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Precise Accuracy Evaluation
of Transformation Parameters and Point Coordinates
upon Helmert Transformation**

1. Introduction

Evaluation of point coordinate transformation accuracy is most frequently
presented by the references in a general and approximated way. In assumption
that a secondary system point coordinates may practically be considered errorless,
the following formulas were given in [5]:

where:
v,, v, — differences between common point coordinates in a secondary sys-
tem before and after transformation,
n — number of common points.
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Formula below was given for evaluation of common point coordinate adjust-
ment accuracy in [6]

Identical formula, defined as mean square error of observation m, is also
shown in publication reference [4].

Z(v2 +V}) 3)

Transformation error construed as a point position error is defined in the
Technical Guidelines G-1.10 [8] by the following formula

= (VE Vi - 2] (4)

Extended form of accuracy evaluation, leading to definition of mean square errors
of coordinates after transformation, is shown in reference publications [3] and [7].

Precise method for determination of transformation parameters with consid-
eration of pseudo-observation dependent stochastic model was given in reference
publication [1].

Issue pertaining to the effect of model selection for determination of Helmert
transformation parameters on transformation results was reviewed by the author
of this paper in the reference publication [2].

This paper presents a precise method for evaluation of transformation accu-
racy with consideration of two functional models for determining Helmert trans-
formation coefficients, namely based on:

— error equations,

- conditional equations with unknowns, with a consideration of assumed

stochastic models.

It should be noted that the transformation coefficient determination errors
were taken into consideration in proposed methods for evaluation of accuracy.
The way those errors are formed depends on:

- layout of common points,

— number of common points,

- mean square errors of common point coordinates.

In practice, a transformation parameter determination accuracy was evaluated
by the way of description, relating to favourable and unfavourable arrays of com-
mon points.

The method presented in this publication allows to precisely evaluate trans-
formation parameters accuracy and use it in the evaluation of coordinate accuracy
after transformation.
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2. Transformation Model 1

2.1. Determination of Pseudo-observation Equations

If the transformation parameters are determined by assuming that
2n>4,
where n — number of common points, then, generally speaking
X, #X/ and Y, 2Y/,

where:
X,, Y, — secondary coordinates of common points prior to transformation
(catalog coordinates),
X/, Y,' — secondary coordinates of common points after transformation,
only after introduction of corrections to pseudo-observations, i.e. will catalog coor-
dinates of secondary common point coordinates lead to identical coordinates after
transformation, therefore:

Xl+v;:z’
Y+v::l7* ®)
ity =6
and
a
{}Q*}__{—yi x, 1 0} b ©
Y Xy, 0 1fc
d
where:

X;, J; — common point primary coordinates,
a, b, c, d— defined transformation parameters.

If we substitute (5) with (6), assuming that:

a=a,+da
b=b, +db %
c=c, +dc

d=d, +dd
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then, for n common points we may obtain a set of pseudo-observation correction

equations
0)71 h X 10 da _gl - % ]
N I PR R
= : e + : (8)
-, x, 10 X! - X
ol | dd| | Ko™ %
T X, y, 01 Y -, |

or a form of matrix equation
V=AX+D )
where: X/, Y\ — approximate coordinates transformed with formula (6) based on

previously calculated a, b,, ¢,, d,, with a use of coordinates of two common
points.

Upon setting the weight matrix of secondary common point coordinates in
the form shown as:

ST 2 2 2 2 -1
P—chag[m)?1 M M ]
we can determine
X=—(A"PA)'A'"PD (10)

2.2. Evaluation of Accuracy
for Transformation Parameters Determination

Evaluation of accuracy may be commenced from determination of a standard

IV PV
== (11)

V — correction matrix determined by the formula (8) upon solving nor-
mal equations and determination of matrix X with formula (10),

error of unit weight m,

where:

r— number of pseudo-observations (r = 2n),
s — number of transformation parameters (in given case s = 4).

