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SINGULAR INTEGRAL EQUATION
WITH A MULTIPLICATIVE CAUCHY KERNEL
IN THE HALF-PLANE

Abstract. In this paper the explicit solutions of singular integral equation with a multi-
plicative Cauchy kernel in the half-plane are presented.
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1. INTRODUCTION

In the literature [2,5-7] formulae describing a solution of the following equation

/

are very well known. Some problems of aeroelasticity [1] can be reduced to the
equation of the form

(1)

-1

AS)

dt=f(t), -l<ax<l,

3=
\‘

11
1 90(0'1’0'2)
— doidos = f(x,y), —-1<ax,y<l.
2{[wlxwmw o2 = f @) y

Theory of this equation is well developed in [3,4,9]. In paper [8], a theory of following
equations

1 @ (o1,02) . .
wﬁgwlm@ywm”“”*<““”
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// 01’02 doydoy = [ (2,y), (v,y) € Do,
m 01

02*9)

where Dy, Do are the quarter-plane and the whole complex plane, respectively, is
presented. We have not found in the literature any study of the equation in which
the surface of integration is the half-plane. In this paper, we consider the equation

= // 01’02 doydoy = f (z,y), (1)

(01 —x) (02— y)

where (z,y) € D = {(z,y) : 0 < Rez < 00, —oo <Imz < 00, z =z + iy}, f(z,y) is
a given function and ¢ (z,y) is an unknown function.

2. FUNCTION CLASSES

Let us introduce function classes that will be used in this paper.
We write ¢ (z) € h(c0), x > 0, if the function

e 0=p(157) tel-L).

1—-1t
satisfies the inequality
" (¢) =" (") < K|t —t"", (2)

where K > 0, 0 < p < 1 are constants independent of the arrangement of the points
t’',t" in each closed interval contained in (—1, 1), and in a neighbourhood of the point
t = —1 the following condition is satisfied:

W)= M) t+1]", 0<Rea<l.
Here ¢** (t) is a Holder continuous function on the interval [—1, 1), and

lim ¢* (t) = lim ¢ (z) = 0. (3)

t—1-0 r—00
We write ¢ (z) € h(00), —00 < & < 00, if the function

1+t
*(t) = ] tl=1
0 @Gl_J, =1,

satisfies inequality (2).
We write ¢ (z,y) € h(00) X h(c0), z >0, —00 < y < 00, if the function
1

+ 1 il-i-tg
11—t 1—ty

W@Mﬂ=w< ),<mw>< L)% L L={ta:[ta] = 1},

satisfies the inequality
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0" (t1,15) — " (11, 13)| < K [t — 7" + Ko [ty —15]"* (4)
Ky, K3 > 0,0 < p1, pz <1, in each closed domain contained in (—1,1) x L, and
O (t1,t2) = @™ (t1,t2) [t1 +1]7%, 0<Rea <1,

where ¢** (t1,t2) satisfies the Holder condition with respect to both variables on
[-1,1) x L, and moreover,

hr{l . ©* (t1,t2) = lim p(z,y) =0 for to e L (for ye& (—o0,00)). (5)
t1—1— x—00

We write ¢ (z) € h(0,00), > 0, if the function

e 0=v(15). tel-1,

satisfies (2) and the condition of the form (3).
We write ¢ (x,y) € h(0,00) X h(0), 0 <z < oo, —00 < y < 00, if the function

i L+t 1+t
2 (t17t2) :SO( ! 2)7 (t17t2) S [_171) X Lv L: {tQ : |t2| = 1}7

Ji
11—t 1—-19
satisfies conditions (4) and (5).

3. SOLUTION IN THE CLASS h (c0) x h ()

Theorem 3.1. Let f (x,y) € h(0,00) x h(o0) and let
lim f(z,y)=0, =z€][0,00). (6)

ly|—o0

Then each solution ¢ (x,y) of (1) in the function class h (00) x h(00) is given by the
l .
formula Oy ()i

¢ (x,y) = R(f;2,y) + C1(x)+ N

(7)

where
oo

(ac—i—l y—i—z
R(fi@,y) =
i

Ci(z),2>0,C(y), —o0 <y < oo, are arbitrary functions of class h (c0) .
If we seek for a solution ¢ (x,y) in the class of functions satisfying the following
conditions: oo

\/af (Olv 02)

(01 +1) (02 +1) (01 — ) (02 — y)

d(fld(fg,

\8

8

1 o (z,09) B
7ri_/ mdog—p(iﬂ), (8)
1 [ o(on,y) _
[ 27 =), ©)

where p (z) € h(0), >0, ¢(y) € h(cx), —00 < y < oo are the functions fulfilling
the relation
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1 oo
/ doy = — / q(Uz).d@:wv
1+1 iy o9 +1
0 —00

then the solution is given by the formula

o(x,y) =R(f;2,y) —p(x)+

Proof. We can rewrite (1) in the form

i./ do i/""<"“’2)daz=f<w,y>,

) o1 —TTi 09—y
0 —0o0
or
1 7 d 17 (01,02)
a )
= |ty | =t
™ g9 — Y e o1 — X
— 00
Let us consider equation (12). It can be represented in the following form
1/}1 (015 )
——Fdoy = [ (x,y),
T o1 — X%
0
where
[ ¢lon0)
1 01,0
Y1 (o1,y) = — / pio1, 92 doy
T go — Y
— 00

