in [5]. In particular it means that the solution of
the problem in the case r = n 4 1 is positive. But Mather’s method does not work
here.

Hence we consider another kind of smoothness. Namely we introduce a notion of
C™*-mappings which are of class C" in the tangent direction and of class C'* in the
transversal direction. For the definition see section 2. Then we are able to show the
perfectness of the group D° (M, F) whenever r — s > k + 1 (see [5]).

Our aim is to extend this result onto the case of C°*-diffeomorphisms. We will
use modifications of Epstein’s method [3| and remarks about C™*-mappings included
in [5]. Eventually we will obtain the following

Theorem 1.2. Let s > 1 and let (M, F) be an n-dimensional smooth foliated manifold
with dim F = k. Then the group D.*(M,F) is perfect, whenever r —s > k+ 1 or
r = 00.

In Section 2 we will introduce the notion of C™*-mappings and some basic proper-
ties of such mappings. Then we will present estimations which play important role in
the proof.

Section 3 contains a proof of Theorem 1.2. Mather’s idea of the rolling-up opera-
tors W; 4 is used there since they are leaf preserving mappings. The construction of
;. 4 is presented in Section 4.

2. DEFINITIONS AND BASIC ESTIMATES

Let r,s > 1,1 < k < n and let f : R® — R"™ be a mapping such that f(x,y) =
(fl(w7y)af2(y))v where x € Rka ye Rnik'

Definition 2.1. A partial derivative of order r of f is s-admissible iff it contains at
most s derivatives in the direction of the last n — k coordinates. Next, we say that f
is of class C™° iff it has all s-admissible partial derivatives up to order r and they are
continuous. Moreover, f is of class C°* iff it is of class C™*® for all r > 1.

By D™ f : R™ — L"(R™,R™) we denote the mapping, considered as an multidi-
mensional matrix, which entries are s-admissible partial derivatives of order r of f,
and zeros in place of derivatives which are not s-admissible. We called it the (r, s)-th
derivative of f.
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See that D™°f = D" f for r < s, where D" f is the standard r-th derivative of f.
Hence we will write Df = DV5f.

The space R™ will be treated as a foliated manifold with product foliation F =
{R*x {pt}}. Then by C™*(n, k) we denote the space of all C™*-mappings f : R® — R"
od the form f(z,y) = (fi(z,y),y), v € R¥, y € R*7F,

For f,g € C™*(n,k), r < s, we have the standard derivative formulas

D(fog)=(Dfog)-Dg (1)

and
D™ (fog)=(D"fog) - (Dgx...x Dg)+ (Dfog) D" g+

+Y Cijigi (D" fog) - (DIig x ... x Div*g),

where the sum is taken over 1 < i <7r, j1+...+j4;, =7, 51 > 1,1 =1,...,i. Here
Ciji,....;; are positive constants independent of f and g.
If r > s, formula (2) is no longer valid, but we have the following

(2)

Proposition 2.2. Let r,s > 1 and f,g € C™*(n, k). If an entry in the matriz
D™*(f o g) on the left hand side of (2) is an s-admissible partial derivative then the
corresponding entry on the right hand side of (2) is expressed by the formula with
s-admissible partial derivatives of f and g only, and they are equal.

With using Proposition 2.2 we obtain

Proposition 2.3. Let f,g € C™*(n,k). Then fog € C"*(n,k). Moreover, if f is a
C'-diffeomorphism, then f=1 € C™*(n, k).

For the proofs see [5].

Now by (M,F) we denote an n-dimensional smooth foliated manifold with
dimF = k. We say that f : (M,F) — (M,F) is a leaf preserving mapping if
f(Ly) C Ly for every x € M, where L, € F is the leaf containing x.

Definition 2.4. A leaf preserving mapping f : (M, F) — (M, F) is of class C™* iff
for every x € M and a chart (V,v) on M with f(x) € V there exists a chart (U, u)
on M with x € U such that f(U) CV andvo fou~! is of class C™*.