Taking into consideration the presented explanations, we may find that

VTPV
m, = 12
* \2n-4 (12)
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Further calculations should be preceded by testing performed according to
known procedures of mathematical statistics and leading to verification of zero-
-hypothesis H, pertaining to coefficient of variance, i.e. whether ¢ =c7,(c2,=1 -
hypothetical values of variance coefficient), in combination with alternative hy-
pothesis of H,:c; # &7, considering &, as the coefficient 6, =1 estimator. If it ap-
pears that GEH eQ(ég ).p, then variance coefficient Gé does not belong to bilateral
confidence range Q(67),, and zero-hypothesis should be rejected. There might be
various reasons for this situation, but it may prove rather inaccurate selection of
weights.

However, it should be noted that this may not be the only reason for a signifi-
cant deviation 65 from 1, since:

- value of one or several coordinates may result in gross error,

- transformation model may not be selected in a precise way.

Gross errors of coordinates are relatively easily discovered based on values of
corrections vy, v and mean square errors of their determination. Coordinates
with gross errors may be eliminated from procedure during recalculation of trans-
formation parameters or in case of small number of common points we may deter-
mine a new diagonal matrix of weights by calculating the weights using the fol-
lowing formulas:

1
Px, =27 Pr, = 2 (13)

based on corrections determined in the first iteration of calculations.

Such steps should bring a desired effect in the next or even perhaps subse-
quent iteration.

As mentioned above it is commonly practiced to assume P = E (E — unit ma-
trix). This could be only done in a final resulting variant of calculations. The ob-
tained results of determined corrections and error require verification. It should be
indicated that error m, is expressed in named unit, when P = E is assumed. In this
case its value does not indicate directly whether the assumption pertaining to
weights was right; therefore we have to calculate a variance of standardized cor-
rections given by formula

1
2n-4

Var(V) = [VV] (14)

whereas subsequent standardized corrections are calculated by formulas below:

v=0 oy =y (15)
m

r
0 mO mO
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hence a new version of formula (14) will be

Var(V)=—" { oo } (16)

2n—4| mym,

Theoretically speaking Var(V) = 1, but if Var(V) # 1 in a significant way, then
we may expect a theoretical result by substituting the weights calculated with for-
mulas (13) for equalization.

Upon obtaining a satisfactory result in determination of m, we may set to
work on further evaluation of accuracy.

Mean square errors of transformation parameters are calculated with formula

m, =m,/(ATPA),} (17)

where:
k=ab,cd,
(A"PA),! - diagonal element of matrix (A" PA)™".

2.3. Determination of Coordinate Mean Square Errors
after Transformation

In order to calculate mean square errors of point coordinates after transforma-
tion we will apply law of error propagation to function

Xlt -V X, 10

Y, Loon 01

ny _]7)1 fn 10 ’10 dﬂ

Y| B B 0 1)k | | db s

Xrtx+1 Y1 Xun 10 CO dc

Ynt+l xrl+1 yn+l 0 1 dO dd
. L = ==
: XU X

X, V. X, 0

Y, x, y, 01

L 4 L i
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or, generally described as
W' =T(X, +X)=TX, +TX (19)

Coordinates W' are a nonlinear function of variables X;, Y;, x,, y. A linear
form of formula (19), necessary to apply a law of error propagation, may be gener-
ally expressed as

W' =W/ +dW' (20)
where
t
aw' =W gw 1)
oW

or, in more detailed matrix form

OW'  OW' oW' W,
AN AL dw, (22)
oW, oW, oW, dW

p

aw {

where W — matrix of common point coordinates W, (secondary system) and Wp
(primary system) as well as coordinates of remaining points W, in a primary sys-
tem.