(10)

(11)

(15)

Let us find the function ¢4 (x,y) appearing in (14). We solve (14) in the function

class h (00), 0 < z < co. By [8], we obtain
Cs(y)i

x+1i \/a f(glay)dal+

v (2,y) = Ve m) op+1 o1 —x N
0

where Cs5 (y), y € (—00,00), is an arbitrary function of class h (00) .
Next, solving equation (15), we obtain the solution ¢ (z,y):

_ 1 (@+1) (y+@/oo/oo Voif(o1,02)

(m‘)2 NS ) (01 +1) (02 +1) (01 —x) (02 — 1)
+i)i [ Cs(on)

Frve ) mramep T

where Cy (z), 0 < x < 00, is an arbitrary function of class h (00).

d01d02+ (16)
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Now we consider equation (13). We rewrite it in the form

1 o0
—_ Md(jQ = f (l‘,y) ) (17)
e o2 — Y
where -

1

Wy (2,00) = 7./ @(m,m)dal‘ (18)
i o1 —T

0

Solving (17) in the function class h (0o) with respect to the second variable, we

obtain -
1 Y+ i f ($7 02)
== [ XL e (), 19
V2 (2,9) m’/ongz' r—— () (19)
where C5 (x), > 0, is an arbitrary function of class h (00).

Using (19), we solve equation (18). We derive

r+11 ﬁ¢2(01»y)d01+M:

#@y) = Vo mi ) oy +1 oy —x VT
0

- doidoa— (20
o1+ 1) (og+1) (01 —x) (02 —y) 1402 (20)

:($+1 2072 Voif(o1,02)

.’E-l—]. 1 05 01) Cc(y)’é
NZ ﬁz/f01+1 (01—1‘)d01+ N

where Cg (y), —00 < y < 00, is an arbitrary function of class h (c0).

Owing to (16) and (20), the general solution ¢ (z,y) of (1) in the considered class
of functions is given by (7). Let us check it by substituting (7) into (1). Substituting
R (f;z,y) into equation (1) and using the Poincaré-Bertrand formula for an infinite
surface of integration:

1 [ oo o)
2// . 01"’11 do'doy =
(i) ) (01 —z) (0] — 01)

= (z,7) + 7

CL’ 0'1)

o0

/ "”’1) doydot, — i (00,00)
0'1 —

0

and its similar version for the whole plane as the surface of integration, and the
following formulae

o0

oo
1 g1 +1 1 / O'2+’i
— d(f :O7 — dO' :O,
i 0/ Vo1 (o] —o1) (01 — ) ! i (o2 —y) (0h — 02) 2

— 00
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1T T _R(fio1.00) _ 1 T 7 (01+1)(02+1)
I ] 7 o2y 101002 = 75 Of _{O wi)? Vor(or—o)(72—9)

0
< F \/Ef(ai,aé) / /
X A - dodobdoidoy =
‘({7{0 (U’1+1)(U§+z)(al—0'1)(02—02) 01002001002
e f

oot
(Ué-’ri) (02—1y) (05_0_2) X
(Ul—H)\/Ef(”iv”é) / / —
\/a(o" +1)(U{*01)(017x) dJldJIdUQdUQ =

—3

X
3
80%88
g= 8

|
8

oo+1
71'1)2 f f (02+z o’zz—y)(oé—az)x

—0o0 —0O0

oo oo - f oo
% <f (2, 02) + (7&)2 ‘Of <f \/a(cri::ll)(crlfm) ) \/70 (+1 2)do—/l) doydoy =

0

1 oo o0 (Ug+i)f(3},0’é) ’
= - d d =
(TI'Z)2 O{ {o (JéJri) (o2—vy) (0'5702) 09002

(2—y)(ch—02

i 7 g2 7 fx?”;
=f@y)+ gy [ (f = )d@) géﬂ.)da;:f(x,y).

Now we substitute the function Cy (x), > 0 appearing in (7) into (1). We obtain

L T T __ciew _ 1 Gy 1 T dos _
] ] et dndor = 5 [ S5 Ao | 5% =0

Finally, substituting <22 _ o0 < y < 0o into (1) we get

2L
T F Cy(02)i _ 1 [ Caonil T _doy _
(m)2 g f \/7(012—932)(02—y)d0-1d0'2 - Eif 52 21/ ™ f \/a(al—x)dO-Q =0.