See that f is locally of the form
(wfu™)(@,y) = ((fu™ (e, y), (vfu")2(y)),

r € RF yeRF,

The symbol D* (M, F), r = 1,...,00, stands for the group of all leaf preserving
C'-diffeomorphisms of class C™* which are isotopic to the identity through compactly
supported C"*-isotopies. Next, D%°(M,F) will denote the subgroup of D.**(M, F)
of diffeomorphisms with supports in K C M.

We can prove the following fragmentation property

Lemma 2.5. Let 1 < r < oo, s > 1. There exists a locally finite atlas ¢ =
{(Us, pi) Yier on (M, F) such that for every f € D.°(M,F) there are g1,...,Gm €
D{*(M, F) satisfying conditions f = g1 ...gm and supp(g;) C Uy, 5 = 1,...,m.
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Using a map (U;, ;) we obtain (0:g;0; ) (z,y) = ((pigje; 1) (2,y),y) for every
j =1,...,m. Hence we may restrict our considerations to the case M = R™ with
foliation F = {R* x {pt}}. From now on we will write D">*(n, k) and D}’ (n, k) instead
of D*(M, F) and D° (M, F).

Let » > 0 and s > 1. For f € C™*(n, k) we define the following seminorms

pir,s(f) = sup [|[D™*(f = 1d)(x)]],
r€R”

[fllr,s = sup [[D™*f(z)].-
TER™

Here C%*(n,k) means the space of continuous mappings acting along leaves and
D% f(x) = f(x). Further

Mr,s(f) = Sup{/il,s(f)a cee ,,U/r,s(f)}'

It is easy to see that || f[|1,s < p1,s(f)+1, p1,s(f) < [[fll1,s+1 and prs(f) = [ fllr,s
for r > 2.
For a compact set K C R™ we put

Rg =sup{dist(z,R*"\ KNL) : x €L, L € F} < o0.

Lemma 2.6. Letr,s > 1,1 <1i <k and let K C R" be a compact set. Then there
exists a constant C > 0 depending on Ry such that

Nlr,s(f) S CT,LLT+1,s(f)

whenever f € D" (n, k) satisfies one of the following conditions:

1) D™*(f —1d) =0 on R"\ K,
2) f is periodic along the i-th coordinate with period 1 (then we take R =1).

Proof. First, we take f satisfying (1). For z = (2!, 2?) € R” with 2! € R¥, 22 ¢ R*~*
we choose y* € R¥ such that y = (y',2?) € R* \ K and ||z — y*|| < Rx. Then
1D (f = 1d)(x)|| = [|D™*(f —1d)(x) — D™ (f = Id)(y)[| <

/O1 DL (f —1d)(tz + (1 —t)y) - (' —y*,0) dtH <

S MT+1,s(f)||$1 - ylH S RKMrJrl,s(f)'

S ’

Next, we assume that f is periodic along the first coordinate with period 1. Let

o" (f—1d)
69:131...83:,-1
z1 € R, 2° € R*71. There exists y = (y1,2°) € R", y; € R such that [|zq —y;1]| < 1
o"(f—1d),
and s ——~+-

0xiy ...0T4,.

be an r-th s-admissible partial derivative of f and let z = (z1,2°) € R",

(y) = 0. As above we obtain

o"(f—1d
azi(lf...ax)i: (x)H <l = yllprs1,s(f) < prga,s(f)-
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Summing up over all r-th s-admissible partial derivatives we have

| D7 (f — 1a)( ST (@) - U= ()| <
< n" /“L7’+1,S(f)7
which completes the proof. O

Definition 2.7. A semi-admissible polynomial is a polynomial with nonnegative co-
efficients and with no constant term. If, in addition, it has no linear term we say that
it is an admissible polynomial.

