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�'���(�)�*+��'*'�,-.�/�kluczem publicznym (inaczej klu-
czem jawnym) jest zastosowanie takiego algorytmu kryp-
tograficznego, dla którego proces ustalenia klucza prywat-
nego� ��+�/,01-12�1�'/*3��4�1-.��+�/*�/212*-�'56,-15�,
'/*3��712�1��+�7�2�,2�8*9�+��5,',-��8:�5/,2��7��2�,7*;
)�21:2*-��	�/*��1)�-�/10�<,2�.�'56,-1����):.5/�=��'/*3��;
712�1�-�<21�.>172�9��56�98*�+.8:�).>(5�4��7�)'�(<5,��,:,;
3�2�5/2,>��41/,5�,�5/*�21�'���2�,� �2�,�2,��7,>��4=/�,�'�1>,
'�?�+.8:�5/2�,�=�'�?+2*��
=�@ABB� ��).� C�,1:�/15>�� )�*+��;
'*'�,-.���
��)�D�,4��1.���1-��'(E���F,'����61-����
=:,;
-12G�7*-*H:�2��)�:)1�'*'�,-D7�'/*3�.>(5*56�/�):.5/,-
+.8:�5/2*-��)�D�*56�8,/+�,5/,I'�7���78�,7�+�/��2�,�/1;
4-1�712*-�+��5,=.��-�'/*3��712�1���+�,�1� '�?� �*:)�� 21
)�:).�+��'�*56�=�� /=,3�2��712�1�� 1:,�5�(4:,�2�,� ��/7�(/1;
2*56� �/7�� >,=2�)�,�.2)�7*56� +��8:,-156� -1�,-1�*5/;
2*56�� �'+D:2(� 5,56(� �1)�56� +��8:,-D7� >,'�� �56� =.;
<1� /0�<�2�H9��8:�5/,2��71���:1� +�/*)01=.�� =�7�:2(� :�5/;
8?�21�.�1:2(�n�J�@�-�<21�7*�1/�9�>,=2�/215/2�,�7�+�'�15�
n = p1p2...pt, gdzie p1 ≤ p2 ≤ ... ≤ pt, a )1<=, pk >,'��:�5/8(
+�,�7'/(�KAL���*-2�<,2�,�5/*22�)D7�pk�>,'��/1=12�,-�81;
21:2�,�+��'�*-�=:1�/7*)0,4��)�-+.�,�1�=�-�7,4�����,;
'�,�*�� 12�� =�� /21:,/�,2�1� �,4�� ��/)01=.� :�5/8*� n na czyn-
niki pierwsze (szczególnie, gdy n = p1⋅p2 > 10200, a p1 i p2
'(� +�=�82,4�� �/?=.G�� 12�� =�� ��/'��/*42�?5�1�� 5/*� n� >,'�
:�5/8(�+�,�7'/(��5/*��,<�2�,�>,'���2�,��'�2�,>(�1:4��*�-*�)�-;
+.�,��7,� /7�151>(5,� <(=12(� �=+�7�,=M� 7� ',2'�72*-
5/1'�,����,�-�<,��.�+�/*>H9�21-�/�+�-�5(�217,��2�7�5/,;
'21� �,562�)1��8:�5/,2��71�=.<,>�')1:���7�)�D�,>�7*)��/*;

'�.>,� '�?�7*'+,5>1:�/�712,�'.+,�)�-+.�,�*�7�,:)�56�-�;
5*��8:�5/,2��7*56��/=�:2,�=��+�/,�71�/12�1��D72�:,40,4�
��1/�-�:��2*���/+��'/�2*56�)�-+.�,�D7�+�=0(5/�2*56�=�
�2�,�2,�.�KN�L���1:,<*��.�+�/,=,�7'/*'�)�-�7/�(9�+�=�.71;
4?�� �<� /7�?)'/1>(51� '�?� 4?'��H9� +�/,56�7*712�1� =12*56
��5/1'�2�,/8?=2*�=�� �56�+�/,�71�/12�1�5�(4:,�21+��*)1�21
�4�12�5/,2�1� 21�.�*� 3�/*5/2,>�� )�D�*56� 2�,� =1� '�?� �8,>H9�
2�,/1:,<2�,��=�70�<�2,4��7� ���7*'�0).���1�+�/*)01=�7,;
=0.4��8,52,>�7�,=/*�+1-�?9���+�>,-2�H5��@�60 bitów m.;
'�1018*�-�,9�-1'?�510,4���)01=.��0�2,5/2,4���1�7*)�21;
2�,� @�70� �+,�15>�� 7*-1410�8*� 7�?5,>� 5/1'.�� 2�<� .+0*2?;
0���=���,:)�,4���*8.56.�C)�D�*�-�10�-�,>'5,��)�0��@�18

',).2=� �,-.G�� 217,�� >,H:�� )1<=1� �+,�15>1� ��71018*� 2�,
=0.<,>�2�<�@�–43 s [1]. Jest to tzw. cza'�	:125)1��5/*:��21>;
)�D�'/*��/=12�,-�7'+D05/,'2,>�3�/*)���',2'�72*�+�/,=/�10
5/1'.�

	�=12,�7*<,>� �/?=*�7�,:)�H5�� :�5/8� O� >1)� 7� =1:'/*56
��/=/�10156�'�?��)1<,�O�'(�H5�H:,�/7�(/12,�/�1:4��*�-1-�
):.5/1�+.8:�5/2,4���)�D�,�):1'*3�).>,�'�?�701H2�,�7�/1:,<;
2�H5���=� �56��8:�5/,2��7,>�/0�<�2�H5��5/1'�7,>� :.8�+�/,;
'��/,22,>��7*�1<�2,>�>1)��3.2)5>1�1�4.-,2�.�n (gdzie n�>,'�
�/?=,-�.<*712*56�:�5/8G���1�+�/*)01=�-�<,�+�'0.<*9�):1;
'*5/2*�+��8:,-�/21:,/�,2�1� 3.2)5>���=7���2,>�=�� funkcji
jednokierunkowej�C>1)�'�?�/1�1/��)1<,���=4�*71>(5,>�/1;
'1=2�5/(���:?�7�)�*+��4�13��G��)�D�,4��2�,�.=1>,�'�?���/7�(;
/19�/�+�7�=.�8�1).�5/1'.���+�/,'��/,2��=��')01=�712�1�=1;
2*56���/2��/�+�7�=.�/0�<�2�H5��5/1'�7,>���/0�<�2�H5��=1;
2*56���1�7�� 7�?5� �.� /1.71<*9�� �<� )�*+��'*'�,-*� ):.5/1
+.8:�5/2,4��2�,�/1+,72�1>(�8,/71�.2)�7,4��8,/+�,5/,I;
'�71��)�D�,��+�,�1�'�?�+�/,=,�7'/*'�)�-�21�1)�.1:2,>�7�,;
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=/*� /� -1�,-1�*)�� �,��,�*5/2,>� C/701'/5/1� �,����� :�5/8G
��-�<:�7�H5�156� �,562�:�4�5/2*56�=��*5/(5*56� ��/7�(/1;
2�1�=12,4��+��8:,-.��8:�5/,2��7,4��

	�'�?+� �,562�:�4�5/2*� +�/,'.71� 5�(4:,� :�2�?� 4�12�5/2(
�==/�,:1>(5(� �/,5/*�P�+��2,Q��=�P,3,)�*72*56Q��
8,52�,
-2�,>�7�?5,>�5��=71�:1�1�+�=71>1�'�?�'/*8)�H9�21>'/*8'/,;
4��)�-+.�,�1���-2�,>�7�?5,>�5��@��-�,'�?5*�5,2*�)�-+.�,;
�D7� =7.)���2�,� -1:,>(� K@L�� �,2� =�.4�� ��,2=� +�/71:1� 21
.+�7'/,562�12�,�+�/,�71�/12�1��D72�:,40,4���>1)��D72�,<
��/+��'/�2,4��� 	�'�?+�7�� �,562�:�4�5/2,-.� )�*+��:�4�1
+�/,5�7'�17�1�'�?�>,=21)�81�=/��01�7���/7�?)'/1>(5��=+�;
7�,=2��� +1�1-,��*� '/*3��712�1�� )�D�,� /1+�8�,41>(� +�/,>;
H5�.� +�/,/� 81��,�*� )�*+��121:��*5/2,���1� +�/*)01=� +,721
-,��=1��=7�1512�1� )�*+��4�13�5/2,>� 3.2)5>�� >,=2�)�,�.2;
)�7,>� +�:,41� 21� /21:,/�,2�.� ��/)01=.� =12,>� :�5/8*� n� 21
5/*22�)�� +�,�7'/,���1=12�,� ��� C7*<,>� >.<� +�/,='�17��2,G
>,'��2�,'0*5612�,�+�15�560�22,�7�+��D7212�.�/�/141=2�,;
2�,-�7*-2�<,2�1�=12*56�5/*22�)D7��7��/(5*56�:�5/8?�n�
�*'�1�5/*�7�?5� /7�?)'/*9� +1�1-,��� n� +�/,/� /7�?)'/,2�,
�/?=.�7�,:)�H5��5/*22�)D7�4���7��/(5*56��18*�7/�D'0�5/1'
�8:�5/,I� P�=7�151>(5*56Q�� )�D�*� ��� >,'�� 40D72*-� )�*�,;
��.-� �5,2*� 8,/+�,5/,I'�71� 1:4��*�-.� '/*3�.>(5,4�� +�=
7/4:?=,-��=+��2�H5��21�)�*+��121:�/?�


