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1. Introduction

Astronomical levelling as a method of geoid determination was developed by

Helmert and applied first time for modelling geoid in Harz Mountains, Germany.

In the middle of 20th century the method has already been used in numerous

countries for the determination of local geoid that was mainly required for reduc-

tions of geodetic observations to the reference ellipsoid.

Works on geoid determination on a continental scale using astronomical level-

ling were conducted in North America [5] and Europe [10]. The accuracy of those

regional geoid models was at the level of a few metres. Much more accurate were

local geoid models developed in mountainous countries such as Switzerland and

Austria with the use of large number of uniformly distributed deflections of the

vertical together with high resolution digital terrain model [4, 12].

The first astrogravimetric geoid model for Poland was developed at the Insti-

tute of Geodesy and Cartography in Warsaw in 1961 [3] from about a hundred of

astrogeodetic deflections of the vertical and gravity anomalies obtained from grav-

ity maps. In the framework of modernisation of geodetic control network in Po-

land that model was refined in 1970 and 1978 with the use of more data and more

detail gravity maps.

The next astrogravimetric geoid model for Poland was calculated in 2005 in

the framework of the project on precise geoid modelling in Poland, conducted in

2002–2005. That model was developed using the archival deflections of the verti-
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cal, both astrogeodetic and astrogravimetric, after transforming them to uniform

standards and systems [14, 18]. The geoid model was computed using classical as-

tronomical levelling approach. Accuracy of that astrogravimetric geoid model was

estimated by comparing it with the existing geoid models and standard deviation

of computed geoid heights was estimated on ±30 cm [18].

These developed models suffer from the lack of several effects, that were not

fully considered, and problems that were not completely solved. They concern qual-

ity of archival astrogravimetric data, problem of weighting, the effects of plumb line

curvature, elimination of outlying observations. In addition, all those geoid models

were determined with the use of classical astronomical levelling approach.

The aim of this study is to improve the astrogravimetric geoid model in Po-

land by application least squares collocation and by using improved data. First the

realistic accuracy of the deflections of the vertical was estimated and the proper

weights of astrogeodetic and astrogravimetric deflections of the vertical were de-

termined. Then the astrogeodetic and astrogravimetric geoid models were com-

puted from improved archival deflections of the vertical with the use of Helmert

astronomical levelling. Finally new astrogeodetic and astrogravimetric geoid mod-

els were determined by least squares collocation from improved archival

astrogravimetric deflections of the vertical and gravity anomalies. All version of

computed geoid models were mutually compared. They were also were compared

with the GPS/levelling geoid spanned on the sites of the POLREF network and the

differences obtained were analysed and discussed.

2. Astronomical Levelling by Helmert’s Method
and by Least Squares Collocation

When at point P of geodetic coordinates (�� �) its astronomical coordinates

(�� �) are measured then the deflection of the vertical � can be determined. The

components �� � of the deflection of the vertical � in the meridional and prime

vertical plane, respectively, are given as follows:

� �

� � �

� �

� �

	


( ) cos
(1)

The deflection of the vertical � in the plane of the geodetic azimuth � ex-

pressed in terms of � and � is

� � � � �� 
cos sin (2)

58 A. £yszkowicz



and reflects the tilt of the profile of the equipotential surface with regard to the re-

spective spheropotential surface

dN ds� � �� (3)

The corresponding deflection of the vertical �0 on the geoid in the plane of the

geodetic azimuth � represents the tilt of the geoid with respect to the ellipsoid [19]

dN ds
0 0

� � �� (4)

Astronomical levelling provides geoid height differences along the profiles on

physical surface of the Earth or on the geoid by integrating deflections of the verti-

cal. Geoid height difference between two points Pi and Pj on the geoid is given as

follows

�N N N ds
PiPj Pj Pi

Pi

Pj

� � � � �� �
0

(5)

In the formula (5) it has been assumed that deflections of the vertical are pro-

vided continuously along the profile PiPj of the astronomical levelling. Practically,

due to high cost and laboriousness, deflections of the vertical are measured at

points distant by at least few tens of kilometres. They might be densified either

with the use of numerical interpolation or with the use of prediction with taking

into consideration physical features of the gravity field [1].

When using numerical interpolation of deflections of the vertical between

points Pi and Pj one assumes its linear change from �
Pi

to �
Pj

. Then

�N s
PiPj

Pi Pj

PiPj
� �


� �

2
(6)

where is the distance between points Pi and Pj.

Theory and algorithms concerning the interpolation of astrogravimetric de-

flections of the vertical in Poland has been given e.g. in [2]. Components 	A, 
A of

deflections of the vertical interpolated at point A are expressed as follows:

� � �

� � �
A A

gr
A

A A
gr

A

� 


� 


�

�
(7)
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where �A
gr , �A

gr are components of deflections of the vertical calculated at point A

from gravity data within the radius r around A. Terms ��A , ��A are corrections

transforming components of the gravimetric deflection of the vertical at A into the

astrogeodetic one.

