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[r,s,t]-COLOURINGS OF PATHS

Abstract. The concept of [r, s, t]-colourings was recently introduced by Hackmann, Kemnitz
and Marangio [3] as follows: Given non-negative integers r,s and ¢, an [r, s, t]-colouring of a
graph G = (V(G), E(G)) is a mapping ¢ from V(G) U E(G) to the colour set {1,2,...,k}
such that |c(v;) —c(v;)| > r for every two adjacent vertices v;, vj, |c(e;) —c(e;)| > s for every
two adjacent edges e;, e, and |c(v;) — ¢(e;)| > t for all pairs of incident vertices and edges,
respectively. The [r, s, t]-chromatic number x,,:(G) of G is defined to be the minimum k&
such that G admits an [r, s, t]-colouring.

In this paper, we determine the [r, s, t]-chromatic number for paths.
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1. INTRODUCTION

We use [5] for terminology and notation not defined here and consider finite and
simple graphs only.

The concept of [r, s, t]-colourings is a generalization of the classical colourings:
vertex colouring, edge colouring and total colouring. It was recently introduced by
Hackmann, Kemnitz and Marangio [3].

Given non-negative integers r, s and ¢, an [r,s,t]-colouring of a graph G =
(V(G), E(@)) is a mapping ¢ from V(G) U E(G) to the colour set {1,2,...,k} such
that |e(v;) — e(v;)| > r for every two adjacent vertices v;,v;, |c(e;) — c(ej)| > s for
every two adjacent edges e;, e;, and |c(v;) —c(e;)| > t for all pairs of incident vertices
and edges, respectively. The [r, s, t]-chromatic number x, s ;(G) of G is defined to be
the minimum k& such that G admits an [r, s, t]-colouring.

Obviously, a [1, 0, 0]-colouring is a classical vertex colouring, a [0, 1, 0]-colouring is
a classical edge colouring, and a [1, 1, 1]-colouring is a classical total colouring. We
refer the reader to [2] and [6].

Hence, there are several different applications of such [r, s, t]-colouring. The fol-
lowing example is given in [3].
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Assume that in a soccer tournament there are four teams in an elimination round
such that each team plays one match against each other team. During this round
each team should get the possibility of a training day. Since there is only one training
field, different training days must be assigned to the teams. Furthermore, a training
day of a team should be different from a playing day and no team should play two
successive days.

All required conditions are fulfilled in a [1,2, 1]-colouring of a complete graph K4
if one assigns the vertices of K, to the training days of the teams and the edges to
the matches between them.

a) 4 5 2 b) 4 3 2

Fig. 1. A [2,4,1]-colouring (a) and a [1, 2, 1]-colouring of K4 (b)

Figure 1 shows examples of a [2,4,1]-colouring with 9 colours and a
[1,2, 1]-colouring with 6 colours of the complete graph K4. The right picture shows
then that one can arrange a schedule for the considered soccer tournament round
fulfilling all the desired conditions in six days.

Kemnitz and Marangio [3] have proved the following properties for
[r, s, t]-colourings.

Lemma 1.1. If H C G, then
Xors,t(H) < X, s,6(G).
Lemma 1.2. Ifr' <r, s’ <s, t' <t, then
X, 4 (G) < X5, (G).
Lemma 1.3. If G is non-trivial, then

1. Xr00(G) =7r(x(G) - 1)+ 1,
2. x0,50(G) =s(X'(G) - 1)+ 1.

Lemma 1.4. For the [r, s, t]-chromatic number of a graph G, there holds
max{r(x(G)—1)+1, s(x'(G)=1)+1,t+A(G)} < Xrs(G) < r(X(G)—1)+s(X'(G)—1)+t+1,

if [V(G)| > 2, G #K, and s,t > 1 (where A(G) is the mazimum degree of G and
K,, is the empty graph).
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Remark 1.5. Note that the lower bound obtained by Kemnitz and Marangio (3],
max{r(x(G)—1)+1, s(x (G)=1)+1,t+1} < xrs4(G) < r(x(G)—1)+s(X'(G)—1)+t+1

1s slightly improved.
For paths P,, n > 3, we obtain

max{r +1,s + 1,t +2} < xps0(Pn) <r+s+t+1.

(for n =2, X'(G) = 1, so we would have max{r +1,t + 2} < x, s+(P2) <r+t+1).

Proof. By Lemma 1.3 and 1.2,
FUG) — 1) + 1= xr0.0(G) < Xraa(G)
s(X'(G) = 1) + 1 = X0,5,0(G) < Xr,5,t(G)

On the other hand, the star K7 a induced by a vertex of maximum degree A(G) =
A and its adjacent vertices needs at least ¢t + A colours: to colour the A edges we
have to use at least s(A — 1) + 1 colours, which is greater or equal to A, if s is at
least 1. Let us look for the colour of the ”central vertex” in the different cases.

If this colour is smaller than the smallest one for the edges or greater than the
greatest one, we are using at least t + A colours. If the colour for the vertex ”fits”
between the colours of two edges, the difference between these two colours must be
at least 2t, hence the total number of colours used to colour the edges is at least
2t + A — 1, which is at least t + A, if ¢t > 1.

Then, by Lemma 1.1, t+ A < x5 +(K1,A) < Xr,s,t(G). Hence, max{r(x(G)—1)+
1,s(x'(G) = 1)+ 1,t + A} < xr5..(G). Observe that if s =0, t + A would not be a
lower bound but t 4 1, but for the other bounds nothing changes.

For the upper bound, it is enough to find a possible [r, s, t]-colouring with the
desired number of colours. If we (see [3]) colour the vertices of G with colours
0,7,...,7(x(G) — 1) and the edges with colours r(x(G) — 1) + t,r(x(G) — 1) +t +
Sy, (X(G) = 1)+t + s(X'(G) — 1), an [r, s, t]-colouring of G is obtained. O

1.1. SHARPNESS OF THE LOWER BOUNDS

In this subsection the sharpness of some of the lower bounds introduced by Kemnitz
and Marangio [3] will be proved.

