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1. Introduction

Most phenomena observed on the real estate market, in particular transac-
tions and prices, are related to space. Location plays a special role in the group of
factors determining the market value of property and, consequently, property
prices on local markets. Spatial analyses determining the correlation between
property prices and the property’s location are, therefore, a useful tool in the pro-
cess of evaluating the situation and the current trends on the property market.

The determination of a property’s market value as the most probable price
that can be achieved on that market requires knowledge about the prices of simi-
lar properties, where one of the main similarity criteria, in addition to property
type, its zoning destination and legal status, is the property’s location. One of the
key principles in geography states that elements situated in the vicinity share
more similarities than objects separated by a large distance. For that reason, the
determination of a property’s estimated value, which can be unambiguously iden-
tified in space, may rely on the averaged prices of sites with a similar location.
Since the above approach is a mere approximation of the property’s market value,
the concept of property worth has been adopted in this study.

The issue of property similarity in a spatial approach has been analyzed by vari-
ous authors. Basu and Thibodeau [2] and Gillen et al. [5] point to spatial correlations
between property prices that can be expressed through autocorrelation. Tu, Sun and
Yu [16] relied on the spatial autocorrelation phenomenon to identify the principles
for determining the neighborhood boundaries of property, based mostly on spatial
factors. They have argued that the same principle supports the spatial segmentation
of the housing market. Spatial correlations on the property market may constitute
a basis for building geostatistical models where price is a regionalized variable [9].
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Various solutions for applying geostatistical principles in property market analyses
have also been discussed by Anselin [1], Haining [7] and Leuanghton [12].

In Poland, property market surveys place special emphasis on the mutual cor-
relation between location and transaction prices. Ligas and Kulczycki [10, 11] have
proposed algorithms for selected geostatistical methods of interpolating geospatial
data generated by the property market. The presented algorithms can be used in
property market analyses. Cichocinski [3] has reviewed various methods for the
cartographic presentation of the results of analyses investigating spatial correla-
tions between property location and property prices. Those methods can be de-
ployed to develop property worth maps, and they could prove highly useful in
a situation when the data on the distribution of property values and prices are the
key factor supporting a rational decision-making process in property management.

2. Selected Spatial Interpolation Methods

One of the methods for the graphic presentation of economic phenomena in
space relies on an analysis of a given phenomenon’s spatial range, and it indicates
that phenomenon’s intensity in a given area. As regards land prices, this range
may be illustrated by maps of separate zones where the determinants of the price
and, consequently, the value of land property are relatively uniform, or by maps
of isolines of identical worth [19].

In zone maps, the covered area is divided into uniform zones based on the set
of adopted criteria. Unit land worth is determined for each zone by way of analy-
sis. The determination of area boundaries is preceded by a market analysis which
identifies market parameters that contribute to land value. Zone boundaries are
set in view of the identified market parameters, while the value of land in the
zone is estimated with the use of a value model developed by way of analysis.
A map is developed on the assumption that the identified zones group properties
with similar attributes, therefore, their unit value should be similar.

Isoline (isarithmic) maps are developed by expressing the spatial variability of
a phenomenon with the use of non-intersecting curves (isolines) that are assigned
successive increasing or decreasing values from identical value points which are
connected by those curves [3]. In land worth maps, measurement points (transac-
tions) should be situated at characteristic points for the investigated area and, if
possible, they should be evenly distributed. The course of an isoline may be diffi-
cult to determine in practice. The acquisition of a sufficiently large dataset of
transactions which supports reliable mapping of the analyzed phenomenon is
a significant problem. Despite this difficulty, the method delivers a high level of
transparency and an ease of interpretation [19].
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Isoline interpolation methods applied in the development of geodesic and car-
tographic documents are not very useful for generating property worth maps
whose main objective is not to accurately reflect spatial variation in prices, but to
present a hypothetical, anticipated or probable price, i.e. a price which reflects
market value in a given location. If a property’s market value is represented by its
most probable market price, determined in view of transaction prices quoted for
similar properties, it can be assumed that interpolation methods relying on the
price averaging principle can be applied in this case. Location can be assumed to
be the main criterion of property similarity because most market attributes can be
related to space (e.g. infrastructure, neighborhood, access, safety, etc.).