=� 5�� 21>-2�,>� )�:).� :1�� /15/?��� +�)01=19� 21=/�,>?
7�)�-+.�,�156�)712��7*56��+�/*�)�D�*56�.<*5�.���/7�(;
/*712�,�+��8:,-D7��8:�5/,2��7�� ��.=2*56�� '��'�712*56
-��2��7�1:4��*�-156�)�*+��4�13�5/2*56�/�):.5/,-�+.8:�5/;
2*-�� -�<21� 8*� +�/,+��71=/19� 7� 5/1'�,� /1:,=7�,� )�:).
-�2.���1�217,��',).2=�K ��� L���D72�,<�+�>17�0*�'�?�+��+�;
/*5>,� 1:�,�21�*72*56� ��/7�(/1I� =�� )�-+.�,�D7� )712��;
7*56��
=��������).�/15/?0*�.)1/*719�'�?�+.8:�)15>,�+��.;
'/1>(5,� �,-1�� '+�/?��7,>� 31)���*/15>��� )�D�1� +�/71:1018*
/215/(5��')�1519�5/1'�01-12�1�):.5/*�)�*+��'*'�,-.���
�
	�='�17(���/71<1I�'�10�'�?���+.8:�)�712*�+�=�)�2�,5����@
��).��1��*).0�21.)�7*��7�)�D�*-�/�'�10��+�/,121:�/�712,
/141=2�,2�,�31)���*/15>��/1�+�-�5(�-1'�7,>��D72�:,40�H5�
7*)��/*'�*712,>�7��/7��P-1'/*2�,�",�2'�,�21Q�O�.�/(=/,;
2�.��)�D�,4���,��,�*5/2,�+�='�17*��+�15�710��12�,:�",�2;
'�,�2�K��� L��	�-*'0��,2�/1�2'+���710�=7D56��22*56�21.)�7;
5D7��
=�,4���61-��1�C>,=2,4��/��7D�5D7�1:4��*�-.���
G
��1/���121����-,�1���*)��/*'�.>(5� 7*2�)�� +�15� 21=� +�;
+�/,=2�-��+��>,)�1-��C7��*-�21=��+��,:,)���2�5/2*-�.�/(;
=/,2�,-��������G���1/�-�<:�7�H5��2�7�5/,'2,>��,562�;
:�4���+D0+�/,7�=2�)�7,>���+�15�71:���2��+��>,)��-1'/*2*
������C')�D���=�21/7*��6,��,�/-122��2'���.�,��,:1���2
��51���G��)�D�1�7*)�2*71018*�21>��.=2�,>'/*��8:�5/,2��7�
3�14-,2��21>,3,)�*72�,>'/,4��/212,4��=/�H�1:4��*�-.���/;
)01=12�1�:�5/8�21�5/*22�)��P�4D:2,4��'��1�5�101�:�5/8�7,4�Q
C7*)��/*'�12,4��=��/01-12�1�7�@AAA����):.5/1��@�;8���7,;
4��7�)�2).�'�,���
G�K�����R���B��NBL��#,=21)�/�1��*).0D7
�*56�7*2�)1���<�+�-*'0*��,�'(�81�=/��=1:,)�,��=��,1:�/15>��
1�'/12'1�21�')�2'��.�712�,�)�-+.�,�1�)712��7,4��:.8�1:;
�,�21�*72,>�-1'/*2*��,4���*+.�+�>17��'�?�2�,�75/,H2�,>�2�<
/1�)�:)1=/�,'�(��:1��

�*56�=/(5�21+�/,5�7�2�,=�'�1�,5/2�,�7*=1>2,>�,:,)���;
2�5/2,>� �,562�5,� �8:�5/,2��7,>�� /15/?01� +�?<2�,� ��/7�>19

'�?�2�71�410(M�-1�,-1�*)���1�=�)01=2�,>��,�����:�5/8��)�D�1
21/*71�'�?��8:�5/,2��7(��,���(�:�5/8��1�7�1/�/�2�(��D72�,<
�,���1� /0�<�2�H5�� 1:4��*�-D7���0D72*-�5,:,-� �,>� 2�7,>
410?/��-1�,-1�*)��'�10��'�?�/21>=*712�,���1/��-+:,-,2�1;
5>1�,3,)�*72*56�1:4��*�-D7�)�-+.�,��7*56�7�5,:.���/;
7�(/*712�1� �D<2*56� �,����:�5/8�7*56�+��8:,-D7�� '/5/,;
4D:2�,�'��'�712*56�7�2�7�5/,'2,>�)�*+��:�4�����1�*'�71;
2*� 7*<,>� +��8:,-� 31)���*/15>��� 5/*:�� ��/)01=12�1� :�5/8
510)�7��*56� 21� 5/*22�)�� +�,�7'/,�� /1'��'�712*� 7� )�2;
'��.)5>�� +�,�7'/,4�� 1:4��*�-.� 1'*-,��*5/2,4����
�� >,'�
�*:)�� >,=2*-�/�)�:).� �1)�56�+��8:,-D7� ��.=2*56��8:�5/,;
2��7�� 7*)��/*'�*712*56� 7� )�*+��4�13��� /� ):.5/,-� +.;
8:�5/2*-����5,:.�+,02,4��/�8�1/�712�1�1)�.1:2,4��'�12.
7�,=/*�21��,-1��8,/+�,5/,I'�71�)�*+��'*'�,-D7��8:�5/,;
2��7�� ��.=2*56�� 7� +�15*� /�'�10*� �D72�,<� +�/,='�17��2,
21>71<2�,>'/,��'�(42�?5�1��8:�5/,2��7,>��,�����:�5/8�

����1)�56��'�(42�?9�/1:�5/1�'�?�+�/,=,�7'/*'�)�-�1:4�;
�*�-*�� )�D�,� '��'�712,� '(� =�� ��/7�(/*712�1� 7'/*'�)�56
+��8:,-D7��8:�5/,2��7*56��7*)��/*'�*712*56�7�)�*+��;
'*'�,-156�1'*-,��*5/2*56��7�)�D�*56�')01=�756�=/(E

O 31)���*/15>1�:�5/8�510)�7��*56�
O �8:�5/12�,�:�41�*�-.�=*')�,�2,4��7�5�10156�')�I5/�;

2*56�
O �8:�5/12�,� :�41�*�-.� =*')�,�2,4�� 21� )�/*7*56� ,:�+;

�*5/2*56�
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	�7'/,562�,�.<*712(�-�1�(�,3,)�*72�H5�� =�7�:2,4�� 1:;
4��*�-.�>,'��/0�<�2�H9�5/1'�71��
)�,H:1-*�>(�>1)��3.2)5>?
f (nG�� >,<,:�� =:1�)1<=,4��n� �� )1<=*56�=12*56�7,>H5��7*56
�� =0.4�H5�� n� 7*)�212�,� 1:4��*�-.� �=8*71� '�?� 21>7*<,>
7� n krokach. Dla danego rozmiaru� =12*56� 7,>H5��7*56
��=12,>�'/*8)�H5��+��5,'��1�/0�<�2�H9�5/1'�71�>,'��5/*2;
2�)�,-��4�12�5/1>(5*-�5/1'�7*)�212�1�1:4��*�-.��$.2);
5>1� f (nG� >,'�� 21>5/?H5�,>�21/*7121� ���������� !"#$��7*;
�1<,2�1�O(g(nGG�C/712,4��2��15>(�wielkiego O), przy czym
f (nG = O(g(n)) ozn15/1�� <,� �'�2�,>(� �1)�,� '�10,� c i n0�� <,
Sf (nG| ≤ c|g(n)| dla n ≥ n0�K�@���AL���1-*��.�>,=21)�=��5/*;
2�,2�1�/�)�:)�-1�=7./215/2�H5�1-��

	�� +�,�7'/,� =,3�2�5>1� )��).� 2�,� >,'�� +�,5*/*>21�����)
-�<,�8*9�+�>,=*25/(��2'��.)5>(�)�-+.�,�1�>,=2�+��5,'�;
��7,4��:.8�+�>,=*25/(��2'��.)5>(�>?/*)1�7*'�)�,4��+�/��;
-.���=���,��D<2,�=,3�2�5>,�)��).�'(�/,�'�8(�+�7�(/12,�-.:;
��+:�)1�*72(�'�10(�c���:1�81�=/��=.<*56�71���H5��n�'�10,��,
2�,� '(� �'���2,�� �'���21� >,'�� '/*8)�H9� 7/��'�.� 7/4:?=2,4�
5/1'.� 7*)�212�1���1� +�/*)01=�� >,<,:�� /1'�1217�1-*� '�?�
5/*�=:1�)�*+��'*'�,-.���
�/1'��'�719�):.5/�N��;5*3��7*
5/*�N��;5*3��7*��2�,�-.'�-*�C>,'�����/�,'/�(�2�,-�<:�7,G
7�,=/�,9� =�)01=2�,�� �:,� 5/1'.� /1>?0�8*� /01-12�,� ):.5/1
��=12*-���/-�1�/,���2�,�,'.>(�21'��15/,>�'/15.2)�7,�=12,
21� �,-1�� :�5/8*� +�D8���1/��� �:,�7�?5,>� +�D8� +���/,81� =:1
7�?)'/,4����/-�1�.�):.5/1�

	��=�.4�,���4D:2�,� �/,5/�8���(5��2�,�+���13�-*��)�,H:�9
=�)01=2,>�3��-.0*�21�f (nG��	���13�-*�./*')19�>,>�+�/*8:�<,;
2�,�� #,'�,H-*� >,=21)� +�/,=,� 7'/*'�)�-� /1�2�,�,'�712�
'/*8)�H5�(�/-�12�f (nG, gdy n�'�1>,�'�?�81�=/��=.<,�



150

	������
	��


��!	�
�!����!�
	
�����
�	�
"���
��������!���
"�������
�
���

��5,:.�121:�/*�1:4��*�-D7�'��'�712*56�7�)�*+��'*'�,;
-156��+1��*56�21�+��8:,-156���.=2*56��8:�5/,2��7��21:,;
<*� 7+��71=/�9� 2�,/8?=2,� =,3�2�5>,� ��1/� +�/,+��71=/�9
):1'*3�)15>?��*56�+��8:,-D7���,3�2��712,�+�>?5�1�/�'�10*
/15/,�+2�?�, z prac [10, 31, 32, 33].