Before reaching form (22) we will introduce a total differential dW' taking
form that results from formula (19)

dW' =dTX, +dTX+TdX=dT(X, +X)+ TdX=dT X+ TdX (23)

In this case:
dT - is a total differential of matrix T in relation to variables of the set
B X Y s Xt Y- X Y} € O
dX — is a total differential of matrix X in relation to variables of the set
X, %...X,,Y,,%,9,...X,,y,} eW;
X — estimated values of parameters.
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By differentiating matrix T, and then calculating product dT X we will receive

[ —dy, dx; 0 O —ady, +bdx,
dx, dy;, 0 0 adx, +bdy,
-dy, dx, 0 Ofla —ady, +bdx,
ITX = dx, dy, 0 0fjb|_ adx, +bdy, o4
B _dyn+1 dxn+1 0 0 ¢ - _adyn+1 + bdxn+1 ( )
dxn+1 dyn+1 00 d adxmﬂ + bdyn+1
-dy, dx, 0 0 —ady, +bdx,
| dx, dy, 0 0] | adx, +bdy,
Due to (22) this product will be presented as an extended block matrix
dw, |
c [0, 07
dT X= dW (25)
0 0 J,u ’
dw,
where
(b —a 0 0 -~ 0 0]
a b 00 -0 0
0 0 b —a - 00
Jo=/0 0 0 0 -0 O (26)
0 0 b -a
_O 0 0 0 o4 b 42nx2n

Matrix J,, with dimensions (2u — 2n) x (2u — 2n) is created in analogical man-
ner as matrix J,,.

We will now proceed a second component of formula (23), i.e. product of ma-
trix T dX. Therefore formula (10) is shown as

X=—~A"PA)'ATP(W, -W,) (27)

taking into consideration a form of matrix D — consisting free words in equation (9)
and in matrix (8).
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A total differential of matrix X, expressed by formula (27) will be written as

dX=GdW, (28)
where
G=(A"PA)'A’P (29)
therefore
TdX=TGdW, = Hl }G dW, (30)
2

T, — submatrix of matrix T with components of coordinates of common points
in a primary system, T, = [t,],,,. 4

T, — submatrix of matrix T with components of coordinates of common points
in a primary system, T, = [t,]5, 2,4

In attempt to approach form (22), the product (30) may be presented as

dw,
TdX = Fo 00 dW (31)
“|F, 00 P
dw,
where
F,=TG F,=T,G (32)

Substituting (25) and (31) to (23) we receive

_ dW
¢ dwW' F11 le 0 —
aw'=| =l | dw, (33)
21 23
p dw,

Variance-covariance matrix of coordinates W' will be determined by applying
a law of covariance to function (33), hence

B L 0 Pvlvlw 0 0 |[E] F]
c .=m " " o P 0 ||), o0 (34)
t 0 12
w FZl O ] 23 1 T
0 0 P'|0 J»

Wp

and upon multiplying and consideration of relations (29) and (32) we will receive
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C*r C*t t
C t:{ w wiw)
w

wawf CWf -
P P (35)
[T, AT +),P T T(A'P, A)'T]
= T AT g T e -1 9T
T,(A'P, A)'T| LA PG AT, +],P, ]y

Taking diagonal elements from matrix (35) we will calculate:
- mean square errors of common point coordinates after transformation

-1
m, =m, \/{Tl (ATPWW A) T+ )Py ]fz}i (36)

i .
1

i=1,2,..,2n

- mean square errors after transformation of all remaining points of primary
system

-1
O O L BT

/ ji

j=@2n+1), ..., 2u

3. Transformation Model II

3.1. Determination of Transformation Parameters
by Using Conditional Equations with Unknowns

Transformation model II is the most precise model used to determine parame-
ters, since during the calculation process:
- we determine corrections to primary coordinates and secondary common
points;
- we consider weights of the above mentioned coordinates, identified with
pseudo-observations.