From Proposition 2.2 and Lemma 2.6 we get

Lemma 2.8. 1. Letl > 1. For every fi,..., fi € CY*(n, k) there is

s (oo fi) < UCsup ps(fi))(1 + sup. ps (fi)'
1<i<l 1<i<

2. Letr > 2 andl > 1. There exists an admissible polynomial F' depending on r and
l such that

pirs(f1--- f1) < U sup pr,s (fi)) (1 + sup. 1, (i)"Y 4 F(sup M,_14(fi))

1<i< 1<i< 1<i<l

for every f1,..., fi € C™*(n, k).
3. For f € D"*(n, k) with py (f) < 1 there is

Nl,s(f_l) < 2/141,5(f)'

4. Let v > 2. There exists an admissible polynomial F' such that

frs (f 1) < s (F)Y (L + 200, (F) 4+ F(My—1,5(f))

for every f € D™%(n, k) with p1 s(f) < %

3. THE PROOF OF MAIN THEOREM

In this section we will give the proof of Theorem 1.2. Owing to the above remarks it
sufficies to show that the group D°%(n, k) is perfect. Moreover, it follows from the
condition

D *(n, k) € [D%*(n, k), D> (n, k)], 3)

where K C R™ is a compact convex set. In fact, for f € D°*(n, k) there exists
g € DX(R") of the form g(z,y) = (91(7,y),92(y)), * € R*, y € R"* such that
supp(gfg~') C K. Then gfg~' € D *(n, k) and [f] = [Id] € H,(D**(n, k)) by (3).
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We fix K = [—2,2]". For a real constant A > 1 we put

K; = [-2,2]" x [-24,2A]F7% x [-2,2]"*,
K| = [-2A4,2A]" 71 x S' x [-24,24]" " x [-2,2]"F,
K" =[-2A,2A]" 7! x R x [-24,24]F7" x [-2,2]"F,

0,...,k. Then
K =[-2,2" C...C Ky =[-24,24] x [-2,2]"7*.

Following Mather [6] we can construct rolling-up operators ¥; 4 as below

Lemma 3.1. Let A > 1. There exist a neighbourhood U of Id € D}és(n, k) and
mappings

’L':

1.

Uia:Us— Dyl (nk),
1,...,k, such that:

;. A preserves the identity.

2. For every r > 1 the mapping

¢a

‘Ili,A :Uyg N D?(f71 (n, k‘) — DT[’:L (n, k‘)

is continuous with respect to C™*-topology.

If f e UanND>%(n, k) then [f] = [V; a(f)] € H1(D*®*(n, k)).

Let r > 2. There exist a constant @ > 2 depending on r and independent of A,
and an admissible polynomial F depending on r and A such that

,UJT,S(\IIi,A(f)) < QAﬂr,S(f) + F(Mr—l,S(f)) (4)

for every f € UanDY_ (n, k).

. Let v > 2. There exist a constant C > 1 independent of r and A, and a

semi-admissible polynomial G depending on r and A such that

tr,s(Wi,a(f)) < CTApy s (f) + G(Mr—1,5(f)) (5)
for every f € UaNDE’_ (n, k).

For the proof see Section 4.
Let us take A > 1. We fix (4 € DZ°(R™) acting along leaves and such that

= (A-1d,1d) on K. For f,g € D%"*(n, k) we denote

go = CAfgC,Zl and g; = ‘Pi,A(gi—l),

i =1,...,k. From Lemma 3.1 there exists a neighbourhood V4 of Id € D" (n, k)
such that g; € Ua, 1 =0,...,k, whenever f, g € Vy4.
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By using Proposition 2.2 and Lemma 2.8 we get

fir,s(90) = sup [D™*((A-1d,1d) fg(5 - 1d,1d))(2) || <

< AT sup D7 (f0) (5 14 ) @) £ A () <

< 2AY T (o (F) 4 s (9)) (14 11,6 (F) + p1.5(9)) +
+ F(Mr—l,s(f) + Mr—l,s(g)) S

< C{Al_r+s(ur,s(f) + Mr,s(g)) + FI(MT—I,s(f) + Mr—l,s(g))

as p1s(f) and w1 s(g) are bounded. Then from (4) and (6) we obtain
,ur,s(gk) < Q]fAl_r+S+k(Mr,s(f) + Mr,s(g)) + FQ(MT—I,s(f) + Mr—l,s(g))v (7)

where (1 > 2” is a constant depending on r and independent of A. Similarly, from
(5) and (6) there exists a constant Cy > 1 independent of r and A such that