Lemma 1.1.1. For any graph G,

if r > [%Wer%, orr > [W]sqtﬂ and s < 2t,

then xrst(G) = (x(G) — 1)r +1,
and if s > r+2t and r < 2t or 2s > 3r + 2t,
then xrs.1(G) = (X' (G) —1)s + 1.

Proof. (1.1) If r > [X(AC(;)G_)JS + 2t, the elements of the graph could be coloured as

follows:

The vertices are coloured with the x(G) colours 1,7+1,2r+1,..., (x(G)—1)r+1.
The edges use the following colours: ay =t+1l,a0 =s+t+1,...,ap11 =ps+t+
1,apr2 = max{apy1 +s,7+t+ 1}, anpro = max{any,+1 +s,nr+t+1}, for all n, and
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ajy1 =aj+s, forall j >p+2and j#np+1 for some n, where p := [X(ACE,)GJJ

In this way we placed the colours of the edges in the intervals between the colours of
the vertices. Then, using the colouring defined above, in an attempt to use no more
than (x(G) —1)r + 1 colours, the edges can receive p+1+p(x(G) —2) > A(G)+1 >
X' (G) different colours, where the inequality x'(G) < A(G) 4 1 is known as Vizing’s
Theorem [4].

(1.2) If s < 2t and r > [%18 + 2t, the vertices can receive colours from
the list 1,7+ 1,...,(x(G) — 1)r + 1 and the edges from the following a;, defined as
ar =t+1, aiy1 = a; + s for i # n(p+1) — 1 for some n, and a, 11y = nr+t+ 1 for

all n, where p := [W}

Then, similarly as above, among the (x(G) — 1)(r — 1) remaining colours fewer than
(x(G) —1)r+1, there are (p+1)(x(G) —1) > A(G) +1 possible colours for the edges,
which is a sufficient number.

(2) If s > r + 2t, the elements of the graph can be coloured using the following
colours: for the edges, the colours 1,5 + 1,...,(x'(G) — 1)s + 1; so the remaining
colours fewer than (x'(G)—1)s+1 are divided into x'(G)—1 intervals, each containing
s — 1 colours. And for the vertices t + 1,7 + ¢ + 1, which fit in the first interval of
colours for the edges; max{s,2r}+t¢+ 1, max{s+r,3r}+¢+ 1 that are in the second
interval (because if r < 2t, then 2s +1 > s+r+2t+1 > 3r +2t + 1 and in
the other case if 2s > 3r + 2t, then 2s + 1 > max{s + r,3r} + 2t + 1); and finally
max{2s,4r} +¢t+1,max{3s,5r} +t+1,..., max{(x'(G) — 2)s, X' (G)r} +t+1, where
each one lays in one of the intervals defined above.

In this way, there are x'(G) + 1 possible colours for the vertices; this number is
greater or equal to A(G) + 1 and hence greater or equal to x(G), where the last
inequality is a consequence of Brooks Theorem [1]. O

Lemma 1.1.2. For the star K1, with n leaves, x1,1,¢(K1,n) =t+A(K1 ), if t <n.

Proof. Kemnitz and Marangio [3] proved that for any bipartite graph G, t + A(G) <
x1,1,t(G) < t+ A(G) + 1. Then, if vy is the root of the star, the n edges are noted
as e, ez,...,e, and v; is the leaf adjacent to e;, we could colour K, as follows:
c(vo) =1, ¢(v1) = 2t+1, c(v;) =2foralli =2...nand c(e;) =t+jforall j =1...n,
which is a [1, 1, ¢]-colouring with ¢ + n colours, hence x1,1¢(K1,n) =t + A(K7,,). O

Using the cited property for bipartite graphs given by Kemnitz and Marangio, the
lower bound for bipartite graphs could be improved.

Theorem 1.1.3. For any bipartite graph G, if t > A(G), then x5+ (G) >t+A(G)+1.

Proof. Considering the star K7 A induced by a vertex of the maximum degree A(G) =
A in G and its adjacent vertices, let us prove that if ¢ > A, there is no [1, 1, ¢] colouring
with t + A colours.

Suppose x1,1,t(K1,a) <t+A. If ¢(vg) < c(e;) < e(v;) (or in the symmetric situation)
for some i, where vy is the root of the star and e; is incident to vy and v;, then
c(v;)(or ¢(vg)) > 2t + 1> ¢+ A, which is a contradiction.

Then, ¢(vo), c(vi) < c(e;) (or the symmetric situation holds) for all i. Since s = 1,
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all edges should receive different colours. Let c(e1) < c¢(e2) < --- < ¢(ea). Then
cler) >t+ 2 and cleat1) >t + A+ 1, a contradiction.

Hence, x1,1,4(K1,Ao) =t + A+ 1. Then, by Lemma 1.1 and Lemma 1.2, x;5+(G) >
Xr.s,t(FK1,a) > x1,1,6(FK1n)- 0

The previous Lemma 1.1 and Remark 1.5 will be used to determine bounds for
the [r, s, t]-chromatic number.

The following Lemma will be useful in reducing the number of cases to be consi-
dered.

Lemma 1.6. If ¢ is an [r, s,t]-colouring with colours from {1,...,k}, then ¢’ with
d(x)=k+1—c(zx) is also an [r, s, t]-colouring with colours from {1,...,k}.

Proof. f 1 < ¢(x) < k,then 1 < k+4+1—c(z) < k. And if |c(z) — ¢(y)| > d, then
[(k+1—c@)) = (k+1—cy))] = lely) — c(z)| = d. O

In [3], general bounds and exact values of the [r, s, t]-chromatic number have been
determined for complete graphs and for graphs with min{r,s,¢} = 0.
In this paper, we determine the [r, s, t]-chromatic number for paths.

2. SOME LOWER BOUNDS FOR g s.7(Py)

In the following theorems, lemmas and observations, we will use the following notation
for the vertices and edges of a path

(..., c(en),c(vo), cler),c(vi), ces), c(va), cles), - . .),

where ..., vg,v1,... are vertices and ..., eq, e1,... edges of the considered path, such
that ¢; = v;_1v1.

2.1. LOWER BOUNDS FOR XR,S’tT(P2) AND XR,S,T(P?))

Observation 2.1.1. We consider a path P given by voeivy. We may assume that
c(vg) < ¢(v1). Then, by Lemma 1.6, all possible constellations of colours of its ele-
ments can be reduced to the following two:

If c(vo) < ¢(vy) < c(er), then k> r+t+ 1.