Definicja 2.1

Problem decyzyjny P�21:,<*�=��):1'*��	��>,H:��=:1�)1<=,;
4�� +�/*+1=).� +��8:,-.� P� �'�81� =*'+�2.>(51� 2�,�4�12�;
5/�2(�-�5(��8:�5/,2��7(�-�<,�2�,��*:)���=+�7�,=/�,9�21
+*�12�,�8?=(5,���,H5�(�+��8:,-.��1:,�7�+�/*+1=).��4=*��=;
+�7�,=M� 8�/-�� P�1)Q�� -�<,� =�'�1�5/*9� =�7�=.�� )�D�,4�
�221��'�81�-�<,�.<*9�=��'+�17=/,2�1�+�+�172�H5���=+�;
7�,=/��7�5/1'�,�7�,:�-�12�7*-���1)��=�7D=�+�+�172�H5�
�=+�7�,=/��P�1)Q�21/*71-*�certyfikatem o czasie wielo-
mianowym.

Prawie na pewno klasa NP jest znacz,2�,�7�?)'/1� 2�<
):1'1� 	� C/17�,�1>(51� +��8:,-*� ��/7�(/*71:2,� 7� '+�'D8
=,�,�-�2�'�*5/2*�/1�+�-�5(�1:4��*�-D7�7�5/1'�,�7�,:�;
-�12�7*-G��1:,�2�,�/�'�10�����.=�7�=2��2,����7�,�=/,2�,
	�≠��	� >,'�� 21>'0*22�,>'/(�6�+��,/(� /� �,��,�*5/2*56�+�=;
'�17��23��-1�*)��

Do kl1'*�	�21:,<*�21�+�/*)01=�+��8:,-�+��?4�712�1�-�;
=.:1�2,4�� ��1/� +��8:,-�7*/215/12�1� +�,�7�1'�)D7� )71;
=�1��7*56�-�=.:��:�5/81�+�,�7'/1��1�=��+��8:,-D7�):1'*
�	�21:,<*�-��2��+��8:,-�:�41�*�-�712�1���1/�+�,�7�1'�)�;
712�1�=*')�,�2,4��

�D7��'�?��<,�>,H:��+��8:,-�Q >,'��/�):1'*��	�����-�<21�4�
��/7�(/19�7�'+�'D8�=,�,�-�2�'�*5/2*�7�5/1'�,�7*)01=2�;
5/*-��5/*:���'�2�,>,�7�,:�-�12�p(nG��1)���<,�+��8:,-�Q�-�<;
21� ��/7�(/19� /1� +�-�5(� 1:4��*�-.� =,�,�-�2�'�*5/2,4�
7�5/1'�,�O(cp(n)), przy czym c J�@�>,'��+,72(�'�10(�

�1:,<*�>,=21)�-�,9�H7�1=�-�H9��,4����<�1:4��*�-�/�5/1;
',-�=/�1012�1�n100, gdzie n�>,'��=0.4�H5�(�=12*56��>,'��7�:;
2�,>'/*��=�1:4��*�-.�/�5/1',-�=/�1012�1�en/1000, dopóty n
>,'��-2�,>'/,��=��)�0��=/�,'�?5�.�-�:��2D7����-�����+�,�7;
'/*�1:4��*�-�-1�5/1'�7�,:�-�12�7*��+�=5/1'�4=*�=�.4��-1
5/1'�7*)01=2�5/*�

Definicja 2.2

Problem decyzyjny P�21/*71-*�+��8:,-,-�):1'*�5�;�	�
>,H:��P�'+,02�1�71�.2,)�121:�4�5/2*�=��+�7*<'/,4���7�)�D;
�*-��=+�7�,=M�P�1)Q�/1-�,2��2��21�P2�,Q��
/215/1�����<,
=:1� )1<=,4�� +�/*+1=).� P�� =:1� )�D�,4�� �=+�7�,=M� 8�/-�
P2�,Q���'�2�,>�5,��*3�)1����5/1'�,�7�,:�-�12�7*-�=�7�=/(;
5*�+�+�172�H5���=+�7�,=/��P2�,Q�

�:1�+�/*)01=.���/+1��/-*�+��8:,-�31)���*/15>��

Dane: liczby naturalne N i k.
Pytanie: czy N ma dzielnik w przedziale [2, k]?

Problem ten prawie na pewno nie jest�+��8:,-,-�):1'*
	��#,'���2�>,=21)�7�):1'�,��	��	�/*+.H9-*�-�12�7�5�,��<,
�=+�7�,=2��'.+,�)�-+.�,����/)01=1�N na czynniki pierw-
sze i znajduje dzielniki M ∈ [2, kL���1'�?+2�,��23��-.>,�21'�
<,� 701H5�7(� �=+�7�,=/�(� >,'�� P�1)Q� �� =�'�1�5/1� 21-� M�
�1>(5��?��23��-15>?��-�<,-*�'+�17=/�9�+�+�172�H9��=+�;
7�,=/�� 7� 5/1'�,� 7�,:�-�12�7*-�� +�� +��'�.� 7*)�2.>(5
=/�,:,2�,�N przez M.

	��8:,-�31)���*/15>��>,'���D72�,<�):1'*�5�;�	��56�5�1<
'�7�,�=/,2�,� �,4��7*-141�8:�<'/,4��+�/*>�/,2�1�'�?�'+�1;
7�,�� #,H:���=+�7�,=M� 8�/-�� P2�,Q�� ��� '.+,�)�-+.�,�� =1>,
21-�+,0,2���/)01=�N�21�5/*22�)��+�,�7'/,��/�)�D�,4��-�<,;
-*�21�*56-�1'��/�815/*9��<,�2�,�-1�5/*22�)1�+�,�7'/,4�
≤ k����1/�/���/)01=,-�-.'��21-�=�'�1�5/*9�5,��*3�)1���)�D;
�*� +�/7�:�� 21-� '+�17=/�9�7� 5/1'�,�7�,:�-�12�7*-�� <,
)1<=*�5/*22�)�>,'���/,5/*7�H5�,�:�5/8(�+�,�7'/(�

��<21�7�?5� +�7�,=/�,9�� �<� +��8:,-� ��/)01=.� :�5/8�21
5/*22�)��+�,�7'/,�21:,<*�=��/8���.��	�∪ co-NP.

Definicja 2.3

Problem decyzyjny P� ):1'*��	� 21/*71-*�+��8:,-,-
�	;/.+,02*-��>,H:��)1<=*��22*�+��8:,-�Q�):1'*��	�-�<21
/�,=.)�719�=��+��8:,-.�P w czasie wielomianowym.

�215/,>��4=*8*�)��H�/21:1/0�1:4��*�-�7�,:�-�12�7*�=:1
+,72,4��+��8:,-.��	;/.+,02,4��P������'�2�10*8*��,<�1:4�;
�*�-*�7�,:�-�12�7,� =:1�7'/*'�)�56� +��8:,-D7�Q� ):1'*
�	��
/215/10�8*� ���� <,� ):1'1��	� +�)�*71� '�?� /� ):1'(�	
� hipoteza P ≠��	� >,'�� 310'/*71���� �,4�� +�7�=.�2�)�� 2�,
�5/,).>,�+�>17�,2�1�'�?�1:4��*�-.�7�,:�-�12�7,4��=:1�>1;
)�,4�)�:7�,)� +��8:,-.� �	;/.+,02,4����� +,72*-� ',2;
'�,�+��8:,-*��	;/.+,02,�'(�+��8:,-1-��21>��.=2�,>'/*-�
7� ):1'�,��	�� #,=21)� '�7�,�=/,2�,� ��� 21:,<*� +���1)��719
�'���<2�,����,�>,'��7*):.5/�2,��<,�-�<21�+�=19�,3,)�*72*
1:4��*�-�O�217,��1:4��*�-�7�,:�-�12�7*�O�)�D�*���/7�(;
/.>,�7�?)'/�H9�+�/*+1=)D7�+,72,4��+��8:,-.��	;/.+,0;
2,4�����,�+�/,5/*����>,=21)�6�+��,/�,�	�≠ NP.

W praktyce jednak zazwyczaj bardzo tr.=2����/7�(/19
7�?)'/,� +�/*+1=)�� +��8:,-.��	;/.+,02,4����/?'��� 7�1/
/,� 7/��'�,-� =0.4�H5�� =12*56� 5/1'� �8:�5/,I� 7'/*'�)�56
/212*56�1:4��*�-D7���H2�,�7*)01=2�5/��

	��8:,-,-��	;/.+,02*-�>,'��21�+�/*)01=�+��8:,-�7*;
/215/12�1�7�4�13�,�5*):.��1-�:��21���1/�+��8:,- plecako-
wy, zwany problemem upakowania.

��)�*+��4�13�5/2,4��+.2)�.�7�=/,2�1�81�=/��71<2(�):1;
'(�� >,'�� ):1'1��	�� #,'�� ��� ):1'1� +��8:,-D7� 2�,=,�,�-�2�;
'�*5/2*56����/7�(/*71:2*56�/1�+�-�5(��1)�56�1:4��*�-D7
7�,:�-�12�7*56�� <,� =:1� )1<=,>� =12,>�7,>H5��7,>� �'�2�,>,
5��21>7*<,>�>,=2����/7�(/12�,���:1�H5�'0,4��/1+�'.�21:,<*
7+��71=/�9�=,3�2�5>?��,>�):1'*�

Definicja 2.4

�:1'1��	�C���<���
G�')01=1�'�?�/�+��8:,-D7�):1'*��	
���,>�701'2�H5���<,�=:1�)1<=,4��+�/*+1=).��7�)�D�*-��=+�;
7�,=M�>,'���7�,�=/(51���'�2�,>�+�/,+�'�na jednoznacznie wy-
znaczony certyfikat wielomianowy.

�1<=1� 3.2)5>1� �D<2�71���H5��71� f: X → Y�� =:1� )�D�,>
71���H5��-�<21��8:�5/19�7�5/1'�,�7�,:�-�12�7*-��=�'�1�;
5/1��=+�7�,=2�,4��+��8:,-.�):1'*��	�

Dane: y ∈ Y.
Pytanie: czy istnieje x ∈ X��1)�,��<,�f(x) = y?