/~Lr,8(9k) < CQTkAl_T+S+k(NT,S(f) + NT,S(Q)) + Gl(Mrfl,S(f) + MT*LS(Q))' (8)
We fix ro > s+ k+ 2 and Ay > 1 so large that

1

QlfAtl)*ToJrSJrk < and Cé’kAtl)fi+s+k < Z

] =

for every i > 7. It sufficies to take Ag > max{4Q¥, 4C§(S+k+2)}.

Lemma 3.2. Let f € D°(n, k). There exists a sequence {€;};>r, of positive con-
stants depending on f such that for every i > 1o there is p; s(gr) < €; and p; s(f) < &
whenever w; s(g) <ej, j=r0,...,i— 1.

Proof. First, let us take £,,, > 0 such that for every f € D%°(n, k) with ., s(f) < er,
there is f € V4. Now, by taking ¢,, > 0 sufficiently small, from (7) we get

1
“Toys(gk) < 557“0 + FQ(MTO*l,S(f) + MTO*LS(Q)) < €rg

for every f,g € D?(O’S(na k) and /Lrows(f) S €ro) NT‘OVS(Q) S Erg-

Next, we will use (8). Assume that p;(g9) <e€;, j =70,...,7— 1. There exists a
constant a; > 0 depending on f, i, €y, ...,&;—1 such that G1(M;_1 s(f)+Mi—1,s(g9)) <
a;. We take €; = p; s(f) + 2a;. Then from (8) there follows

pi,s(gr) < CFEAYTTTE (s J(F) + pi,s(9)) + GL(Mi—1 s (f) + Mi—1,4(9)) <

1
< 3 @uis(f) +2a:) +a; <

for every g € D (n, k) with ;. 5(g9) < &;. O
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We fix f € D% °(n, k) such that p,, s(f) < r,, where {&;};>,, is the sequence
from Lemma 3.2. Let us denote

Ly ={heD%"(n,k) : p;s(h) <e;, i >ro}.
We will show that the mapping
Lf D29 gk € Lf
has a fixed point. It follows from the following

Lemma 3.3. The set Ly equipped with C°°®-topology has the fized-point property,
i.e. every continuous mapping Ly — Ly has a fived point.

Proof. We take
t={hecCg (n,k) : |[hllis <ei,i>ro} CCx*(n, k)

equipped with the topology induced from {|| - ||; s }ien. Then the mapping
Lysh—h-1de L}

is a homeomorphism for sufficiently small €,,.
We define operators

Si (CIO{C(TL’ k)7 {” . Hi’s}iEN) S h— Di7sh € (C?((anLi(Rn7Rn))7 || : Hsup)
for 4 > 1. Then we have

1Sihllsup = sup. ID"*h(@)]| = [lh]i.s, 9)

so S; is continuous. Next, for every h € L} we obtain
1Sih(z) = Sih(y)ll = ID**h(z) = D**h(y)|| < [hllit1slle =yl < cisallz — yll.

Hence Si(L’f) is equicontinuous. See also that it is bounded. For i > rg it follows
from (9) and for i > 7y from Lemma 2.6. By virtue of Ascoli-Arzela’s theorem, the
set Si(L}) is relatively compact in (Cg (R™, L*(R™,R™)), || - [|sup)-

Now we can show that every sequence {h;};en in L’ has a subsequence satisfying
the Cauchy condition in C*(n, k) with respect to || - ||;,s for every j € N. It means
that {h;}ien is relatively compact in L}.