The above calculations justify formula (7). Now we prove formula (11). To this
end, we substitute (7) into conditions (8), (9). We derive

[ R( R(f;z,02) 1 [ C () 1 T Co(on)i
" ~doy + — | = doy = (21
o2 +1 +7ri o2+ 1 + f(02+z) 2 =p(z), (21)
L [R(fiony) 1701@1) 1T )i
) B B i d — | === .(22
7ri/ P R e it 1 e A CEE) q(y). (22)
Since
1 y M 1 o0
- / MdO’Q = 07 — L@doé — _Cl ($)7
Uy o9 +1 T o9 +1

oo

=Cy (y)a

L [ RUo),, g

— [ ————=do1 =0, -

i o1+1 i Vo1 (o1 +1)
0



Singular integral equation with a multiplicative Cauchy kernel in the half-plane 69
it follows that (21) and (22) take the forms
v 1 T CQ (0’2)
C = —— dog — ,
1 (@) VT i / oo+ 1 o2 = p(2)
1 [Ci (o)
C = - — d
20 =) - [ T %an,
Hence
q(y)z ) 1 / 02 (0'2) 1 /Cl (0’1)
= R(f: — BN I (e NG P
¢ (z,y) (f;z,y)—p(@)+ N Cl A T e
—00 0
Let us denote
1 7 Cs(on) 1 7Ci(0)
2 (02 1 (01
= — —————=doy — — doy.
K 7Ti/0’2+i 72 Wi/01+1 o1
—00 0
Taking into account (10), we obtain
17 1 (17 d
— p(Ul) dCflzf/ s / s0(01’U~2)d02 k. =
Iy o1+ 1 ) Iy oo+ 1 o1 +1
0 0 —o00
1 / 1 / R(f;01,00) doy
= — — - dos -
T T o9+ 1 o1+ 1
0 —00
1 p((fl) 1 / d0'2
T o1 +1m o2+ 1
0 —o0
) 7 d0'1 1 7 q(O'Q)
— — d
Jr7”'/\/01((71—#1)7% / o9+ o2t
0 —00
+ ﬂ/ d0'1 i / dO’Q -
mi ) Jo1(o1+1)mi oo +i
0 —00
=w+t+w-—1.
Therefore v = w, and formula (11) is proved. O

Example 3.1. Let the functions f (z,y), p(x), q(y) be given by the following for-

mulae
1 1 1

—_—, z) =0, = —.
r+2y+1+1 p(@) () y+1+1

f(z,y) =



70 Pawel Karczmarek

Then the solution of (1) in the function class h(00) x h(c0) has the form

iV2(z+1)
Vr(x+2)(y+1+1)

o (v,y) =

4. SOLUTION IN THE CLASS h (0, 00) X h (c0)

Theorem 4.1. Let f (z,y) € h(0,00) x h (c0) satisfy condition (6). Then a solution
v (x,y) of (1) in the function class h(0,00) x h(00), satisfying the relations

p(x,00) =0, z€]0,00), (23)
and
o0 oo o0
i/gp(al,y) // f(01,02) dordoy (24)
i o1 +1 o1 (o1 +1) (o2 +1) (02 —y)’
0 0 —o0

1s given by the following formula:

y—|—z Ul,Ug)dUldUg
e (2,y) = //\FmﬁZ P ye— (25)

Proof. As in the proof of Theorem 3.1, equation (1) can be rewritten in form (14).
Solving (14) in the function class h (0, oo) we obtain (cf. [8])

le

\ﬁ p—— d o1, (26)
with the condition
i ) 1/};1(0—&71 f?{—i— 1) dor. (27)
Substituting (15) into (27), we derive
o0
; / / — fh;?_ doydoy = / N "O}IZ N (28)
0 —oo

Multiplying each side of (28) by ﬁ, on account of (23), using Hilbert transform [§],
and finally multiplying both sides of the equation by y + i, we obtain condition (24).
Now we solve (15). By [8], there is

y+i [t (2,00)
/( do

T oo +1) (o2 — )

oo o0
y+z // f(o1,02) doidosy
J o1 (o2 +14) (01— ) (02 —y)

e (z,y) =
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We can rewrite (1) in form (17), (18). We solve (17) in the function class h (o)
vanishing at infinity:

_y+7’ T f(x702) -
va(y) = i /(02+i)(02—y)d >

— 00

Now we find the solution of (18) in the class of bounded functions:

@(x,y):;/%gal’y) doy =
0

Vo1 (o1 — )
o oo (29)
_ ﬁ(y+i)// [ (01,02) doydoy
(ri)> ) J Vor(o2+i) (o1 =) (02— )’
with the condition

1 OO‘P(Ulay) 1 r V2 (01,Y) _

E/ o1+ 1 d(’l_w/\/ai(aﬁl)dgl_
0 0 . (30)

7 f(O'l,O'Q)d('fldO'Q
| Voo +1) (o2 +i) (02— )’

Formulae (29) and (30) coincide with (25) and (24), respectively.
As in the proof of Theorem 3.1, one can substitute (25) into (1) and check that
function (25) is a solution of equation (1). O
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