Certyfikat dla odpowiedzi „tak” stanowi po prostu jedy-
ne x, dla którego f(x) = y����<21�+�)1/19��<,�jednokierun-
kowa funkcja�'/*3�.>(51�7�)�*+��4�13���/�):.5/,-�+.8:�5/;
2*-��'�2�,>�7�,=*����*:)��7�,=*��4=*�):1'1��	�>,'���'���2�,
7�?)'/1��=�):1'*�	��5/*:��-.'��/156�=/�9�	�≠ UP.
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%%&��'(&)%��*%���⊂ UP ⊂��	��1:,���<1=2,>�/��*56��2):./>�
2�,�.=�7�=2��2���<,�>,'��701H5�71��
5/*7�H5�,�=�7D=�2�,;
�D72�H5��	�≠ UP lub UP ≠��	�+�5�(4108*�/1�'�8(�=�7D=
3.2=1-,2�1:2,>�6�+��,/*�	�≠ NP.

�� 21'�?+2*-� ��/=/�1:,� �8'/,�2�,>� /�'�12�,� �+�'121
3.2)5>1� >,=2�)�,�.2)�71�� )�D�1� �=4�*71� /1'1=2�5/(� ��:?
7��)�,H:,2�.�+.8:�5/2,4��'*'�,-.�)�*+��4�13�5/2,4���#1)
=��(=�2�,� .=�7�=2��2��� <,� �'�2�,>,� 56�98*� >,=21� 3.2)5>1
>,=2�)�,�.2)�71��56�5�1<�5��=��2�,)�D�*56��>1)�-2�<,2�,
:�5/8�+�,�7'/*56�5/*�+��?4�712�,�-�=.:1�2,��/1)01=1�'�?�
<,��1)�>,'��

%� 	&
���'(��&)*���
��������
�

��
�
����
��+&(	�
�(���'��,���('��&(���(�,

�01'2�H5�(�� >1)�,>��5/,).>,� '�?��=� '/*3�.�� >,'�� =�7D=�� <,
>,4��/01-12�,�>,'���1)���.=2,�>1)���/7�(/12�,�+,72,4��+��;
8:,-.��8:�5/,2��7,4���)�D�*��4D:2�,�.71<12*�>,'��/1���.=;
2*��2+�� >1)�+��8:,-��=7�1512�1�3.2)5>�� >,=2�)�,�.2)�7,>�
/7�(/12*�/�+��8:,-�31)���*/15>����1/�+��8:,-,-�:�41�*�;
-�712�1�=*')�,�2,4�����5,:.�=�)01=2,4��/��/.-�,2�1��*56
/141=2�,I�21:,<*�7+��71=/�9�)�:,>2,�+�>?5�1���=,3�2�5>,�

Definicja 3.1

Szyfr obliczeniowo bezpieczny� ��� �1)�� '/*3��� )�D�,4�
)�*+��121:�/1�7�'+�'D8�=,�,�-�2�'�*5/2*�>,'���8:�5/,2��7�
��.=21��1�7�?5�-�<:�71�7*0(5/2�,�7�5/1'�,�7*)01=2�5/*-�
1�2�,7*)�21:21�7�5/1'�,�7�,:�-�12�7*-���/*:��+��8:,-
)�*+�oanalizy jest z klasy NP [12].

�1:,<*� >,=21)� +�=)�,H:�9�� <,� /0�<�2�H9� �8:�5/,2��71�
�1)� >1)� '�?� >(� ��/.-�,� +�7*<,>�� >,'�� /0�<�2�H5�(� +,'*-�;
'�*5/2(�� �>�� ��/+1��*712(�=:1�21>4��'/,4��+�/*+1=).���1;
7,��4=*8*���/+1��*719�/0�<�2�H9�+�/,5�?�2(�����7�/8���/,
��/+1��*712*56� +�/*+1=)D7�-�4(� /21:,M9� '�?� +�/*+1=)�
01�7,��8:�5/,2��7����*2�)1�'�(=��<,�18*�+��8:,-�8*0��=+�;
7�,=2��=��7*)��/*'�12�1�7�)�2'��.)5>��'/*3�.�����+�7�2�,2
8*9���.=2*�=:1�+�17�,�7'/*'�)�56�+�/*+1=)D7��#,=21)�=�;
H7�1=5/,2�,�.5/*��<,�'*'�,-�)�*+��4�13�5/2*�/8.=�712*�7
�+1�5�.���+��8:,-�217,���1)���.=2*�>1)��	;/.+,02*��-�<,
�)1/19�'�?�-�<:�7*�=��/01-12�1�7�5/1'�,�7�,:�-�12�7*-
KN�L�

Definicja 3.2

$.2)5>1��D<2�71���H5��71�f: X → Y nazywana jest -./!0
$12�#$�# ��1��/"!���./!"�2��>,H:��'+,02��2*�>,'��+�2�<'/*
71�.2,)�

Istnieje efektywna metoda obliczeniowa f (x) przy do-
wolnym x ∈�>��1:,�2�,��'�2�,>,�<1=21�,3,)�*721�-,��=1�7*;
/215/12�1�x�/�/1:,<2�H5��y = f (x) przy dowolnym znanym y
∈ f [XL���3,)�*721�-,��=1���/2���1)1��)�D�,>�+�15�560�22�H9
/1:,<*�7�,:�-�12�7���=�:�4�SX| [1, 21].

��8�*-��8�1/�7*-�+�/*)01=,-�>,'����/8�5�,��1:,�/1�21
)1710)��� �� >,=2,>� '���2*� /1=12�,� >,'�� 81�=/�� 01�7,�� +�;
2�,71<���/8�5�,��1:,�/1�21��*'�(5,�-1:.�)�56�5/?H5��>,'��/1;
=12�,-�81�=/��+��'�*-����=�.4�,>�'���2*�/0�<,2�,��*56�-�;
)��')�+�>2*56�5/?H5��7�510*��1:,�/�>,'��/1=12�,-�/215/2�,
��.=2�,>'/*-����7D=� �'�2�,2�1�3.2)5>��H5�H:,�>,=2�)�,�.2;

)�7*56� >,'�� �4�12�5/�2*� 8�1)�,-� =�'�1�,5/2�,� =�8�*56
=�:2*56� �'/15�71I� =:1� /212*56� -,��=����-�� ��� +,72,
3.2)5>,�81/.>(5,�21�-2�<,2�.� :�5/8�+�,�7'/*56� ��+��?4�;
712�.�-�=.:1�2*-�'(�=�8�*-��P)12=*=1�1-�Q�21�3.2)5>,
>,=2�)�,�.2)�7,�

	�/*)01=,-�3.2)5>��>,=2�)�,�.2)�7,>�8,/�/1+1=)��C�,�;
-�2� �,2� /�'�12�,� 7*>1H2��2*� 7� =1:'/,>� 5/?H5�G� >,'�� >.<
7'+�-�212,�-2�<,2�,�:�5/8�+�,�7'/*56��#,'���/,5/(�7/4:?;
=2�,�+��'�(�+�-2�<,2�,�=7D56�:�5/8���=/�,'�?5�.��*'�(5156
5*3���1�7�?5��1)<,�=7D56�:�5/8�+�,�7'/*56����,>�'1-,>�7�,:;
)�H5��O�21�)�-+.�,�/,�=�-�7*-���71����-1)'*-1:2�,�)�:;
)1�',).2=��#,=21)�7�567�:���8,52,>�2�,��'�2�,>,�C+.8:�5/2�,G
/2121�-,��=1� ,3,)�*72,4�� ��/)01=.� N��;5*3��7,>� :�5/8*
=/�,'�?tnej na czynniki pierwsze (poza szczególnymi przy-
padkami) [22].

Czyli w zapisie formalnym mamy: Niech x1, x2 '(�:�5/81;
-�� +�,�7'/*-�� ��K ≤ x1 ≤ x2� =:1� =�'�1�,5/2�,� =.<,4��K,
funkcja zdefiniowana jako f (x1, x2) = x1 ⋅ x2�>,'��7D75/1'
3.2)5>(�>,=2�)�,�.2)�7(����,�'(�=:1�2�,>�/212,�<1=2,�/1;
+1=)��K@L�

��:,>2*-�77��+�/*)01=,-�3.2)5>��>,=2�)�,�.2)�7,>�8,/
/1+1=)��>,'��+��?4�712�,�7�1�*�-,�*5,�-�=.:1�2,>����,56�p
8?=/�,�:�5/8(�+�,�7'/(���:1�.'�1:�2,4��g funkcja g;7*)01=;
2�5/1�7�5�,:,��1:��'1��$Cp) zdefiniowana jako

f (n) = gn mod p

>,'���=:1�=�'�1�,5/2�,�=.<*56�p i g��3.2)5>(�>,=2�)�,�.2)�7(
K@��@���@@L�

�22(�3.2)5>(�>,=2�)�,�.2)�7(��)�D�1�8*01�)�,=*H��2�,�,;
'.>(51�/�)�*+��4�13�5/2,4��+.2)�.�7�=/,2�1�� >,'�� 3.2)5>1�
)�D�1�2�,�+�56�=/��/�1�*�-,�*)��):1'��,'�=.1:2*56��1:,�/7�(;
/121� >,'�� /� +��8:,-,-� +:,51)�7*-�� /1:�5/1>(5*-� '�?� =�
/141=2�,I�+��4�1-�712�1�510)�7��,4��K@�L�

$.2)5>,� H5�H:,� >,=2�)�,�.2)�7,� 2�,� -�4(� 8*9� >,=21)
.<*�,� 8,/+�H�,=2��� 7� 561�1)�,�/,� 3.2)5>�� C1:4��*�-D7G
'/*3�.>(5*56��+�2�,71<�.+�172��2*��=8���51�7�1=�-�H5�
2�,�-D408*� >,>� /=,'/*3��719���1�/?=/�,-� �=+�7�,=2�,>;
'/*-�=:1��,4��5,:.�>,'��3.2)5>1�/1+1=)�71�

Definicja 3.3

$.2)5>1��D<2�71���H5��71�f: X → Y jest nazywana -./!0
$12�1��/"!���./!"�2����343�!2��>,H:��'+,02��2,�'(�21'�?;
+.>(5,�71�.2)�E