If c(vo) < c(er) < e(vr), then k > max{2t + 1,7 + 1}.

Hence

r+1 if r>2t;
E>min{r+¢t+1,max{2t+ 1,7+ 1}} =< 2t +1 if t<r <2t
r+t+1 if r<t.

Then for any path of order n > 2, by Lemma 1.1, the previous lower bounds hold.
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Observation 2.1.2. We consider a path Ps given by voeivieqvs. By symmetry, it
can be assumed that c(e1) < c(ea). We now distinguish three main cases, that due to
Lemma 1.6 can be reduced to two, and its several subcases:

(Observe that, by Remark 1.5, we may assume k <r+s+t+ 1. Hence we can omit
the cases for which k > ko >r+s+t+1)

1. Ifc(er) < c(ea) < c(vy), then k> s+t + 1.

1.1. If c(vg) < cler) < clea) < ¢(v1), then k > max{r+1,s+ 2t + 1}.
For this constellation, let us analyze the 5 possible situations, corresponding to the
5 possible relations between the colour of vy and the colours of the other elements

of Ps.

Iffc(?)g) < c(vg) < eler) <eea) < e(vy), then k>max{r +1,s + 2t + 1}.

If c(vo) < e(va) < c(er) < c(ea) < c(v1), then k>max{r +1,s+ 2t + 1}.

If c(vg) < eler) < c(va2) < c(e2) < ¢(v1), then E>max{r +t+ 1,s+2t+1,3t+1}.
If c(vg) < eler) < clea) < e(va) <c(v1),then k>r+s+2t+1>r+s+t+ 1.
If c(vo) < cler) < clea) < c(v1) < c(ve),thenk>r+s+2t+1>r+s+t+ 1

1)
In the same way, the following cases are treated using shortened tables.

1.2. If c(e1) < c(vg) < cea) < c(v1), then k > max{r+t+1,s+t+ 1,2t + 1}.

Table 1
c(vy) <cler) <elvg) <eleg) <e(vy) | k>max{r+t+1,s+t+1,2t+1}
cler) < c(v2) < e(vg) < eleg) < e(vy)
cler) <c(vg) < c(va) <cleg) <c(vy) | k>max{r+t+1,s+¢t+1,3t+1}
cler) < clvg) <cleg) <c(va) <e(v) | k>r+s+t+1
cler) < c(vg) < efe2) < c(v1) < ¢(va)

1.3. Ifc(er) < c(ez) < e(vg) < c(v1), then k > max{r+t+1,s+t+ 1,7+ s+ 1}.

Table 2
c(va) < cler) <elea) < c(vg) < c(vr) | k > max{r+t+1, s+t+1,r+s+1,2t+1}
cler) < c(ve) < c(eg) < e(vg) < e(vy)
cler) < clea) <c(ve) <clvg) <c(v1) | k>r+s+t+1
cler) < c(ea) < e(vg) < e(ve) < e(vy)
cler) < c(ea) < e(vg) < e(v1) < c(va)

1.4. If c(er) < clez) < e(vr) < c(vg), thenk >r+s+1t+1.
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2. Ifc(er) < c(v1) < c(ea), then k > 2t + 1.

2.1. If e(vg) < cler) < ce(vr) < cleg), then k > max{r +t+1,s+t+ 1,3t + 1}.

Table 3
c(v) < clvg) <cler) <elvy) <clea) | k>max{r+t+1,s+t+1,3t+1}
c(vo) < c(v2) < cler) < cfv1) < cfez)
c(vo) < cfe1) < c(vz) < cfv1) < cfez)
c(vg) < cler) <e(vr) <elve) <clea) | k> max{r+3t+1,2r+t+1,s+t+1}
c(vg) < cler) <c(vr) <celex) <e(vg) | k> max{2r+1,s+ 2t + 1,4t + 1}
2.2. Ife(er) < c(vg) < e(v1) < cleq), then k > max{r +2t+1,s + 1}.
Table 4
c(ve) < cler) <c(vg) <elv) <clea) | k> max{r+2t+1,s+ 1}
cler) < c(ve) < c(vg) < e(vr) < cea)
(o) < (o) < clv) < c(01) < clea)
cler) < c(vg) < c(vy) <elvy) <cleg) | k> max{2r+2t+1,s+ 1}
cler) <c(vg) <e(vy) <celeg) <c(va) | k> max{r+3t+1,2r+t+1,s+t+1}
2.3. Ifcler) < e(vr) < c(vg) < c(ez), then k > max{r +t+1,s+ 1,2t + 1}.
Table 5
c(vy) <cler) <e(v) <elvg) <clea) | k>max{r+t+1,2r+1,s+1,2t+1}
cler) < c(v2) < e(vr) < e(vy) < c(e2)
cler) < c(v1) < cve) <elvg) <clea) | k> max{r+2t+1,s+ 1}
cler) < c(v1) < e(vg) < e(ve) < cea)
cler) <c(v1) < clvg) < cleg) <c(va) | k> max{r+2t+1,s+¢t+1,3t+1}
2.4. If e(er) < c(v1) < c(ea) < c(vg), then k > max{r +t+1,s+ 1,2t + 1}.
Table 6
c(ve) < cler) <c(vy) <eles) <c(vg) | k>max{r+t+1,2r+1,s+1,2t+1}
cler) < c(ve) < c(vr) < elea) < e(vy)
cler) <c(v1) < e(va) <elea) <c(vg) | k> max{r+2t+1,s+ 1}
cler) < c(v1) <cler) <e(va) <e(vg) | k>max{r+t+1,s+t+1,3t+1}
c(e1) < c(v1) < cea) < c(vo) < cva)

Hence, for any path of order n > 3, by Lemma 1.1, the [r, s, t]-chromatic number
is bounded from below by the minimum of all these values (where there is no need to
consider values larger then any other).
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k > min{ max{r + 2t + 1,s + 1},
max{r + 1,s + 2t + 1},
max{r +t+1,s +t+ 1,2t + 1},
max{r+t+1,2r+1,s+ 1,2t + 1},
r+s+t+1}

Observe that, if r < s+2t, s <r+2t andt <r+s,
k>min{r+2t+1,s+2t+ 1,max{r+¢t+1,s+t+ 1,2t + 1}, max{r +t+1,2r +
1,8+ 1,2t +1}}.