As a result of this, we may write two conditional equations with unknowns
for each common point:
X, +0, =(c, +do)+ (b, +db)(X, + v, )—~(a, +da)(y; +v;,) (38)
Y, +op =(d, +dd)+(a, +da)(X; +vg, )+ (b, +db)(y; +v5,)



Precise Accuracy Evaluation of Transformation Parameters and Point Coordinates... 21

where upon rejection of words dbv_, dav, , dav., dbv,, due to their negligible
values in relations to the other components, the above equations are forming a set
written as the following matrix

EV_- +B V- +AX+L=0 (39)
Wa P W,
where:
-b, a, 0 0
-a, -b, 0 0
B, = : : :

0 0 b, a,
0 0 -a, b,

% X -1 0
X% -y 0 -

]7}1 _J?n _1 O

=x, ¥, 0 -1
I gl _(Co +b07(1 _aoyl)_
Yl _(do 'Hlo?Cl +b0]71)

L= :
Yn _(Co +b03?n _a()yn)
_Yn _(dO +a0fn +b0]7n )_
T
VWw =[v}?1 v e Uy U;n] (41)
pr =[og, vy o vy, v 1 (42)
X=[da db dc dd] (43)

and E is a unit matrix.

As a result of precise solution of set (39) by using , the least squares method”
we will receive:

-1 -1 -1
X:{AT(PV‘VI +B,P B;) A} AT(PVLVI +B,P B;) L (44)
w P w P

K=(P +B,P B!)"(AX+L) (45)
w p
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| P. 0 7TE
V:U = 0’“ P BT K (46)
Wp W}J 4
1
Py =G5
w w (47)
e
PWP W

where:
K — matrix of correlates,

P, P — weight matrices of common point coordinates X, Y in secondary sys-
" tem and %, y in primary system,

CW , CW — variance-covariance matrices of common point coordinates.
w P

3.2. Evaluation of Transformation Parameters Determination
Accuracy

A mean square unit error m, is calculated from formula

W~ Wy W, W,

m, =

VI P_V_ +VLP
- ’ (48)

r—4
where:
r — number of conditions, r = 2n,
n — number of common points,

and a mean square error of parameters k = a, b, ¢, d may be determined from for-
mula

T -1 -1 T -1 -1
m, :mo\/{A (P +B,P B,) A} (49)
The term under square root in formula (49) is a diagonal element of matrix
T /-1 1 pTy-1 A7-1
(A" (PG +BPPW,, B,) Al
3.3. Determination of Coordinate Mean Square Errors
after Transformation
Similarly to model I, the transformed coordinates are calculated by applying

formula (18). At the same time these formulas show functions that are the subject
of accuracy evaluation. In the initial stage, derivation of formulas needed for this
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evaluation is identical to procedure for model I. For that reason, at this point we
will repeat formula (23)

dW' =dT X+ T dX (50)
as well as the matrix product
dW,
o003, 0
dT X = dW (51)
0 0 J, ’
dw,

It should be noted that in model II

Ji, =-B, (52)
as well as
J,, =-B, (53)

where B, — matrix created in analogical manner as B,, but having dimensions
Qu-2n)xQu-2n).

In order to determine a detailed form of product T dX existing in formula (50)
we will write formula (44) as a following form:

X=-UL (54)
where:
-1 -1 -1
U:{AT(P1 +B, P! BTJ A} AT(P;1 +B, P! BT) (55)
W PTW, P W PTW, P
L=BW-C (56)
B=[E B,] (57)
C=[c, 4, ... ¢, 4, ](Tmn) (58)
W=IX, Y, . X, Y, % % .. % 7T (59)
Substituting (56) to (54) we receive
X=-UBW-C) (60)

hence
dX=-UBdW (61)
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and
TdX=-TUBdW (62)

Formula (62) will be presented in a new more detailed form
Tax— 7 lue B, We |_|BY TUB, W, 63
= T2 [ 4 ] de - T2 U T2 UB , de ( )

and upon adjusting it to form (22), we may write

dwW,
_ Sy S O AT
TdX=- dW (64)
S21 822 0 ’
de
where
S,.=TUS, =T1UBP, S,,=T,U S,, =T,UB (65)
Substituting (51) and (64) to (50) we receive
dW
t Sll R12 0 77”
dW' =— de (66)
S2‘1 S22 _]23 de
where
R12 = 512 _]12 (67)