Spatial interpolation relies on the phenomenon of spatial autocorrelation to
estimate value at a given point based on measurement data. Interpolation meth-
ods may use various algorithms for determining the value of the interpolated pa-
rameters. Analyses and comparisons of various interpolation methods in surface
modeling have been performed by Weber et al. [17], Zimmerman et al. [18] and
Goldsztejn and Skrzypek [6]. The existing studies focus mostly on the modeling of
geological surfaces, therefore the resulting conclusions are not always applicable
to economic phenomena comprising transaction prices as regionalized variables.

The choice of interpolation method for unevenly distributed measurement
data should be dictated by the following features characterizing the analyzed
dataset: the degree of homogeneity of data distribution, the number of points per
surface unit, population variance (degree of data variance) and the type of surface
represented by the data [6]. This study analyzes three methods of spatial interpo-
lation of transaction prices: inverse distance weighting (IDW), local polynomial in-
terpolation (LPI) and ordinary kriging. The above methods support the develop-
ment of land worth maps, where value at a given point in space is determined
based on the prices of property in the vicinity, thus satisfying the location-based
similarity condition.

The inverse distance weighting method is based on the assumption that spa-
tial objects that are close to one another are more similar than objects which are fa-
ther apart [8]. The general formula for calculating value at a given point in space
is as follows [18]:

2s,) =3 1 Zs,)

where:
Z(s0 )— the searched value for location s,
n — the number of measured points (prices) which constitute the basis
for prediction,
A; — the weight assigned to each measured point (price).
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Weights are calculated with the use of the following formula [8]:

A =dt /id;{f, where iki =1L
i=1

i=1

The weight of observations decreases with an increase in distance d,, between
the point where value s, is predicted and reference point s, The value of expo-
nent p is selected so as to minimize the prediction error.

Local polynomial interpolation (also known as Lagrange interpolation) in-
volves the approximation of the searched surface with the use of a polynomial,
usually a first-degree polynomial:

Zx;,y:)=By +Bix; +By; +e(x;,y;)

where Z(x, y,) denotes the searched value in a given location, and &(x, y,) is the
random error.

Whereas global interpolation involves all data, local polynomial interpolation
relies only on points in the direct vicinity of the point at which value is deter-
mined. The polynomial surface is fitted to the immediate vicinity of the interpo-
lated point, and unknown parameters f; are calculated locally, separately for each
point, by the least squares method.

Therefore, global interpolation describes local trends, and it is calculated
based on the minimization of the following expression:

Zwi(z(xi/yi)_uo(xi'yi ))2’

where 1 is the number of points in the vicinity, p(x, y,) is the value at the mea-
surement point, and weight wi is calculated using the following formula [8]:

w; =exp(-3d,, / a),

where d;, is the distance between the interpolated point and the measurement
point from the immediate vicinity of the interpolated point, while a describes the
rate at which the value of the weight decreases with an increase in distance. The
higher the value of parameter 4, the more local the polynomial becomes.

Kriging is a geostatistical method that provides the best linear unbiased esti-
mators of the value of the analyzed regionalized variable. Sample data (measure-
ment points) inside the area of estimation (area of the sample search) are assigned
kriging coefficients (weights) to minimize the mean-square estimation error
(kriging variance). Similarly to IDW, this technique assigns greater weight to
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points located closer to the analyzed point, but unlike in IDW, weights are deter-
mined based on a semivariogram calculated with the use of a classical
semivariance estimator [2, 15]:

n

W)= 3 (a5, + ) ==(s.))

i=1

where z(s; + h) and z(s;) represent the value of the analyzed parameter at points
separated by distance /i, while n is the number of pairs of points separated by dis-
tance h.

The semivariogram function, developed by mapping the semivariance value
determined by distance / on the diagram, synthetically describes the structure of
variance in the investigated set. The weighed average is approximated with the
use of the following estimator:

7, = i w, Z(x,).

i=1

The weights, determined with the use of a semivariogram, are assigned in
a way ensuring that the estimator is unbiased and has a minimal variance, re-
ferred to as the kriging variance.