Observation 2.1.3. If we consider paths that include, as a substructure, a
edge-vertez-edge-vertez-edge chain (paths of order greater of equal to 4), the same
lower bound is also given, exchanging v and s in all cases (considering the same
constellations with the following changes: v; — e;41 and e; — v;).

k > min{ max{s + 2t + 1,r + 1},
max{s+ 1,7+ 2t + 1},
max{s+t+1,r+t+1,2t+ 1},
max{s+t+1,2s+ 1,7+ 1,2t + 1},
r+s+t4 1}

Andifr <s+2t, s<r+4+2t andt <r+s,
E>min{s+2t+1,r+2t+ 1,max{s+¢t+1,r+¢t+ 1,2t + 1}, max{s+¢t+ 1,25+
1,7+ 1,2t 4+ 1}}.

2.2. GENERAL LOWER BOUNDS FOR xr,s,7(Pn)
Lemma 2.2.1. Ift<r<s<r+tand2r > s+t, then
Xrs,t(Pn) > s+t +1 foralln > 3.

Proof. By Observation 2.1.2, k > min{r+2t+1, s+2t+1, s+t+1,2r+1} = s+t+1. O
Lemma 2.2.2. Ift <r <2t 2r > s and 2r < s+ 1t, then

Xrs,t(Pn) > 2r+1 for alln > 3.

Proof. By Observation 2.1.2, k > min{r+2t+1, s+2t+1, s+t+1,2r+1} =2r+1. O
Lemma 2.2.3. If s >r, s >t and 2r < 3t, then

Xrs,t(Pn) > 2r+1 for alln > 4.
Lemma 2.2.4. Ifr > s, r >t and 2s < 3t, then

Xr.s,t(Pn) > 25+ 1 for alln > 4.
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To prove the previous lemmas we will show a detailed procedure to be often used
in this paper to solve similar situations. Let us call it “symmetric replacement”.

Observe that, in these lemmas, in the assumptions and the statements r and s
have been exchanged in all cases. Introducing a new notation: x;, y;, for all 7, are the
elements of the graph (vertices or edges) in the following order ...x1yi122y2 ... and
N(z) =rif z; is a vertex for all i and N(z) = s if x; is an edge for all ¢ (we use the
same convention for y;’s) — both can be reformulated together as follows.
Lemma 2.2.3/2.2.4.

If N(z) > N(y), N(z) >t and 2N (y) < 3¢, then
Xr.s,t(Pn) > 2N(y)+1 for all n > 4.

Observe that in this case the minimum order of the path for which the condition holds
is the same. But it will not be like this in general, so we will give the proof and then,
depending of the role of z; and y;, this value will be fixed.

Proof. Suppose that & < 2N(y). By Lemma 1.6, we may assume c(y1),c(ys) <
c(y2). Then c(y1),c(ys) < N(y) and N(y) + 1 < c(yz2) < 2N(y). By symmetry,
let us assume c¢(z2) < c(z3). Then c(y2) < c(z2) < c(x3) is not possible, because
N(z)+ N(y) +t+1>2N(y) + 1.

Case 1. ¢(x2) < c¢(y2) < ¢(x3). Then c(xz) < 2N(y)—2t, t+1 < c(y2) < 2N(y)—t and
c(y1),c(ys) < N(y) —t. Now 2N (y) — 3t < 0 implies ¢(y1) > c(z2) and c(y1) >t + 1,
a contradiction.

Case 2. c(x2) < c¢(z3) < c(y2). Then c(z2) < 2N(y) —t — N(z) and N(x) + 1
c(xzz) < 2N(y) —t. Now N(z)+t+ 1 > N(y) implies c(y3) < c(z3) and c(ys3)
2N (y) — 2t.

If there exists an x4, then 2N(y) — 3t < 0 implies c(x4) > ¢(y3) and c(x4) > t + 1.
Now 2N (y) —2t < t+ 1 implies ¢(z4) > c(z3) and ¢(x4) > 2N (z)+ 1, a contradiction.
If there exists no x4, but there exist an x; and yo, then 2N (y)—2¢t— N (x) < 2N (y)—3t
implies ¢(y1) > ¢(x2) and ¢(y1) > t+ 1. Now 2N (y) —t —2N(z) < 2N (y) — 3t implies
c(x1) > c(ze) and ¢(x1) > N(x)+ 1. Next N(y) —t < N(x)+ 1 implies ¢(x1) > ¢(y1)
and c(z1) > 2t + 1. Then ¢(yo) < ¢(x1) which implies ¢(yo) < 2N(y) — ¢ and on
the other hand, c¢(yo) > c(y1) implies ¢(yo) > N(y) +t + 1, a contradiction with
N(y) < 2t. O

<
<

Now let us analyze both situations:

If x; is a vertex for all ¢ (Lemma 2.2.4), we will be always in the situation where
v3 (z4) exists (because the existence of es (ys) has already been assumed). Hence,
the elements used are ey, vy, es,v2,e3 and vs, in other words, a path of order 4. So
Xrs,t(Pn) > 25+ 1 for all n > 4.

On the other hand, if z; is an edge for all i (Lemma 2.2.3), vy, e, v, €3,v3 and
eq4 were used in one situation and vg,e1,v1,e2,v2,e3 and vz in the other. Hence,
Xr.s.t(Pn) > 2r+1 for all n > 4.
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Lemma 2.2.5. If 2r < 3t and 2r < 2t + s, then
Xrs,t(Pn) > 2r+1 for alln > 5.