O �'�2�,>,�,3,)�*721�-,��=1��8:�5/,2�1�, C;G�+�/*�=�7�:;
2*-�;�∈�>�

O �'�2�,>,� ,3,)�*721�-,��=1� �8:�5/,2�1� , +,-$G� +�/*� =�;
7�:2*-�$�∈�, KTL��1:,�2�,�=1�'�?�>,>�,3,)�*72�,����/*;
-19�/�/1:,<2�H5��$�U�,C;G�=:1�)1<=,4��$�∈�, K>L��+���/,8;
21�>,'���1>21�=�=1�)�71��23��-15>1��2�'/(51�21/7?�/1;
+1=)��K@��N�L�

	��8:,-�/1+1=)��+*�1����=7�D5,2�,�)�2'��.)5>��-1�,-1;
�*5/2,>��21�)�D�,>�>,'���+1��1�/1+1=)1�)�*+��'*'�,-.�/�):.;
5/,-�+.8:�5/2*-�� #,<,:�� /21>=/�,-*� ,3,)�*72*� 1:4��*�-
=:1� +��8:,-.� /1+1=)��� ��� 8?=/�,-*� �D72�,<� =*'+�2�719
,3,)�*72*-�1:4��*�-,-�=:1�+��8:,-.�/01-12�1�)�*+��'*';
�,-.� K@�L�� �-+:,-,2�15>1� �=7���21� 2�,)�2�,5/2�,� -.'�
8*9�+�17=/�71�C1�217,��>,H:��>,'��+�17=/�71�����-�<,�8*9
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��.=21� =�� .=�7�=2�,2�1G��
/215/1� ���� <,�-�4(� 8*9� �22,
'+�'�8*�/01-12�1�'*'�,-.�2�<�8,/+�H�,=2�,�81=12�,�3.2);
5>��/1+1=)�7ej.

�141=2�,2�,� 3.2)5>�� >,=2�)�,�.2)�7*56� -1� �D72�,<
H5�'0*�/7�(/,)�/��=,(�5�6-�.��6!73�/�$��8"��1�):1'*5/2*-
>,4��+�/*)01=,-�>,'��)�*+��'*'�,-���
�

Definicja 3.4

Szyfr nazywamy �6!73�/�$�6���>,H:��7�1=�-�H9�>1721
m ∈ {0, 1,..., n – 1} jest szyfrowana w taki '+�'D8��<,�c = me

mod n, a deszyfrowana dla c ∈ {0, 1,..., n� O�@V�� /4�=2�,
/�/1'1=(�m = cd mod n, gdzie ke = (e, nG�>,'��):.5/,-�'/*3�.;
>(5*-��1�kd = (d, nG�>,'��):.5/,-�=,'/*3�.>(5*-�

#,<,:��n jest iloczynem dwóch liczb pierwszych, to zasa-
da deszyfrowania po'�1=1�/1+1=)?��)�D�(�>,'����/)01=�n na
czynniki pierwsze [8, 17].

��+��5,=.�/,�'/*3��712�1���
�:�5/8?�n��8?=(5(�-�=.;
0,-�� 7*8�,�1� '�?�7� �1)�� '+�'D8�� 18*� 8*01��21� �:�5/*2,-
=7D56�=.<*56�:�5/8�+�,�7'/*56�p oraz q. ",/+�,5/,I'�7�
'*'�,-.���
��+�,�1�'�?�21�/10�<,2�.��<,�3.2)5>1�'/*3�.>(51
>,'��>,=2�)�,�.2)�71��1�7�?5�/1=12�,�=,'/*3��712�1��,)'�.
/1'/*3��712,4�� >,'���8:�5/,2��7�� 2�,7*)�21:2,�� =:1� )�;
4�)�:7�,)� �+�D5/� �=8���5*�� )�D�*� C=�� >,>� P�=7�D5,2�1QG
+�'�1=1��1>2(��23��-15>?��5/*:��):.5/�=,'/*3�.>(5*�kd. Tak
wi?5�=0.4�H9�C�/(=�7�,:)�H5�G�-�=.0.�n�471�12�.>,�8,/+�,;
5/,I'�7����
��	�7'/,562�,�./21>,�'�?��<,�/01-12�,�)�*+;
��'*'�,-.���
�>,'���1)���.=2,�>1)�31)���*/15>1�-�=.0.�n�
>,=21)�3��-1:2,4��=�7�=.�21����2�,�-1�KN��@���@@L����<21
7�?5�+�7�,=/�,9��<,�2�,�-1�=�7�=.�21�����<,�+��8:,-���/;
7�(/*71:2*�/1�+�-�5(�1:4��*�-.���
�:,<*�7�):1'�,��	W	
KN@L�

��=/�-*�=����
�'/*3���18�21�8*0�+�,�7'/*-�+�/*)01;
=,-�'/*3�.�1'*-,��*5/2,4���7�)�D�,4��+�/*+1=).�=�7�,;
=/��2���<,�>,'��8,/+�,5/2*E�/21:,/�,2�,�+�/,/��2��./1��,)'�.
>172,4�� 21� +�='�17�,� /21>�-�H5�� '/*3��4�1-.� >,'�� �8:�;
5/,2��7�� �D72�71<2,� 31)���*/15>���	��8:,-� �,2� '+��71;
=/1�'�?�=��7*/215/,2�1�+�,�7�1'�)1�)71=�1��7,4��-�=.:��n
��>,'���2��8:�5/,2��7���D72�71<2*�=��+��8:,-.�31)���*/1;
5>��n��4=*<�'(����+��8:,-*�7/1>,-2�,��,=.)�71:2,�[18, 31,
32].

�,=0.4��8,52,>�7�,=/*�8,/+�,5/,I'�7�� /=,3�2��712,;
4�� '/*3�.� 7*)01=2�5/,4�� �+�,�1� '�?� 21� =.<,>� /0�<�2�H5�
7*/215/12�1� �/7�� logarytmu dyskretnego�� �-+:�).>,� ��
'�7�,�=/,2�,���<�+�17=�+�=�82�,��=7���2(�=��3.2)5>��7*;
)01=2�5/,>� 7� 1�*�-,�*5,�-�=.:1�2,>� >,'�� >,=*2�,� 3.2)5>1
:�41�*�-�712�1� =*')�,�2,4��� �D72�,<� �.� 2�,� 7�1=�-��
5/*� /0�<�2�H9� �8:�5/,2��71� ,)'+�2,25>1:2,4�� '+�'�8.
'/*3��712�1�>,'���D72�71<21�/0�<�2�H5���8:�5/,2��7,>�:�;
41�*�-�712�1�=*')�,�2,4�� KN��N@��N�L� Do grupy algoryt-
mów kryptograficzn*56�/�):.5/,-�+.8:�5/2*-��)�D�,�7*;
)��/*'�.>(� +�/*� )�2'��.)5>�� '/*3�.� +��8:,-� logarytmu
dyskretnego�7�5�10156�')�I5/�2*56��21:,<(E���
�C5�)���


��)�������4
)����%"G��1:4��*�-���33�,4��O��,::-121���1/
�:�1-1:1�K��L�

�1� +�='�17�,� +�/*��5/�2,4�� 7*<,>� +�/*)01=.� 3.2)5>�
>,=2�)�,�.2)�7,>��5/*:��+��?4�712�1�7�1�*�-,�*5,�-�=.;
:1�2,>�� '3��-.0.>,-*� �,�1/� +�>?5�,� problemu logarytmu

dyskretnego� 7� 5�10156� ')�I5/�2*56��
8*� /��/.-�,9� 21
5/*-�+�:,41��,2�+��8:,-��21:,<*�'�?�>,-.����56?�=�)01=2�,>
+�/*4:(=2(9��
8',�715>,� �,� 8?=(� �D72�,<� +���/,82,�+DM;
2�,>�� +�/*� =,3�2��712�.� +��8:,-.� �8:�5/12�1� logarytmu
dyskretnego na krzywych eliptycznych.

Po pierwsze pierwiastek liczby pierwszej p�����1)���)�D�*
+�=2�,'��2*� =�� +��?4�� =1� 7'/*'�)�,� :�5/8*� 510)�7��,� �=
@� =�� pO@�� ��� /215/*�� >,<,:i g jest pierwiastkiem liczby
pierwszej p, to liczby g mod p, g2 mod p, ... , gp–1 mod p�'(
�D<2,���'(�:�5/81-��510)�7��*-���=�@�=��pO@�7�+,72,>�+,�;
-.�15>����:1�=�7�:2,>� :�5/8*�510)�7��,>�y i pierwiastka g
liczby pierwszej p�-�<21�/21:,M9�>,=,2�7*)01=2�)�x��1)���<,
y = gx mod p, gdzie 0 ≤ x ≤ pO@���*)01=2�)�x nazywamy
logarytmem dyskretnym przy podstawie g mod p [29].

�1��,>�+�='�17�,�-�<21�/=,3�2��719�+��8:,-��8:�5/,2�1
logarytmu dyskretnego.

Definicja 3.5

Niech F(p) = {1, 2, ..., pO@V�8?=/�,�4�.+(�-.:��+:�)1�*7;
2(�:�5/8�510)�7��*56�-�=.:��:�5/81�+�,�7'/1�p oraz g ∈ F(pG
8?=/�,�.'�1:�2*-�,:,-,2�,-�C21'/(�P+�='�17(QG��	��8:,-
logarytmu dyskretnego w F(p) przy podstawie g nazywa-
my zadanie wyznaczenia dla danego y ∈ F(p) takiej liczby
naturalnej x��<,�y = gx mod p (>,<,:� x��'�2�,>,��7�+�/,5�7;
2*-� 7*+1=).� +�7�22�H-*� ���/*-19� >1)�� 7*2�)� '�7�,�;
=/,2�,��<,�y�2�,�21:,<*�=��+�=4�.+*�4,2,��712,>�+�/,/�g)
[10, 11, 13, 19].