Astrogravimetric levelling by least squares collocation. If we consider the

area ó1 inside of which either components 	� 
 of the deflection of the vertical or

gravity anomalies �g or both observables are available the geoid undulation N can

be determined in the points of this area with the use of data available in �1 apply-

ing least squares collocation.

The vector l of measurements can be partitioned accordingly

l
l

l
�

�

�
�

�

�
�

1

2

(8)

where l1 contains the 	� 
 measurements and l2 contains gravity anomalies �g

available in �1. The measured functionals of the disturbing potential T, i.e. 	� 
� �g

are affected by random measuring errors n (noise). Hence the vector l is the sum

of the vector t of signals and the vector n of noise. The signals correspond to the

true values (unknown) of the functionals 	� 
� �g. The covariance matrix Cnn is de-

termined with the use of measuring errors n. The covariance matrix Ctt can be

split up as

C
C C

C Ctt

t t t t

t t t t

�
�

�
�

�

�
�

1 1 1 2

2 1 2 2

(9)

where Ct t1 1
and Ct t2 2

are the autocovariance matrices of the components of the de-

flections of the vertical and gravity anomalies, respectively, and Ct t1 2
is the

crosscovariance matrix between components of the deflection of the vertical and

gravity anomalies, with C Ct t t t1 2 2 1
� . Once the matrix Ctt is determined, the matrix

C
ll

can be evaluated from

C C C
ll tt nn� 
 (10)

The signals s that are to be predicted are geoid undulations at points Pi. They

can be computed from [13]

s C C l� �
sl ll

1 (11)

where C
sl

is the vector of covariance between the signals s to be predicted and the

measurements l and can be written in a partitioned form as
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sl

sl

sl

C

C
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�

�
�

�

�
�

1

2

(12)

where C
sl1

and C
sl2

are the vectors of covariance between the signals s and the

components l1 of deflection of the vertical, and the gravity anomalies l2, respec-

tively. It should be noted that all covariances between the different functionals of

the disturbing potential T do not depend on the measurements l but only on their

relative positions on the terrestrial sphere.

The choice of covariance function appropriate to compute necessary covari-

ances is described e.g. in [9].

3. Data Used for Geoid Determination

Archival astrogeodetic data from Poland set up in the catalogues in

1967–1981, unfortunately do not contain astronomic measurements from before

1939. Moreover, source materials such as observational sheets and lists of calcula-

tions of astronomical coordinates have not been preserved.

Remained astronomical data contain averaged astronomical coordinates and

the epoch of observation (date). They also contain information on the number of

stars (or pairs of stars) observed, observation method applied, observation instru-

ment and star catalogue used for processing observations. Majority of astronomic

observations were processed with the use of FK3 catalogue. FK4 catalogue was

used for processing ten observations and Chelberger catalogue – for processing

three observations.

Remained information contains also terms of reductions to the conventional

mean pole and corrections to UT1 in accordance with IAU conventions effective in

the epoch of the discussed data processing.

Different instruments and different methods were used for the determination

of astronomical coordinates. The astronomic latitude was determined mainly by

Pevtsov and Talcott method (in few cases by Sterneck method) while the astro-

nomic longitude was determined by Zinger or Mayer method.

Astronomical coordinates were determined at 171 points (Fig. 1). Geodetic co-

ordinates of those points were referred to Krassowski’s ellipsoid and “Pulkowo42”

datum. The standard deviations of the components of astrogeodetic deflections of

the vertical were estimated in [3] as �� � 0 2, ", �� � 0 3, " while in [6] as � �� �� � 0 45. ".

Archival astrogravimetric deflections of the vertical were determined in 370

points that were densifying the astrogeodetic network. Standard deviations of the

components of astrogeodetic deflections of the vertical varied dependently on the

roughness of terrain within the range from 0.54" to 0.69" [2].
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Archival relative deflections of the vertical [7] are given in JSAG system re-

ferred to Krassowski’s ellipsoid with initial (fundamental) point in Pulkovo.

The original astrogeodetic and astrogravimetric deflections of the vertical,

which were measured nearly forty years ago, required a number of corrections

[14]. In 2003 they were unified and referred to the presently effective reference

system, i.e. they were corrected due to star catalogue, polar motion, time system

and geodetic datum. The corrected deflections of the vertical are referred to

ETRF89 (GRS80 ellipsoid), IERS pole and TDT and UT1 [16].

The works on unification of archival deflections of the vertical were preceded

with their independent quality estimate. The standard deviation of components of

astrogeodetic deflections of the vertical was estimated as 0.5" while for

astrogravimetric ones as 0.7" [15].

In 2003–2004, complementary astronomic and GPS observations were con-

ducted in 29 points of geodetic control in Poland with the use of the circum-

zenithal VUGT 50/500 [17]. According to BIH recommendations the observational

program consisted of stars from FK5 catalogue for which the ephemeris of their
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Fig. 1. Astrogeodetic deflections of the vertical (in arcseconds)
referred to Krassowski ellipsoid



transit through the almucantar were calculated. The astronomic observations

were processed by Jan Hefty of Slovak University of Technology, Bratislava,

while GPS observations – at Warsaw University of Technology. The standard de-

viation of components of astrogeodetic deflections of the vertical was estimated

as 0.3"–0.5" [17].