Proof. Observe that 2r < 2t 4+ s implies r <t +s/2 <t + s.
Suppose k < 2r. By Lemma 1.6, we may assume c(vg),c(v2) < c¢(v1). Hence,
c(vg),c(ve) <rand r+1<¢(vy) < 2r. By symmetry, we can suppose c(e1) < c(ea).
Then c(v1) < ¢(e1) < c¢(e2) is not possible because r + s+t +1 > 2r.
Case 1. c(e1) < ¢(v1) < c¢(e2). Then c(ey) < 2r —2t, r+1 < ¢(v1) < 2r — ¢ and
thus ¢(vg), ¢(v2) < r —t. Now 2r — 3¢t < 0 implies c(vg) > c¢(e1) and ¢(vg) > t+ 1, a
contradiction.
Case 2. c(e1) < c(e2) < ¢(v1). Then c¢(e1) < 2r —t—sand s+ 1 < ¢(ea) < 2r —¢.
Now 2r — 2t — s < 0 implies ¢(vg) > c¢(e1) and ¢(vg) >t + 1. Hence c(ey) < r —t.
If there exist an eg and v_1, r—t—s < 0 implies ¢(eg) > c(e1) and ¢(eg) > s+1. Then
r—t < s/2 < s+1 implies c(eg) > ¢(vg) and c(eg) > 2¢t+1. Thus e(v_1) < ¢(eg), which
implies ¢(v_1) < 2r —t. Furthermore c(v_1) > ¢(vg), which implies ¢(v_1) > r+t+1,
a contradiction.
If there exists neither eg nor v_1, but there exist an es, v, e4 and vy, then s+t+1 > r
implies ¢(v2) < c(ez2) and c(ve) < 2r — 2¢. Hence c(eg) > ¢t + 1. Then 2r — 3t < 0
implies c(e3) > c(v2) and c(ez) > ¢t + 1. Now 2r —t — s < ¢ implies c(e3) > c(e2)
and c(eg) > max{2s +1,s+t+ 1}. Thus, s+ 2t + 1 > 2r implies ¢(v3) < c(e3) and
c(vz) < 2r—t. Furthermore ¢(vsg) > c¢(vg) implies ¢(vs) > r+1. Then c(es) > r+t+1.
Now r + s+ ¢+ 1 > 2r implies c(eq) < c(es) and c(eq) < 2r —s. Next r+t+1 >
r+(r—s)+1>2r—simplies c(eq) < c(v3) and c(eq) < 2r — 2t. Then c(v4) > c(eq)
implies ¢(vg) >t + 1 and ¢(v4) < ¢(v3) implies ¢(vq) < 2r — 2t, a contradiction.
Hence, xrs,t(Pn) > 2r + 1 for all n > 5. O

Lemma 2.2.6. If 2s < 3t and 2s < 2t 4+, then
Xrs.t(Pn) > 25+ 1 for all n > 6.

Proof. Directly by “the symmetric replacement” in the proof of Lemma 2.2.5. O
Lemma 2.2.7. Ift<r <2t and s <r < s+t, then

Xrs,t(Pn) > 1 +t+1 foralln > 3.
Proof. By Observation 2.1.2, k > min{r—+2t+1, s+2t+1, r+t+1,2r+1} = r+t+1. 0O
Lemma 2.2.8. [ft<s<2tandr <s<r+t, then

Xrst(Pn) > s+t+1 foralln > 4.

Proof. We can use the lower bound given in Observation 2.1.3 and obtain k > min{s+
20+ 1, r+2t+1,s+t+1,2s+1} =s+t+1. O
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3. Xgr,s,7(Pn)
Theorem 3.1. If P5 is a path of order 2, then

r+1 if r>2t;
Xrst(P2) = 4 2t +1 if t<r<2t;
r+t+1 if r<t.

Proof. Since just one edge is considered in this case, Xxrs: = Xrs,¢ for all s and

s’. Then the proof is a direct consequence of Lemma 4 in [3], which shows that if

X(G) = 2 (which is the case):

r+1 if r>2t;
Xr0t(G) =2t +1 if t<r<2t;
r+t+1 if r<t.

Theorem 3.2. Ifr > s+ 2t, then
Xr.s.t(Pn) =7+1 for alln > 3.
Proof. The following colouring
(. t+1r+1,s+t+1,1,t+1,r+1,s+t+1,...)

shows that x,s:(P,) < 7+ 1 for all n. So, by Remark 1.5, we conclude that
Xr.s,t(Pn) =17 +1 for all n > 2. Observe that this includes n = 2 and r > s+ 2t > 2¢,
what has already been proved. O

Theorem 3.3. If s > r + 2t, then
Xrs,t(Pn) =85+ 1 for alln > 3.
Proof. Similarly, the following colouring
(. s+ 1,t4+1, 1, r4+t+1, s+ 1,t+1,1,...)
and Remark 1.5 show that x;.s(P,) = s+ 1 for all n > 3. O
Theorem 3.4. If s <r < s+t andr > 2t, then

Xrs,t(Pn) =7+t +1 for alln > 3.
Proof. The following colouring
(. t+1L,1,r+t+ 1+, 6+ 1,1, r+t+1,...)

shows that x, s (P,) < r+t+1 for all n. Observation 2.1.2 shows that k& > min{r +
2t4+1,s+2t+1,r+t+1,2r+ 1}y =r+t+1for n > 3. Hence, Xy s:(Pn) =7+t+1
for all n > 3. O]
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Theorem 3.5. If s+t <r <s+2t andr > 2t, then
Xrst(Pn) =5+ 2t+1 for alln > 3.
Proof. The following colouring
(.,t+1,1,s+t+1,s+2t+1,¢+1,1,s+t+1,...)

shows that x, s .(P,) < s+ 2t + 1 for all n, and a lower bound for n > 3 is given by
Observation 2.1.2, k > min{r+2t+1,s+2t+ 1,7 +t+1,2r+ 1} = s+ 2t + 1. Hence,
Xr,s.t(Pn) = s+2t+1 for all n > 3. O

Theorem 3.6. Ifr < s<r-+t and s> 2t, then

2r+1 if 2r<s+t forn=3;
Xr,s,t(Pn) :{

s+t+1 else.

Proof. Observation 2.1.3 gives the lower bound k& > min{s+2t+1,r +2t+1,s+t+
1,2s+1} = s+t+1 for n > 4 and an upper bound is given by the following colouring

(«...s+1,t4+1,1,s+t+1, 5+ 1, 6+1,1,...).