Formula (66) within context of formula (20) renders a linear form of solution
to transformation of coordinates from a primary to secondary system. By applying
a law of covariance to this form of equation we will receive a variance-covariance
matrix of transformed coordinates:

P! 0 0 ||sl, S
P;—V; 0 ||R, Sy (68)
o Pl 0 -Jj

Wp

Upon matrix multiplication in (68) we will receive
) Su P,,_T,Iw S1T1 +R;, Pl,lvlp R1T2 SllP;T/]w SZI +R,, Pv;vlp S72-2

C . =m
Wt 0 -1 T -1 T -1 T -1 T -1 T
S21PWW Sii+8y PWP R;, SZlPWw Sy +Sy, Pwp Sy +Jxy Pwp T

(69)

or in block matrix form
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CW WW. W
th = v “rr (70)

C

Wp Ww Wp

Taking into consideration relations between matrices mentioned earlier in
(69), and also relations between (69) and (70) we may write

4 71
> T( p-1 1 T T 1 T
CWw - 0 Tl|:A (PWw +BVPW7, BP) A:| Tl +T1UBVPWp BV +
(71)
T
-1 T -1 T
+(T1UBPPWPBF,) +BPPWPBP}
1 -1
2 T -1 A T T 4 T
C,, =1 T{A (wa +BPPWPBPJ A} T/ +B,P, B! 72)
4 o1
2 T -1 -1 T T -1 Ty1T T
Coo, =mo{T{A (wa +BPP@BP) A} T/ +B,P; BU'T] 73)

Mean square errors of common point coordinates after transformation can be
determined based on diagonal elements existing in matrix (71)

e, = \/ (TIA"(P, +H,)"Al'T/ +T,UH, +(T,UH,) +H,},

i=1,2,..,2n

(74)

and mean square errors of other remaining points will be determined by using di-
agonal elements from formula (72)

T -1 -1 1T
m,, =my [(L[AT(P +H,)"A]'T] +H,}, 75)

j=@2n+1), ..., 2u
where:
-1 T
H, :BPPWva

H, =B,P B]
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4. Final Conclusions

1) In case number of common points is more than 2, Helmert transformation

parameters should be determined based on functional model created with
error equations (model I) or conditional equations with unknowns (model
II) while considering the weights of pseudo-observations, i.e. common
point coordinates.

2) From the point of view of assumptions applied during both model cre-

ations, these models are not equivalent. In model I the randomness may be
related only to pseudo-observations which are coordinates of common
points in a secondary system, while in model II that randomness is related
to common point coordinates in both primary and secondary systems. It
could therefore be appreciated that model II is more precise than model L

3) Due to the lack of data pertaining to the coordinate variance matrix, deter-

mination of transformation parameters is most commonly conducted by as-
sumption of identical weights (P = E). In this case variances — Var (V) of
standardized corrections should be calculated, and a result of calculations
compared with theoretical assumption Var (V) = 1. Evaluation of this com-
parison should be conducted based on principles of Statistical hypothesis
verification. Negative result could, among the other things, prove inaccu-
racy of stochastic model or wrongly selected weights. In this case it is nec-
essary to conduct another equalization, assuming the weights are reversely
proportional to the squares of coordinate corrections.

4) Proposed method of accuracy evaluation allows to determine mean square

errors of transformation parameters, and also mean square errors of trans-
formed coordinates of all the points. This provides basis for drawing the
detailed conclusions pertaining to calculation results, as well as allows to
render a decision concerning further action leading to transformation pro-
cess finalization.

5) Proposed method for accuracy evaluation of point transformation parame-

ters could also be applied to other transformation methods.
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