The most popular kriging estimators include ordinary kriging, used when av-
erage value is unknown, and simple kriging, applied in non-stationary conditions
when the average estimated for the entire sample population is known or as a re-
sult of a local estimation. According to many experts [4, 6, 15, 17, 18], kriging is
the most effective technique for interpolating non-uniform natural phenomena be-
cause its algorithm contains procedures supporting the minimization and random
distribution of errors (the estimator is unbiased, implying that negative and posi-
tive errors are balanced out). Kriging accounts for general data trends, and is espe-
cially useful when data are not evenly distributed.

3. Results

This study evaluated the usefulness of three spatial interpolation methods for
the cartographic visualization of land worth: inverse distance weighting (IDW), lo-
cal polynomial interpolation (LPI) and ordinary kriging. The option of estimating
land worth individually with the use of kriging was also investigated.
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The study was carried out in 2007-2009 in the city of Olsztyn. It analyzed data
from 188 transactions involving undeveloped land plots zoned for housing con-
struction. The data were acquired from the register of property prices and values
kept by the Property and Geodesy Department at the Olsztyn City Office. They
were verified in the part relating to land zoning, type of land use and terms of
transaction. All properties evaluated in this study were privately owned. The spa-
tial distribution of the investigated transactions is presented in figure 1.

Fig. 1. Spatial distribution of transactions of land property zoned for housing construction
in 2007-2009

Although the data were interpolated throughout the entire city of Olsztyn, the
results can be sensibly interpreted only in locations where land was zoned for
housing purposes. Discontinuity will be taken into account at a further stage of
the study. A relatively high price increase (Fig. 2), reaching around 18% per an-
num, was observed in the analyzed period. An expensive time span of 36 months
necessitated price adjustments, therefore the applied prices were updated as of the
analysis date (beginning of 2010).
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Fig. 2. Change trends in land property prices in 2007-2009
Relatively high variations in the updated prices were also noted in the range
of 55 to 466 PLN/m? which, in line with the adopted hypothesis, could indicate

that location significantly affects unit prices. The empirical distribution of unit
prices and their basic statistics are presented in figure 3.

Var1 = 189*50*normal(x; 198,1429; 87,6373)
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Fig. 3. Empirical distribution of updated unit prices of land property

The usefulness of interpolation methods should be evaluated mainly in view
of the size of interpolation errors. An interpolation error is calculated from the dif-
ference of a parameter’s interpolated value at the tested point and the parameter’s
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field value [6]. Error estimation may pose certain problems in the interpolation of
transaction prices because the price, regarded as a fact, is, in principle, an errorless
value, and it does not always reflect a given location’s market attributes. The ap-
pearance, legibility and realistic content of the map is also significant in the evalu-
ation of an interpolation method.

The obtained data were analyzed with the use of the ArcGIS v. 9.3 application
with Geostatistical Analyst and Spatial Analyst extensions as well as SAGA GIS
(System of Automated Geoscientific Analysis) software. The results are presented
in the form of isoline maps, and the contour interval was determined with the use
of ,natural intervals”, i.e. an algorithm that automatically identifies clusters and
,intervals” in attribute values.

Interpolation results obtained with the use of the IDW method are presented
in figure 4. In the analyzed case, prediction errors generated by this technique
may reach up to 70 PLN/m’ i.e. more than 30% of the property’s average unit
price.

55.00 - 93.71
93.71-159.40

— 159.40 - 209.34
— 209.34 - 300.31
—— 300.31 - 466.00

Fig. 4. Interpolation by inverse distance weighting (IDW)
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When applied in price analyses, the IDW method has a number of shortcom-
ings. Instead of interpolating values for recreating , pits”, the IDW algorithm maps
local ,,dips” where peaks should be determined, and local , elevations” where pits
should be mapped [8, 14]. Goldsztejn and Skrzypek [6] also noted that the method
creates bull’s eye type of structures, an unrealistic accumulation of isolines around
extreme values, thus generating relatively improbable surfaces. The results of this
study validate the above shortcomings, in particular in north-western and south-
ern parts of Olsztyn (Gutkowo and Jaroty estates). It can also be postulated with
a very high degree of probability that the IDW technique will produce incorrect
results in price analyses covering areas not described by measurement data, i.e. in
estates where no transactions involving undeveloped land property took place.

Local polynomial interpolation produces clearly different results than IDW
(Fig. 5), not only in areas marked by a high concentration of measurement points
(transactions), but also in areas with dispersed transactions. Although the mapped
surface seems to reflect market attributes more accurately, prediction errors
proved to be higher than in the IDW technique.