Hence, xrs:(Pn) =s+t+1 for all n > 4.
For n = 3, if 2r > s + ¢, Lemma 2.2.1 shows that x,s:(P;) = s+ ¢+ 1. And if
2r < s+ t, the following colouring

(1,2r+1,r4+1,1,2r4+1)

(observe that r 4+t > s > 2t implies 7 > ¢, therefore 2r > s) shows that x, s .(P3) <
2r +1. Then r < 2t (2r < s+t implies r < s —r +t < 2t, because s < r + t,
hence s —r < t) and s < 2r (s < r+1t < 2r). Hence, Lemma 2.2.2 can be applied to
conclude that x, s:(Ps) = 2r + 1. O

Theorem 3.7. If r+t < s <r+2t and s > 2t, then
s+1 if T<2tand (r<tor2r<s)forn=3;

Xrst(Pn) =% 2r+1 if s<2r <4t andr >t forn=3;
r+2t+1 else.

Proof. Observation 2.1.3 gives the lower bound k¥ > min{s+ 2t + 1,r +2t+1,s+t+
1,28+ 1} =r 4 2t + 1 and then the following colouring

(c.o,r+2t+1,t+1, L, r+t+1, 7+ 2t + 1,t+1,1,...)

shows that x, s ((Py) =7+ 2t + 1 for all n > 4.

For n = 3, if r > 2t, Observation 2.1.2 shows that k > min{r + 2t + 1,s + 2t + 1,s +
t+1,2r+1} =r+2t+1. Hence x,4(P3) =7+ 2t+ 1 with the previous colouring.
If » < 2t, one possible colouring is

(1,s+ 1,max{t + 1,r + 1}, 1, max{2r + 1,r + t + 1}).
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Hence, if ¢ > r or (r > ¢t and 2r < s), then by Remark 1.5 x, s:(P3) = s+ 1. On
the other hand, if » > ¢ and 2r > s, then by the colouring and Lemma 2.2.2 (because
r < (r+t)+t<s+t), xrs:(P3) =2r+1. O

Theorem 3.8. Fort <r,s < 2t, the following conditions hold true:
1. If n =3, then
r+t+1 if s<r;

Xrst(Ps) =< s+t+1 if r<sand2r>s+t;
2r +1 if r<sand2r<s+t.

2. If (3t < 2r, 3t < 2s forn >4) or (3t < 2r, 3t > 2s forn >5) or (3t > 2r, 3t < 2s
for n > 6), then
X'r,s,t(Pn) = 3t + ].

3. If 3t < 2r and 3t > 2s for n =4, then

(P,) = 2s+1 if 2s>r+1;
Xratiin/ = r+t+1 if 2s <r+t.

4. If 3t > 2r and 3t < 2s form =4 or 5, then

Xr,s,t (Pn) -

r+1  if 2r> s+t
s+t+1 if 2r<s-+t.

5. If 3t > 2r and 3t > 2s, then

2r+1  if (s<r form>5) or (r<s and 2r>s+t forn=4 or5);
2s+1  if(r<sforn>6)or(s<rand2s>r+t forn=4);
r+t+1 ifs<rand2s<r+t forn=4;

s+t+1 ifr<sand2r <s+t forn=4 orb.

Xr,s,t (Pn) -

Proof. Observe that in this case, we have a triple [r, s, t], which satisfies the conditions
of Lemmas 2.2.7 and 2.2.8, hence we have the lower bounds:
Xrst(Pn) >r+t+1foralln>3,if s <r, and xps:(Py) > max{r +¢t+1,s+t+
1} for all n > 4.

(1) If n = 3, then we distinguish the following three cases:

If s < r, then the following colouring:

(r+1,7+t+1,1,t+1,2t+1)

and the lower bound show that x, s:(Ps) =7+t + 1.
If » < s, then the following colouring;:

(s+1,s+t+1,1,t+1,2t4+1)
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shows that x,s¢(Ps) < s+t + 1. If 2r > s+ ¢, then by Lemma 2.2.1, x, s.(P3) =
s+t+ 1. And if 2r < s+ t, then P3 could be coloured as follows:

(1,2r +1,r41,1,2r+1),

which, together with Lemma 2.2.2, shows that x,s:(P3) = 2r + 1.
(2) If 3t < 2r or 3t < 2s, then the colouring

(., 2t+1,641,1,3t4+1,2t + 1,6+1,1,...)

shows that x, s :(Pn) < 3t+ 1 for all n.

Suppose k < 3t. Now if 3¢ < 27, then by Lemma 1.6, we may suppose c(vg), ¢(ve) <
c(v1). Hence, ¢(vp), c(v2) < 3t—r and r+1 < ¢(vy) < 3t. By symmetry, let us assume
c(e1) < c(ez). Then c(e2) > c(e1) > c(vy) is not possible, because r + s+t + 1 > 3t.
Case 1. c¢(e1) < ¢(v1) < c¢(ez). Then c(er) < t, r+1 < ¢(v1) < 2t and thus
c(vg), c(ve) < 2t —r. Then ¢(vg) > ¢(e1), which implies ¢(vg) > t+ 1, a contradiction.
Case 2. c(e1) < c¢(ez) < ¢(v1). Then c(e1) <2t —s and s+ 1 < ¢(ez) < 2t. And this
implies c(vg) > c(e1) and c(vg) >t + 1.

If there exist an ey and v_1, then c(eg) > c(e1) and ¢(eg) > s+ 1, thus c(eg) > ¢(vo)
and c(eg) > 2t + 1. Therefore, c¢(v_1) < c(ep) and c(v_1) < 2t, hence c(v_1) < ¢(vp)
and c¢(v_1) < 3t — 2r <0, which is a contradiction.

If there exists neither eg nor v_1, but there exist an es, vs, e4 and vy, then c(ve) < ¢(e2)
and c(ve) < t. Therefore, c(es) > c¢(ve) and c(eg) > t + 1, which implies c(eg) > c(e2)
and c(e3) > 2s + 1. This holds if and only if 3t > 2s.