4. Accuracy Estimation of the Astrogeodetic Deflections
of the Vertical

The estimates of accuracy of the components of the deflections of the vertical

substantially diverge due to applying different methods and statistical tools. It in-

dicates the need of redoing the accuracy estimate that could be considered reli-

able. The new estimate of accuracy of the components of the deflections of the ver-

tical is based on comparison of the existing astrogeodetic deflections of the vertical

with the respective ones computed from gravity data.

Having gravity data of sufficient coverage and eventually digital terrain

model (DTM) of high resolution in the area of interest enable to calculate so called

gravimetric deflections of the vertical as follows:

� � � �

� � � �

grav

GM gres DTM

grav

GM gres DTM

� 
 


� 
 


�

�

(13)

where �
GM

, �
GM

are low frequency components that are determined from the

global geopotential model (GM), ��gres
, ��gres

are medium frequency components

that are calculated from the residual gravity anomalies with the use of Vening–

Meinesz integral, and �
DTM

, �
DTM

are high frequency components that are com-

puted using DTM.

Gravimetric deflections of the vertical �grav , �grav computed with (13) can be

compared with the respective astrogeodetic deflections of the vertical �astr , �astr .

The differences obtained:

�

�

� � �

� � �

� �

� �

astr grav

astr grav
(14)

can further be used for quality estimation of the existing astrogeodetic deflections

of the vertical.
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Gravimetric deflections of the vertical have been calculated at 171 archival

astrogeodetic points, 370 archival astrogravimetric points and 23 newly surveyed

astrogeodetic points with the use of most recent set of gravity data (set no. 7 in [8]

consisting of mean 1' × 1' Faye gravity anomalies) and the global geopotential

model EGM96. The high frequency components due to topography in (13) were

neglected since residual Faye anomalies used to generate medium frequency com-

ponents contained already the high frequency terms through terrain corrections.

Statistics of differences between computed gravimetric deflections of the vertical

and astrogeodetic or astrogravimetric deflections of the vertical are given in tables 1,

2 and 3.

64 A. £yszkowicz

Table 1. Statistics of differences between 171 unified astrogeodetic deflections
of the vertical and the respective gravimetric deflections of the vertical [arcsec]

Statistics �� �� ��

Mean –0.14 0.11 –0.04

Std dev. 0.53 0.57 0.54

Min –1.61 –2.32 –2.17

Max 1.45 2.20 2.47

Table 2. Statistics of differences between 370 unified astrogravimetric deflections
of the vertical and the respective gravimetric deflections of the vertical [arcsec]

Statistics �� �� ��

Mean –0.23 0.04 –0.08

Std dev. 0.49 0.59 0.56

Min –3.50 –5.35 –3.81

Max 2.17 1.51 4.15

Table 3. Statistics of differences between 23 newly surveyed astrogeodetic deflections
of the vertical and the respective gravimetric deflections of the vertical [arcsec]

Statistics �� �� ��

Mean –0.79 0.19 –0.36

Std dev. 1.02 0.47 0.77

Min –5.09 –0.40 –3.22

Max 0.31 1.89 0.77



Figure 2 shows the mean and the standard deviation of differences of the de-

flections of the vertical for three data sets investigated. In case of unified archival

data (Tabs 1 and 2) both the mean and the standard deviation do not practically

differ. It means that the accuracy of unified archival 171 astrogeodetic deflections

of the vertical can be considered equal to the accuracy of unified archival 370

astrogravimetric deflections of the vertical. For 23 newly surveyed astrogeodetic

deflections of the vertical the mean is much larger than for the archival data but

the standard deviation – slightly larger. That divergence results probably from

small number of data analysed (23 only), and thus the statistics obtained cannot

be considered representative.

It can thus be concluded that the accuracy of the components of deflections of

the vertical investigated is uniform and represented by standard deviation equal

to 0.5".

Quality analysis performed and estimation of accuracy of available sets of de-

flections of the vertical enables the development of new, more reliable models of

the astrogeodetic and astrogravimetric geoid.

5. Conclusion

The estimates of accuracy of the components of the archival deflections of the

vertical substantially differed from 0.2" to 0.7" due to applying different estimation

methods. The new estimate of accuracy of the components of the deflections of the

vertical based on comparison of the existing astrogeodetic and astrogeodetic

deflections of the vertical with the respective ones computed from gravity

data shows that both sets of data have the same accuracy express by standard
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Fig. 2. The standard deviation of the differences (eq. (14) for three sets of deflections
of the vertical (d.o.v.)



deviation 0.5". Estimated accuracy of the 23 newly surveyed astrogeodetic deflec-

tions of the vertical is slightly different, probably due to small number of data

analysed,and therefore calculated statistics are not representative. Therefore in

this situation reasonable is assume, for further calculation, that its accuracy is 0.5".
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