Summing up, L’f and Ly are compact. The set Ly is a convex subset of a Fréchet
space so from Schauder-Tychonoff’s theorem every continuous mapping Ly — Ly has
a fixed point. O]

By Lemma 3.3 there exists g € Ly such that g, = g. Then we get
[£9] = lg0] = [gx] = [g] € HL(D™*(n, k).
Hence [f] = [Id] € H;(D***(n, k)). But the set
{f DR, k)« prg,s(f) e}

generates the space D%*°(n, k) so condition (3) is valid and the group D**(n, k) is
perfect.
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4. CONSTRUCTION OF ROLLING-UP OPERATORS

Now we will give a proof of Lemma 3.1. Notice that mappings in the construction act
along leaves.

First, let A > 1. We choose x4 € C*(R,[0,1]) such that x4 = 1 on [-24, 24]
and supp(xa) = [-24 — 1,24 + 1]. Then we define xa(z) = xa(z1)...xa(xk),
z € R™. It is obvious that x4 € C®(R",[0,1]), xa = 1 on [-2A4,24]F x R"~* and
supp(xa) = [-24 — 1,24 + 1]F x Rk,

Let us take 1 <14 < k. We will use the following notions and objects:

— S~ R/Z is a unit circle,

— B; =R x St x R* %,

— m; : R™ — B; is the covering projection,
— S'l-action on B; given by

SlXBZ'96'(01,...,91',...,0”)|—>(91,...,6+9i,...,0n)GBZ',

— TiA= ()0;(A3i c DOO(Rn),

— T; = <p‘19i is the unit translation in the direction of the i-th coordinate.

Here 9; denotes the unit vector field on R™ in the direction of the i-th coordinate
and ¢;X is the flow of a vector field X.

The covering projection 7; gives us a system of coordinates in a neighborhood
of any point of B; compatible with the foliation F = {Ri~! x S* x RF~% x {pt}}.
Therefore, the seminorms introduced in Section 2 also make sense on B;. We define
groups D"*(B;, k) and D} (B;, k), 1 < r < 00, as before. Now we may introduce the
group of equivariant diffeomorphisms on B;

Gy*={feD"™(B,F): f(3-0)=5-f(0) V0 e B, VB eS}.

The proof of Lemma 3.1 consists of construction of several mappings. First, let
fe D}{J (n, k) with pg s(f) < % For 6 € B; there exists € R™ such that m;(z) =0
and z; < —2A. We choose N € N such that ((T;f)™(x)); > 2A. Here z; denotes the
i-th coordinate of x. Then we define I'; 4(f) : B; — B,

T3 a(£)(0) = m((T, /)N (2)).
It is obvious that I'; 4(f) does not depend on the choice of x and N.
Lemma 4.1. There exists a neighbourhood U of Id in DV*(n, k) such that:

1. T'; 4 preserves Id.
2. The mapping
Lia:UN Drléi,l (n, k) — D;’(ij (Bi, k‘)

is continuous with respect to C™°-topology.
3. There exists an admissible polynomial F' depending on r and A such that

p1,5(Lia(f)) < 11 Ap s (F)(L A+ pas ()
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and
NT,S(Fi,A(f)) < 11A/Lr,5(f)(1 + :“LS(f))HAT =+ F(Mr—l,S(f))
for every f € UNDY_ (n, k).

Proof. We take N € N such that 84 +1 < N < 84 + 3. See that pu, (T;f) = pir s (f)
for every r > 1. Hence from Lemma 2.8 we obtain

pi1,s(Tia(f) = 1 s (Tif)N) < Npgs(F)(1 4 pn,s ()N <
< 1LAp () (1 + pa,s ()M

Analogically, using Lemma 2.8 we get

prs(DiA(F)) < Nptrs (F) (14 s (H)" N0 4 F(My_4(f)) <
< 1ALy (F) (14 p,s (P) + F(My—,6(f)).
O
Now the following holds

Lemma 4.2. There exists a neighbourhood U’y of Id € DV*(n, k) such that for every
f,g € Uy NDE (n, k) with Lia(f)Tialg)™t € GI* the mapping 7 af is conjugated
with 7, 49 in D™%(n, k).