#1)� >.<�7�,-*��7� 1�*�-,�*5,�-�=.:1�2,>� +��?4�712�,
>,'��3.2)5>(�>,=2�)�,�.2)�7(���215/*�����<,����:,�01�7��>,'�
�8:�5/*9� >1)(H� :�5/8?�y = gx mod p� =:1� �1>2,>�71���H5��x�
���*:,�/215/2�,���.=2�,>�>,'���8:�5/*9�x z y��>,H:��:�5/8*��,�'(
7*'�1�5/1>(5��=.<,��+�7�,=/-*�-1>(�=0.4�H9�)�:).',��5*3�
C/1)01=1-*�<,�g oraz p�'(�2�,7�1=�-,G��	��8:,-��,2��)�,;
H:1� '�?� 7�?5� >1)�� ��.=2�H9� �8:�5/,2�1� :�41�*�-.� =*')�,�;
2,4��7�5�,:,� ')�I5/�2*-�� +�2�,71<�x jest logarytmem y
o podstawie g (mod pG���'(����:�5/8*�')�I5/�2,���1/�510)�;
7��,� C8,/� .01-)D7� /7*)0*56� :.8� =/�,'�?�2*56G�� �215/,>
-D7�(5�x jest logarytmem dyskretnym z y przy podstawie
g, w ciele reszt modulo p [19].

�3,)�*72�H9� 1:4��*�-.���
����33�,4�O�,::-121���1/
�:�1-1:1� /1:,<*��=� '��+2�1� ��.=2�H5���8:�5/,2�1� :�41�*�;
-D7�=*')�,�2*��5/*:���=��/?=.�7�,:)�H5��.<*712*56�):.;
5/*�7�+��5,'�,�'/*3��712�1��121:�4�5/2�,�>1)�7�+�/*+1=).
'*'�,-D7���
����18�21��
8:�5/,2�,�71���H5��3.2)5>��7*;
)01=2�5/,>��217,��=:1�7*)01=2�)D7���=.<*56�71���H5�156�
2�,� >,'�� ��.=2,� KNRL����,� �'�2�,>,� >,=21)�+.8:�5/2�,� /212*
1:4��*�-� �8:�5/12�1�71���H5�� :�41�*�-.� =*')�,�2,4�� C=:1
=.<*56�:�5/8G�7���/'(=2*-�5/1'�,��217,��+�/*�7*)��/*'�1;
2�.��8,52�,�=�'�?+2,>�510,>�-�5*��8:�5/,2��7,>�)�-+.�,;
�D7�21�H7�,5�,�� �'�2�,>,�� 5��+�17=1�� ,3,)�*72*�1:4��*�-�
)�D�*�7*:�5/1�:�41�*�-�=*')�,�2*��:,5/�=/�101��*:)��7�,=*�
4=*�CpO@GX��2�,�>,'��:�5/8(�+�,�7'/(�KNBL���1����'/5/,4D:2,
/215/,2�,�21�+�/*)01=�=:1�1:4��*�-.��:�1-1:1��7�)�D�*-
+�/*�4,2,��712�.�+1�*�):.5/*�C>172,4�����1>2,4�G�-.'�-*
7*:�'�719� :�5/8?� +�,�7'/(� p� �1)(�� 18*� CpO@GX�� �,<� 8*01
+�,�7'/(��7*):.5/1>(5�7� �,2� '+�'D8�+�/,+��71=/,2�,� 01;
�7,4��1�1).�21�'/*3��4�1-�
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���������� 
system publicznego 

Matematyczny problem ��������	������� 

������������	����
	����������� Dane: liczba n = p⋅q 
Szukane: czynniki pierwsze p i q 

RSA, 
Rabin 

Logarytmowanie dyskretne w 
�����	���������� 

Dane: liczba pierwsza p oraz liczby g i y 
Szukane: x	������	�� 
y = gx mod p = g⋅g⋅g⋅...⋅g x razy 

Diffie–Hellman, 
DSA, ElGamal 

Logarytmowanie dyskretne na 
krzywej eliptycznej 

Dane: krzywa eliptyczna E i punkty B i P ∈ E 
Szukane: x	������	�� 
P = x⋅B = B + B +...+ B x razy 

ECC: EC DSA, 
EC Diffie–Hellman 

��9����������./)()�%�(01��2�3./�(&23%��245)246�&��&�/()246�/�&2&�%3(46�7890�45)246

�&�)�%':�/(rianty wymienionych systemów DSA, Diffie-
go–Hellmana oraz ElGamal oparte na krzywych eliptycz-
nych �
����

���������=��2��%��G��)�D�,�-�4(�8*9�217,�
��.=2�,>'/,�=��/01-12�1�2�<�'*'�,-�81/.>(5,�21�+��8:,-156
�+�'12*56�+�7*<,>��	1-�1'�� '��'�719��8:�5/,2�1�21� :�5/;
8156� 510)�7��*56� -�=� n�� '*'�,-*� 
��� C�

������ ���=�

��$����$���"G��+,�.>(�+.2)�1-�� 21�+,72,>� )�/*7,>� ,:�+;
�*5/2,>����,5*/*>2�,>�-D7�(5��-,��=1��1�7*)��/*'�.>,��,�;
��?� +,72*56� )�/*7*56� 1:4,8�1�5/2*56� ��/,5�,4�� '��+2�1
C)�/*7*56� ,:�+�*5/2*56G� 21� +01'/5/*M2�,� �/.��7,>� 21=
')�I5/�2*-�5�10,-�
��7�'/5/,4D:;2�H5��21=�5�10,-��CpkG�
�,'��81�=/��+�17=�+�=�82,��<,�'��'�712�,�7�)�*+��'*'�,;
-156�-,��=*�)�/*7*56�,:�+�*5/2*56�=1>,�7*<'/*�+�/��-
/18,/+�,5/,I��+�/*�.<*5�.�/=,;5*=�712�,�-2�,>'/*56�):.;
5/*�KN��B��@@L���/5/,4D:2�,��2�,�,'.>(5,�'(�)�/*7,�,:�+�*5/;
2,�7��C�kG��4=*<�)�2'��.)5>1�+��5,'��D7�1�*�-,�*5/2*56�
+�/,/215/�2*56�=��+��71=/,2�1��156.2)D7�7��=+�7�,=;
2�-�5�,:,��>,'��01�71�=:1�=.<*56�n [1].
�,/+�,5/,I'�7�� '*'�,-.� )�*+��4�13�5/2,4�� /8.=�71;

2,4�� 21�+�='�17�,�)�/*7,>� ,:�+�*5/2,>� /1:,<*��=� ��.=2�;
H5���8:�5/,2��7*56�7*/215/12�1�:�41�*�-D7�=*')�,�2*56
7�4�.+�,�C
��YG�+.2)�D7�)�/*7,>�,:�+�*5/2,>�
���,'�����+��;
8:,-� 121:�4�5/2*� =�� +�7*<'/,4�� +��8:,-.� :�41�*�-.
=*')�,�2,4��7�4�.+�,�-.:��+:�)1�*72,>�5�101�')�I5/�2,4��
�1)� '1-�� -�<21� /��8�9� 7� 4�.+�,� 1==*�*72,>� +.2)�D7
)�/*7,>�,:�+�*5/2,>�
�/=,3�2��712,>�21=�5�10,-�')�I5/�;
2*-��q [3, 7, 10].

Definicja 3.6

�,H:�� 
� >,'�� )�/*7(� ,:�+�*5/2(� 21=� 5�10,-� �q i B jest
punktem tej krzywej, to problem logarytmu dyskretnego
na krzywej E (przy podstawie B ∈ E) polega na znalezie-
niu dla danego punktu P ∈�
�:�5/8*�510)�7��,>�x���1)�,>�<,
x⋅B = P��>,H:���1)1�:�5/81��'�2�,>,�
�/�'�,>'/*�'�12�7�,=/*�7')1/.>,��<,�+��8:,-��,2�>,'���8;

:�5/,2��7�� ��.=2�,>'/*��=�+��8:,-.���/)01=.�:�5/8�/0�<�;
2*56�21�5/*22�)��+�,�7'/,����=�+��8:,-.�:�41�*�-�712�1
=*')�,�2,4��7�5�10156�')�I5/�2*56�KN��B��@�L��	��,>�+�/*;
5/*2*�1'*-,��*5/2*�'*'�,-�)�*+��4�13�5/2*�/8.=�712*�21
+�='�17�,� )�/*7,>� ,:�+�*5/2,>� )��/*'�1� /� �'���2�,� -2�,>;
'/*56�:�5/8�21�.�1:2*56�2�<�>,'�����7�+�/*+1=).�'*'�,-D7
�+1��*56�21�31)���*/15>��:�5/8�:.8�:�41�*�-�712�.�7�5�,:,
')�I5/�2*-�

:� �����������	�����;����
��	
&<������
��(=&<�����	�����(�,�
��������
�


�1)� >.<� 7�1=�-��� )�*+��'*'�,-*� ):.5/1� +.8:�5/2,4�� 2�,
/1+,72�1>(�8,/71�.2)�7,4��8,/+�,5/,I'�71��)�D�,��+�,�1
'�?�>,=*2�,�21�1)�.1:2,>�7�,=/*� �,��,�*5/2,>� ��=�'�?+2*56
-�5156��8:�5/,2��7*56��Z5�H:,>�-D7�(5�O�/4�=2�,�/��7�,�;
=/,2�,-�O�+��8:,-�)�*+��121:�/*�>,'��/141=2�,2�,-�/�):1'*
���K@�L���,'�����21�+,72��+�71<2,��'��/,<,2�,�+�/,=�.<*;
5�,-�1:4��*�-D7�1'*-,��*5/2*56����4=*�2�,��'�(42�,-*
=:1�2�56��1)�,4��8,/+�,5/,I'�71�C=�')�210,4�G�>1)�21�+�/*;
)01=� =:1�-,��=*� )�*+��4�13�5/2,>� one-time pad�� 7� )�D�,>
'/*3��712�,�O�+�/*�.<*5�.�3.2)5>��XOR�O��=8*71�'�?�)1<;
=��1/�7�� /� �22*-�� 7*4,2,��712*-� :�'�7�� ):.5/,-�
��<21�8*�7�?5�'(=/�9��<,�1)�.1:2�,�'��'�712,�1:4��*�-*
1'*-,��*5/2,� C�18�� @G� '(� '018,����4.-,2�*� �,� >,=21)� 2�,
'(�7� +,02�� ��/'��/*41>(5,���8*� >,� +�/,121:�/�719�� 21:,<*
+�/,='�17�9�21>2�7'/,�7*2�)��81=1I��)�D�,�+�)1/.>(��7�>1)�
'+�'D8� )�*+��:�4�1�7*)��/*'�.>,� =�'�?+2(�7�,=/?� /� �8:�;
5/,2��7,>��,�����:�5/8����,�����1:4��*�-D7��8*�+�/,5�7'�17�9
'�?�+�'�?+�7���,562�:�4�5/2,-.���1/�/1+�8�,5�>,4��P+�/,>;
H5�.Q�+�/,/�81��,�*�)�*+��121:��*5/2,�
�21:�/?�/15/2�,-*��=�-,��=�'��'�712*56�=����/7�(/*;