In this case, ¢(vs) < c(ez) implies c(vs) < 2t and c(vs) > c(vq) implies c(vs) > r + 1.
Hence, c(eg) > r+t+ 1. Then c(eq) < c(e3) and c(eq) < 3t — s imply c(eq) < c(v3)
and c(eq) < t. Therefore, c(vs) > c(eq) and c(vg) > ¢+ 1, which implies ¢(v4) > ¢(v3)
and c(vq) > 2r +1 > 3t, a contradiction.

Hence, if 3t < 2r and 3t < 2s, then x,5¢(P,) = 3t+1 for all n > 4, and if 3t < 2r
and 3t > 2s, then x, s ¢(P,) = 3t + 1 for all n > 5.

If 3t < 2s, the application of “the symmetric replacement” in the proof of the case
3t < 2r shows that if 3¢t < 2s and 3t > 2r, then x, s:(P,) = 3t + 1 for all n > 6.

(3) It 3t < 2r and 3t > 2s for n = 4, the colouring

(t+1,1,r+t+1,s+ 1,1, max{2s + 1,7 + ¢t + 1}, r+1)

shows that x,s¢(Ps) =25+ 1, if 25 > r +t by Lemma 2.2.4. And if 2s < r + ¢, then
from the lower bound, x, s:(Psy) =7+t + 1.
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(4) If 3t > 2r and 3t < 2s for n =4 or 5, the colouring
(s+t+1,t+1,1,s+t+ 1, r+1, 1, max{2r+1,s +t +1},s+1,1)

shows that x,s:(P,) = 2r +1 for n =4 or b, if 2r > s + ¢ by Lemma 2.2.3. And if
2r < s +t, then from the lower bound, x, s +(P,) =s+t+1forn=4or5.

(5) Let 3t > 2r and 3t > 2s.

If s < r, then the colouring

(..,2r+1,r+1,1,2r4+1, 74+ 1,1,2r+1,...)

and Lemma 2.2.5 show that X, (P,) = 2r + 1 for all n > 5. If n = 4, then
we are basically in the same situation as in case (3). Hence, if 2s > r + ¢, then
Xrs,t(P1) =25+ 1 and, if 2s < r +¢, then x, s (P1) =7+t + 1.

If r < s, by Lemma 2.2.6, xrs:(FP,) = 2s+ 1 for all n > 6 with the colouring

(...,25+1,s+1,1,2s+1,5s+1,1,25+1,...)

and, if n = 4 or n = 5, we could use the same argument as in case d). Hence, if
2r > s +t, then x,s.(Py) = 2r + 1 for n equal to 4 or 5, and if 2r < s + ¢, then
Xr.s,t(Pn) =5+ 1t+1 for n equal to 4 or 5. O

Theorem 3.9. If s <t <r <2t and s <r, then

s+2t+1 if s<2r—2tand ((r>s+tandn>3) orn>5);
Xrs,t(Pn) =13 2r +1 if s>2r—2t andn >5;
r+t+1 otherwise.

Proof. a) If s < 2r — 2t, then the colouring
(c.o,s+t+1,1,t+1,s4+2t+1,s+¢+1,1,t+1,...)

shows that x,s:(Pn) < s+ 2t+ 1 for all n.

If r > s+t, then Observation 2.1.2 gives the lower bound k > min{r +2t+1,s+
204+ 1,r+t+1,2r+1} = s+ 2t + 1, for n > 3. Hence, X, s,(Pn) = s+ 2t + 1 for all
n> 3.

If r < s+t, suppose k < s+ 2t, which is at most 2r. Then, by Lemma 1.6, we may
assume c(vp), c(v2) < ¢(v1). Hence ¢(vg), ¢(v2) < s+2t—r (observe that s+2t—7r > t)
and r+1 < ¢(v1) < s+ 2t. By symmetry, let us assume c(e1) < ¢(ez), then c(ey) < 2t
and s+ 1 < ¢(ez) < s+ 2t.

Case 1. c(ez) > c¢(v1). Then r +1 < ¢(vy) < s+t and thus ¢(e;) < ¢(v1) and
c(e1) < s. Then c(vg) > c(er) implies c(vg) > t + 1 and now ¢(vg) < ¢(vy) implies
c(vg) < s+t —r, a contradiction.
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Case 2. c(e2) < c¢(v1). Then s+ 1 < c(ea) < s+t and ¢(e;) < t. This implies
clvg) >cler), t+1<ec(vg) <s+2t—randeg <s+t—r.
If there exist an ey and v_q, then c(eg) > c(e1) and c¢(eg) > s+ 1. Thus c(eg) > ¢(vp)
and c(eg) > 2t + 1. And thus c¢(v_1) < c(eg), which implies ¢(v_1) < s+t and
c(v_1) > ¢(vg); hence ¢(v_1) >+t + 1, a contradiction.
If there exists neither eg nor v_1, but there exist an es, vs, e4 and vy, then c(ve) < c(e2)
implies c(vz) < s and ¢(ez) > t+ 1. Then c(ez) > ¢(vz) and c(es) > ¢ + 1 and thus,
c(es) > c(ez) and c(ez) > s+ ¢+ 1. Then c(vs) < c(es), hence ¢(vs) < s+¢. And
c(vz) > c(v2) thus ¢(vs) > r + 1, which implies c(eg) >+t + 1. Then c(eq) < c(e3)
and c(eq) < 2t. Hence c(eq) < c(v3), c(eq) < s and c(vs) > c(eq), which implies
c(ve) > t+1, c(va) > c(vs) and ¢(vsa) > 2r + 1, a contradiction.

Hence, xrst(Pn) =s+2t+ 1 for all n > 5.

b) If s > 2r — 2t, then the colouring

(..,r+1,1,2r+1,r4+1,1,2r+1,r+1,...)

shows that x,s.:(P,) < 2s + 1 for all n. Now Lemma 2.2.5 may be applied, hence
Xrs,t(Pn) =2r +1 for all n > 5.
c)If s >2r—2tor (s <2r—2tand r < s+t) and n < 4, then the colouring

(t+1,1,r+t+1, 6+ 1,1, 7 + ¢+ 1,r4+1)

and Lemma 2.2.7 show that x, s .(P,) =7 +t+1 for n = 3,4. O

Theorem 3.10. Ifr <t < s <2t and r < s, then

r+2t+1 if r<2s—2tand ((s>r+1t andn>4) orn > 6);
2s +1 if r>2s—2t andn > 6;

2 + 1 if n=3;

s+t+1  otherwise.