The proof proceedes as in [6].
Let Uy = U/, be as in Lemma 4.2. For f € Uy we define h € C1%(B;, k),

h(O1,...,0;,...,0,) =0;-T; a(f)(61,...,0,...,0,).

By shrinking U4 we may assume that h € D125 (n, k) whenever f € UAQD};il (n, k). Tt
is obvious that h = T'; 4(f) on {0 € B; : 6; = 0} and h € G7* for f € UaNDY’_ (n, k).
Let g =h7'T; a(f) € D}(f (n, k). Simple computation yields

pir,s(h) < prs (i a(f)) (10)
for every r > 1. We shrink Uya so that py o(I'; a(f)) < % and p 5(f) < % for every
f € Us. Then from Lemmas 2.8, 4.1 and from (10) we obtain

p1,5(9) < 2(p1,s(B71) + pa,s (i a () (1 + pa,s (1) + (i, a(f))) <
<15 1A (H( 4 s ()M < CAps(f),
where C > 0 is a constant independent of A. Here we use the fact that (14 )4 is

bounded.
Analogically

(11)

T

tirs(9) < 2(ptrs (A7) 4 prs(Dioa () (1 + pr,s (B + pa s (T a(f))) +
+ F(My_1 o(h™Y) 4+ M, o(Ti.a(f))) <
< O Apr o (F)(L+ pa s ()M + (M2 4(f)) <
< C"Aprs(f) + F(My—1,5(f))-

(12)
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We can lift g to g € D};‘?/ (n, k) such that gm; = m;gand § = Id on {x € R" : x; €Z}.

Then fir,5(9) = ir,s(9)-
We fix £ € C*(R, [0,1]) of period 1 such that £ = 0 near m and { = 1 near m + %

for m € Z. Next, we define
gi=(Eopr;) - (§—1d) +1d, §2=0; 7,

where pr; is the projection onto the i-th coordinate. We may shrink U4 so that
91,92 € Do (n, k).
There exists a constant Q) > 2 depending on 7 and independent of A such that

fir,s(91) < Sup 1D™((€ o pry) - (g — Id))(2)] <

<> (r> sup || D" (€ o pr;)(@)[|| D" (§ — 1d)(2)]| <
=0 l zER™

r—1
~ r - ~
< 1ine(@) 3 () 160 0 Dt 0.0) + €0, ot (5) <
=1

< tirs(9) + @Mr—1,5(9)

since £10,5(g) < p1,5(g). Now from (11) and (12) we get two parallel estimations

an(.gl) S CTAMT(f) + G(MrfLs(f))
and
Nr,s(gl) < QTA:U’T(f) + F(Mrfl,s(f))'

To obtain the second one we also use Lemma 2.6. Notice that we may obtain analogical
inequalities for go.
Now we take

3 1
Elz{l‘ERnOszSlL E2:{$6Rn2—2§$i§—2}7

and we define operator ¥; 4 : Uy — D}%s(n, k) as follows

g1(z) for z€ By,
Ui a(f)(@) =< g2(x) for z € Ey,
T for ze€R™\ (E1UEj3).

There exist g1,92 € D};f(Bi,k) such that g;m; = m;g;, j = 1,2. Then gig» =
G192 = g and from the definition of ¥; 4(f) we derive

L a(W a(F))(0) = m((T0;, 4(F)N (2)) = g192 = g.

Therefore
Lia(f)Tia(Wialf) ' =Tialf)g ' =heG)®
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for every f € Ua N DY’ (n,k). By using Lemma 4.2 we obtain (3) in Lemma 3.1.
See also that

tr,s (Wi, 4(f)) = max{prs(g1), pr,s(2) }

which finishes the proof of Lemma 3.1.
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