712�1�+��8:,-.�31)���*/15>�� :�5/8�510)�7��*56��+�2�,71<
>,'������8'/1��7�,=/*�21>=0.<,>�81=12*�+�/,/�-1�,-1�*)D7
��)�*+��:�4D7���21:�/1�/0�<�2�H5���8:�5/,2��7,>���/)01=1;
2�1�:�5/8�21�5/*22�)��+�,�7'/,�.01�7��21-�+DM2�,>�+��D721;
2�1�/�+��8:,-1-��:�41�*�-�712�1�=*')�,�2,4��

Jeden z najszybszych znanych algorytmów, zwanych si-
tem kwadratowym� [�� C?��������� ���=�G� 561�1)�,�*/.>,
/0�<�2�H9�+�=7*)01=2�5/1���'�2�,>��D72�,<�-�=*3�)15>1��,>
-,��=*� 21/*7121� wielokrotnym wielomianowym sitem
kwadratowym���[��C2�
���
��
�
$��"��
�?������������'

=�G� �� >,'�� 21>'/*8'/(�7,�'>(� �,4�� 1:4��*�-.���2���21�� 12�
-,��=1�)�/*7*56�,:�+�*5/2*56�C
��G���1/�217,��21>:,+'/1
"8> /3���?"�3�5�?3�$�373� �$��"��8" GNFS (General Num-
ber 6��
�����=�G�2�,�'(�,3,)�*72,�7�',2'�,�+�=12*-�=:1�=,;
3�2�5>��3.2)5>��>,=2�)�,�.2)�7,>�C=,3��N��G�K@����N��N�L�
��5,:.�/,'�17�,2�1���+��D7212�1��*56�1:4��*�-D7�21:,;

<*�/=,3�2��719�3.2)5>?�Lx��7*)��/*'�*712(�7�121:�/�,�/0�;
<�2�H5��1'*-+���*5/2,>�+��8:,-D7��8:iczeniowych stoso-
wanych w kryptologii [3, 13, 17]

(1 )( , ) exp( (ln ) (ln ln ) ).v v
xL v c c x x −=
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Metoda Wymaga asymptotycznie  
������	�	
���
�	����� 

Czas przebiegu 

Sito kwadratowe (wersja MPQS) (1 (1)) (ln )(ln ln )O n ne +
 ��������������	

�����
	
��	�����
	 !"#$	 (1 (1)) 2(ln )(ln ln )O p pe +
	 ��������������	

%���	�����	�������
&�	 '(�%$	
1/ 3 2 / 3(1.92 (1))(ln ) (ln ln )O n ne +

	 ��������������	

Dla v = 1 funkcja Lx�+".$3'�('&1"-)�/+���-�.)�x, podczas
gdy dla v�4���+".$3'��-�.)�x�(�$.�,�")�(����"�$,�(�-"5���3
-."���\�v�\�6�(+��*��%7)&/#��#$*��*+'0*+'�)�3�(�$.�,�")�8
('�� ".$�(�.)�$#*+'� )�3�('&1"-)�/+'� �� -."�$9�� )"+'(",'
9��(+��*�$,�:�-('&1"-)�/+',����:�+':"-&7�%"&���'+"/#�
x = n��/+'.��#$*����+,�"�$,�,�-717�n.

�9�-)�$�+��"&�,�)"+$()�/�($,���"+�)"�:�-*�"(�$�"&�78
".)$#�(�$-+'�+�*�"1"�*�(��+�)"��"0$."����&�;�"�+"(�$�"�+$8
*�"(�$)�$�)"#$%$&�'()�$#*+'/2�".9��'�,;(�73'(")'/2�-�
��+&1"-")�"�.�/+0�)"�/+'))�&��:�$�(*+$�<6����=��=�>�

Symbol O�6?� �+)"/+"� @�(� �$����� +1�3�)�A/�� @� %7)&/#B
+,�$))$#�n��&�;�"�-C3'�-�����9-'�)�→ ∞, natomiast p jest
najmniejszym czynnikiem pierwszym liczby n. W najgorszym
przypadku p�>,'��7�+�/*8:�<,2�.��D72,�+�,�7�1'�)�7��/�:�5/;
8*�n��1�7�?5�-�<21�+�/*>(9��<,�1'*-+���*5/2,�5/1'*�=/�101;
2�1�1:4��*�-D7�'��1�)71=�1��7,4����)�/*7*56�,:�+�*5/2*56
'(��D72,� jednak w takich sytuacjach sito kwadratowe daje
lepsze rezultaty [17, 23, 30]. Z kolei metoda krzywych elip-
tycznych jest bardziej przydatna, gdy czynniki pierwsze
liczby n��D<2�(�'�?�/215/(5��7�,:)�H5�(�K]��@@L���1��-�1'�
>,H:��7�+�/*+1=).�21>7*=1>2�,>'/,4��1:4��*�-.�D����.=1;
0�8*�'�?��4�12�5/*9�-.:��+:�)1�*72(�'�10(�@�A��=��@�E�����>.<
=/�H� �,1:21� '�1018*� '�?� 31)���*/15>1� :�5/8� @���;8���7*56
+�/,7�=*712*56� O� >,'/5/,�7������ ��� C�18���G� O� >1)�� 8,/;
+�,5/2,�KNBL���:,�2�,�.=10��'�?�>1)�=��(=��,4��=�)�219�

Wielu naukow5D7�+��71=/(5*56�81=12�1�'�1�1�'�?�'/1;
5�719� 8,/+�,5/2,� =0.4�H5�� -�=.0.� n�� >,=21)<,� +�1)�*)1
+�)1/.>,�� �<��'/15�712�1� �,�-�4(�8*9�-10�� '+�17=/1:2,
K@�������EL����<21��.�+�/*��5/*9�21'�?+.>(5*�+�/*)01=�
�:1�-�=.0.�n = 1070���1/�.<*�,4��1:4��*�-.�'��1�)71=�1;

��7,4���7�@A]����).���/)01=�21�5/*22�)��+�,�7'/,� :�5/8*
C@�71�O�@GXA�7*-1410�A�E�4�=/�2*�+�15*�)�-+.�,�1�����
T;�����.���� +�/*)01=.� C/15/,�+2�?�,4�� /� +�15*� K@LG�� 21
+�='�17�,��*56�=12*56��+�/,+��71=/�0�,)'��1+�:15>?����'/1;
5�712�1��+�/*�/10�<,2�.��<,�5��=71�:1�1�+�=71>1�'�?�-1)'*;
-1:21��'�(41:21�+�?=)�H9�+�15*�+�>,=*25/,4��)�-+.�,�1�
	1/215/1��D72�,<���<�./*')12,��'/15�712�1�21:,<*���1)��;
719�/���/714(�����/*-12*�7*2�)��7,=0.4�)�D�,4��7�����
��).�=:1�-�=.0.�n��/?=.�@�200��'/15�712�,�5/1'.���/)01=.
21�5/*22�)��+�,�7'/,�-�10��7*2�'�9���]^104 :1���>,'��7�567�;
:���8,52,>��/,5/*7�H5�,��'/15�712�,-�2�,/8*��=�)01=2*-�
��/,-17�1�/1��*-�31)����<��8,52�,�C�>��:,=7�,�+D0���).�+DM;
2�,>G� /�'�10� '31)���*/�712*� -�=.0� n� �,4�� '1-,4�� �/?=.
7�5/1'�,�2�,510*56����-�,'�?5*�K��L���'�(42�?5�,����2�,�/1;

')1).>,� 1<� �1)� 81�=/����� @AA�� ��).� ',2'15>?� 7/8.=/�;
01� .=121� +�D81� ��/)01=.� @�A;5*3��7,>� :�5/8*� =/�,'�?�2,>
21�=71�5/*22�)��+�,�7'/,�+��RE�5*3��)1<=*��)�D�,>�'31)���*;
/�712�,� C/=12�,-���F,'�1�� �7D�5*����G� -�10�� /1>(9� ��
)71=�*:��2D7�:1���/1H�7,=0.4��'/15�71I��+�=12*56�+�/,/
1.���1�+�/*��5/�2,4��+�/*)01=.��+�>,=*25/*�)�-+.�,��+�;
��/,8�7108*�21� ���NNN��=2������/,5/*7�'��H5�� >,=21)�51;
0(�+�15?�O���/=/�,:�2(�-�?=/*�@R���-2�,>�7*=1>2*56�)�-;
+.�,�D7�+�0(5/�2*56�+�/,/��2�,�2,��O�/1)�I5/�2��7�5/1;
'�,�]�-�,'�?5*����:1�156�+DM2�,>'/*56�8*0*�+�/,01-*712,
)�:,>2,� -�=.0*� n�� 1<� =�� 1)�.1:2,4�� �'�(42�?5�1����?5,>
'/5/,4D0D7�21��56��,-1���-�<21�./*')19�21�'���2�,�3��-*
����K��L�
�:1� +�/,>�/*'��H5�� 121:�/*�� +��D721-*� �,�1/� /,� '�8(

7'/*'�)�,�+��.'/12,�7�+ublikacji problemy obliczeniowe.
���8:,-� :�41�*�-.� =*')�,�2,4�� 7� 4�.+�,� -.:��+:�)1;