Xr,s,t(Pn) -

Proof. a) If r < 2s — 2t, then the colouring
(coo,r+2t+ 1,641, L, r+t+1,r + 26+ 1,841,1,...)

shows that X, s:(Pn) <7+ 2t+ 1 for all n.

If s > r+t, then by Observation 2.1.3, k > min{s+2t+1, r+2t+1, s+t+1,2s+1} =
r+ 2t + 1. Hence, Xy s:(P,) =7+ 2t + 1 for all n > 4.

If s < r+t, then by “the symmetric replacement” in the proof of Theorem 3.9,
for r <s+1t, xrs:(Pn) =7+2t+1 for all n > 6.



[r, s, t]-Colourings of paths 147

b) If r > 2s — 2t, then the colouring
(c..,8+1,1,2s+1,s+1,1,2s4+1,s+1,...)
shows that x,s:(Pn) < 2s+ 1 for all n. Hence, by Lemma 2.2.6 x,s:(P,) =25+ 1
for all n > 6.

c)Ifr>2s—2tor (r<2s—2tand s <r+t)and n =4 orn =25, then the
colouring

(2t+1,t+1,1,s+t+1,s4+1,1,s+t+1,s+ 1,1)

and Lemma 2.2.8 show that x, s :(P,) =s+t+1forn=4or 5.
d) If n = 3, then the colouring

(1,2t +1,t41,1,2t+1)

shows that x, s :(Ps) < 2t + 1. By Observation 2.1.2, we get k > min{r + 2t + 1,s +
2t+1,s+t+ 1,2t + 1} = 2t + 1. Hence, X s.(Ps3) =2t + 1. O

Theorem 3.11. Ifr,s <t <r+s, then
Xr.s,t(Pn) =2t + 1 for all n > 3.
Proof. The colouring
(oot +1,1,264+1,6+1,1,2¢4+1,t+1,...)
shows that x,s(P,) < 2t + 1 for all n. By Observation 2.1.2, we get k > min{r +

20+ 1,s+2t+ 1,2t +1,2¢+ 1} = 2t + 1 for all n > 3. Hence, x5, (P,) = 2t + 1 for
all n > 3. O

Theorem 3.12. Ift > 1+ s, then
Xrst(Pn) =r+s+t+1 foralln > 3.

Proof. By Remark 1.5, the bound x,s+(P,) < r+ s+t + 1 holds for all n, because
the colouring

(.o,r+s+t+1L,Lr+t+ v+, r+s+t+1L,L,r+t+1,...)

is always possible. Then, by Observation 2.1.2, k > min{r + 2t + 1,s + 2t + 1,2t +
1,2t+1,r+s+t+1} =r+s+t+1. Hence, Xy s.:(Pn) =r7+s+t+1foralln>3. O
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All results presented in this section are summarized in Table 7.

Table 7
Xir,s,¢](Pn) [Size | Conditions
r+1 2| r>2t
2t+1 21 t<r<2t
r+t+1 2| r<t
r+1 >3 | r>s+2t
s+1 >3 |s>r+2t

r+t+1 |23 | (s<r<s+t)A(r>2t)
s+2t+1 |23 | (s+t<r<s+2t)A(r>2t)

2r + 1 3| (r<s<r+t)A(s>2t) 2r <s+t

s+t+1 |>3 2r>s+tvn>4
s+1 3l (r+t<s<r+2t)A(s>2t) r<2AA(r<tV2r<s)
2r +1 3 S<2r<4tANr>t
r+2t+1|>3 r>2tVvn>4
r+t+1 3|t<rs<2t s<r

s+t+1 r<s 2r > s+t

2r+1 2r < s+t

3t+1 >4 (3t <2r A3t < 2s)V

(Bt <2rA3t>2sAn>5)V
(Bt >2r A3t <2sAn>06)

2s+1 4 St<2rAN3t>2s | 2s>r+t
r+t+1 2s <r+4t
2r +1 4.5 St>2r N3t <2s | 2r>s+t
s+t+1 2r<s+4t
2r +1 >4 B>2r A3t >2s | (r<sA2r>s+tAn=4,5)
V(s <rAn>05)
25 +1 >4 (s<rA2s>r+tAn=4)
V(r < sAn>6)
r+t+1 4 s<rA2s<r+t
s+t+1 |45 r<sA2r<s+t
r+t+1 34| (s<t<r<|r<s+tVs>2r—2t
20N (s <)
s+2t+1 >3 s<2r—2tA(r>s+tvn>25)
2r+1 >5 s>2r—2t
2t +1 3| (r<t<s<
200N (r <s)
s+t+1 |45 s<r+tVr>2s—2t
r+2t+1 (>4 r<2s—2tA(s>r+tVn>06)
2s+1 >6 r>2s—2t
2t +1 >3 | rs<lt<r+s

r4+s+t+1 |>3 [ t>r+s




[r, s, t]-Colourings of paths 149

REFERENCES

[1] Brooks R.L., On colouring the nodes of a network, Proc. Cambridge Phil. Soc. 37 (1941),
194-197.

[2] T.R. Jensen, B. Toft, Graph Coloring Problems, Wiley-Interscience, New York 1995.
[3] A. Kemnitz, M. Marangio, [r,s,t]-Colorings of Graphs, Discrete Math., to appear.

[4] V.G. Vizing, On an estimate of the chromatic class of a p-graph, Diskret. Analiz. 3
(1964), 25-30.

[5] D.B. West, Introduction to Graph Theory, 2nd ed., Prentice-Hall (2001).

[6] H.P. Yap, Total Colourings of Graphs, Springer (Lecture Notes in Mathematics; 1623)
(1996).

Marta Salvador Villa
salvador@mathe.tu-freiberg.de

Graduiertenkolleg “Raumliche Statistik”
Technische Universitat Bergakademie Freiberg
09596 Freiberg

Ingo Schiermeyer
schierme@tu-freiberg.de

Institut fiir Diskrete Mathematik und Algebra
Technische Universitdt Bergakademie Freiberg

09596 Freiberg

Received: November 22, 2005.