55.00 - 93.71
93.71-159.40

— 159.40 - 209.34 \
— 209.34 - 300.31
— 300.31 - 466.00

75

7/~
L-

Fig. 5. Local polynomial interpolation
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Local polynomial interpolation generalizes local trends and smoothes the sur-
face even with use of fourth- and fifth-degree polynomials. Significant surface
smoothing has been particularly observed in the northern part of the analyzed
area where land property zoned for housing construction is scarce. A non-
-standard course of the isoline in the south-eastern part of the city (Pieczewo es-
tate) was also noted, pointing to sudden fluctuations in worth and suggesting that
this method generates unreliable results when extrapolation is required outside
the area containing measurement data (transaction prices).

Interpolation involving ordinary kriging produced the most varied surface,
representative of land worth (Fig. 6). The isoline was also characterized by a non-
-standard course, pointing to anisotropy in the eastern part of Olsztyn. The aver-
age land worth determined in this area accurately reflects, at least intuitively, the
trends on Olsztyn’s real estate market (around 200 PLN/m?). Empirical
semivariogram is presented in figure 7.

55.00 - 93.71
93.71-159.40

— 159.40 - 209.34
— 209.34 - 300.31
— 300.31 - 466.00

Fig. 6. Ordinary kriging interpolation
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Fig. 7. Empirical semivariogram

Prediction errors in ordinary kriging were significantly lower than in the two
previous techniques, and they were clearly determined by the density of measure-
ment points, i.e. land property transactions (Fig. 8).

Kriging supports an independent selection of semivariogram functions, and it
accounts for anisotropy (directions of spatial dependencies), which is highly sig-
nificant for determining the worth of land in the vicinity of linear spatial objects
(mainly roads, forest boundaries, lake shores, etc.).

The presented methods for the spatial interpolation of transaction prices of
land are a valuable source of information on local market trends. Spatial interpola-
tion facilitates the automation of the process of determining worth at any point
whose coordinates are known, e.g. at points situated at the center of land plots,
provided that they satisfy the criteria of similarity to the analyzed property. The
results of the study were used to produce a land worth map for selected parts of
Olsztyn (Fig. 9).
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Fig. 8. Spatial distribution of standard prediction errors using ordinary kriging

[ ] 150.00-200.00
[ ]200.00-250.00
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I :00.00- 459.00

L

Fig. 9. Fragment of a map presenting the worth of land zoned for housing development
(Olsztyn, Brzeziny estate)
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The study revealed that various factors distort the shape of the interpolated
surface, including high density of transactions in a relatively small area (sale of
neighboring properties), significant variations in the prices of neighboring proper-
ties as well as non-spatial factors (e.g. surface area and shape of the land plot). The
above does not undermine the usefulness of the reported results which may be
applied to evaluate spatial phenomena on the real estate market and support a ra-
tional decision-making process in property management.

4. Conclusions

Interpolation methods account for general price trends in different ways.
Based on the findings of a comparative analysis, ordinary kriging emerges as
a technique delivering the most reliable and realistic property worth maps in the
process of spatial interpolation of market data. The results of this study validate
the observations made by other authors [4, 6] who found kriging to be a useful
method for interpolating relatively small datasets (188 transactions in this study)
marked by uneven distribution in space. The study was performed on the assump-
tion that the effect of distance on land worth is a regular, continuous and isotropic
phenomenon (showing identical change in every direction). This assumption has
not been verified in every situation on the real estate market. Although it can be in-
tuitively assumed that spatial variation in prices and values has a continuous na-
ture and it can be represented by isolines from the interpolation process, this as-
sumption does not always hold true due to the spatial distribution of price deter-
minants (e.g. infrastructure, proximity of noxious facilities). Owing to the presence
of non-spatial attributes affecting transaction prices, the analyzed dataset cannot be
regarded as homogenous. This problem can be solved by combining traditional
methods for analyzing the property market and performing bulk sale valuations
(e.g. multiple regression analysis) with interpolation techniques [13].

The knowledge of transaction prices and their spatial distribution in the form
of cartographic representations facilitates effective decision-making in the area of
urban planning and administration, it creates new directions for development and
investment, it supports property taxation systems and creates better access to in-
formation on the prices and value of land property.
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