�*72,>�=�8�/,�7*8�12,4��5�101�7*=1>,�'�?��<,�7�+�1)�*5,
7*-141� �1)�,4�� '1-,4�� 5/1'.� �8:�5/,I� >1)� ��/)01=� 21
5/*22�)��:�5/8*�510)�7��,>�7�,:)�H5��+��D72*71:2,>�/�:�5/;
8(�,:,-,2�D7�7�5�,:,���1)� >1)�7�+�/*+1=).�31)���*/15>��
�'�2�,>(��D<2,�1:4��*�-*���/7�(/12�1��,4��+��8:,-.���5/1;
'�,� +�=7*)01=2�5/*-���*'�1�5/*� �,�1/� +��D7219� �-+:,;
-,2�15>?�7*)��/*'�.>(5(�4�.+?�+.2)�D7�
C�qG��=+�7�,=;
2���7*8�12,>�)�/*7,>�,:�+�*5/2,>�21=�5�10,-�')�I5/�2*-
/� �-+:,-,2�15>(� 7*)��/*'�.>(5(� 4�.+?� -.:��+:�)1�*72(
5�101� ')�I5/�2,4�� �Cp). Przy tym porównaniu Fq i F(pG
-�4(�2�,�8*9��*-��'1-*-��5�101-���
:.5/�7(��8',�715>(
>,'�� 31)��� <,�=:1�=�8�/,�=�8�12,>�)�/*7,>�21>:,+'/,�/212,
-,��=*� ��/7�(/*712�1� +��8:,-.� :�garytmu dyskretnego
w E(FqG�-1>(�/0�<�2�H9�/1:,<2(�7*)01=2�5/���=���/-�1�.
,:,-,2�.�5�101��5/*:���=�n = ⎡log2 q⎤, podczas gdy dla pro-
blemu logarytmu dyskretnego w grupie F(pG� =�'�?+2,� '(
1:4��*�-*�+�=7*)01=2�5/,�/,�7/4:?=.�21�n = ⎡log2 p⎤ [3, 7,
13]. Parametr n�-�<21��2�,�+�,��719�>1)��7*�1<�2*�7�8�;
�156���/-�1��):.5/1�=:1��=+�7�,=2�56�)�*+��'*'�,-D7�

Z5�H:,>�.>-.>(5�� :�41�*�-*�=*')�,�2,�7�5�,:,� ')�I5/�;
2*-��CpG�-�<21�/21>=�719�7�5/1'�,�+��+��5>�21:2*-�=�
Lx(1/3, c), gdzie x = p, a c ≈� @�A��� )��/*'�1>(5� /�-,��=*
D����KN��@NL����/*>-.>,�'�?�7�?5��<,�>,'�����-,��=1���-2�,>
7�?5,>��,>�'1-,>�/0�<�2�H5��1'*-+���*5/2,>�>1)�7�+�/*+1=;
).�1:4��*�-.�31)���*/15>����:1�,4��=1:'/,���/71<12�1���+�;
�D7212�1� C�18�� NG� '��'.>,� '�?� �D72�,<� =�� P)�27,25>�21:;
2*56Q� )�*+��'*'�,-D7�� 1� 7�?5� 21� +�/*)01=� =�� '*'�,-.
����5/*���������33�,4�O ,::-121�
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Problem obliczeniowy ���������		�
���	
����)���)��	�
����	 Czas przebiegu 

���
�
������	�����	�������
��� 
*�+���		�
���	��
�	�����	����������	������ 

1/ 3 2 / 3(1.92 (1))(ln ) (ln ln )O n ne +
 

��������������	

,���
�
	������	����
�
��		

�	�����	��� �����		

*�+���		�
���	��
�	�����	����������	������	
1/ 3 2 / 3(1.92 (1))(ln ) (ln ln )O n ne +

	
��������������	

,���
�
	������	����
�
��		

��	�
�����	����
������	

�����
�-
��	

n 	
.����������	

��9��������$+:�$/+)$�-179�A/��"*',$��'/+)'/2�&.7/+'�&�':��9�"%�/+)'/2

�."�&�+'('/2�$.�:�'/+)'/2�)�$� #$*��+)")'�3"-$)�".9�8
�'�,� �� /+"*�$� :�-('&1"-)�/+',� �+�('#C�&�$,� &�+'('/2
*7:$�*�)97."�)'/2?� <=�� F�� 6��� 66>�� %$-')',�� -�*�B:)',�
,$��-",��+)"#-�(")�"�.�9"�'�,;(�)"�&�+'('/2�$.�:�'/+8
)'/2�*C�,$��-'��&�;�$�*��*7#$�*�B�-��-�(�.)'/2�9�7:���1�8
3�)�A5�)"#.$:*+'/2�+)")'/2�".9��'�,;(��9;.)'/2�-."�:��8
0.$,7� .�9"�'�,7� -'*&�$�)$9�� )"� &�+'($#� $.�:�'/+)$#
#$*��:��:��/#�)".)"�-��:�$�(�"*�&"�&("-�"��($9��+�n. Dla-
tego, na obecnym etapie rozwoju wiedzy o algorytmach,
przy porównywalnej sile kryptograficznej rozmiar klucza n
(�&�':��*'*�$,�$� �:"��',�)"�&�+'('/2� $.�:�'/+)'/2� ��8
A)�$�)�$/��*+'0/�$#�)�3�:�$�(�"*�$&�*+$A/�$))'�+� ��+,�"�7
&.7/+"� *'*�$,7� G&�)($)/#�)".)$9�H� <=�� 6 >�� ��,"9"� ��
('#"A)�5�(*:;1/+$*)$���$)-'���+"�)�$�$*�(")�$�&�':��9�"8
%�C��:"��C�)"�&�+'('/2�$.�:�'/+)'/2��#"&���"I*+C�".�$�)"�'8
(C�-."�*'*�$,;(�&�)($)/#�)".)'/2�

�"�&�)�$/��$9����+-+�"17�)".$3'�+"-"5�:'�")�$��#"&"�-178
9�A5�&.7/+"� #$*��7("3")"�+"��-:�(�$-)�C�-."�:�*+/+$9;.8
)'/2� ".9��'�,;(�� :�)�$("3� #$*�� �)�� :�(�"�+")$� +"(*+$
(�$-'��9-'�:�+$&��/+�)"�+�*�"#$�&�.$#)"�9�")�/"�(���+&1"8
-+�$�.�/+0�)"�/+'))�&��:�$�(*+$���"+�:"-"#C�&�.$#)$��$&��-'
-��'/+C/$�:��0.$,7��0.�/+")�"�.�9"�'�,;(�-'*&�$�)'/2�< �
6J����>���'/2�-+C/��-�:�*�"(�$)�"�-�0�+$�79�7)��(")'/2
+"1�3$I�(�:�(�C+")�7�+�"&�7".)',�*�")$,�(�$-+'���$)*��"
��_$�2$7.�:�+$-*�"(�.��+".$/$)�"��-)�A)�$�-��:��9)�+�("8
)$#�,�)�,".)$#�(�$.&�A/��&.7/+'�&�':��9�"%�/+)'/2�(�:�+'8
*+1�A/�� <6 �� =�>�� �&�$A.�.��� #"&�$#� -179�A/�� &.7/+$� "*',$8
��'/+)$��"�/��+"��',��-+�$�@�#"&�$#�(�$.&�A/��.�/+0'�:�$�(*+$?
)".$3'�*��*�("5��".0'�".9��'�,'�0'1'�0$+:�$/+)$�

�"0$."���+"(�$�"��"&�$�+$*�"(�$)�$�

@�����
�+�

�1�+�='�17�,�+�/,+��71=/�2,>�121:�/*�-�<21�'�7�,�=/�9�
�<� 7*)��/*'�*712,� 1:4��*�-*� 7� )�*+��4�13��� /� ):.5/,-
>172*-�C�18��@G�'(� �,4����=/1>.��<,�-�<21�/01-19�):.5/,
+�*71�2,�� �=7�151>(5� /1'��'�712(� 3.2)5>?� >,=2�)�,�.2;
)�7(���,'�� ���/1=12�,���7�,:,�'/*8'/,�2�<�+��5,'�+,02,4�
+�/,4:(=.�+�/,'��/,2��):.5/1��1:,�21��*:,�+�15�560�22,��<,
+�/*�7*)��/*'�12�.��8,52�,�=�'�?+2*56�-�5*��8:�5/,2��;
7*56� >,'�� 2�,7*)�21:2,� 7� 5/1'�,� �+�'*712*- przez ni-
skiego stopnia wielomian zmiennej n C�18��NG���-+:�).>,���
2�,8,/+�,5/2,�'�7�,�=/,2�,���<�+�/��*�8,/+�,5/,I'�71��3,;
��712,�.<*�)�72�)�7���1)�56�)�*+��'*'�,-D7��+�,�1>(�'�?
>,=*2�,�21�/0�<�2�H5��)�-8�21���*5/2,>�=12,4��+��8:,-.�
��,'�,�*�21:,<*�7/�(9��.�+�=�.714?�>,'/5/,�31)����<�-�-�
�'�2�,2�1�7�,:.��1)�56�3.2)5>�����)�D�*56�'(=/��'�?��<,�'(�>,=;
2�)�,�.2)�7,�� 2�,�.=10�� '�?�=�� =/�H� .=�7�=2�9��� <1=2,>
/�2�56���<�-1��?�701'2�H9����=1�)�7*-�/14��<,2�,-�'/*;
3��712�1�/�):.5/,-�+.8:�5/2*-�>,'������<,�2�)��2�,�7�,�21
+,72��� 5/*� ��/)01=12�,� 21� 5/*22�)�� +�,�7'/,� :.8� �8:�;
5/12�,� :�41�*�-D7� =*')�,�2*56� -.'�� 8*9� =:1� 7�?)'/�;
H5��):.5/*�+�7�:2*-�+��5,',-���1:,<*��.�81�=/��.71<19�
+�2�,71<�>1)�7*)1/12���+,72,�):.5/,�C5/*:��:�5/8*�+�,�7;
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Rok Systemy oparte na problemie 
faktoryzacji i logarytmowania 

����
�
����	�	�������	��� ������� 

Systemy oparte na problemie 
logarytmowania dyskretnego  

na krzywych eliptycznych 

2000 952 / 287 132 / 40 

2002 1028 / 310 139 / 42 

2005 1149 / 346 147 / 45 

2010 1369 / 413 160 / 49 

2015 1613 / 486 173 / 52 

2020 1881 / 567 188 / 57 
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