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APPROXIMATION PROPERTIES
OF SOME TWO-LAYER FEEDFORWARD
NEURAL NETWORKS

Abstract. In this article, we present a multivariate two-layer feedforward neural networks
that approximate continuos functions defined on [0,1]%. We show that the L; error of
approximation is asymptotically proportional to the modulus of continuity of the underlying
function taken at \/a/n, where n is the number of function values used.
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1. INTRODUCTION

Currently analyzed issues related to neural networks have already raised unusually
vast interdisciplinary interest. In the scope of neural network construction, one of the
classical problems is the ability to recognize patterns and to approximate functions.
And as vast and multi-faceted is the neural network issue itself, so multiple are the
approaches to the function approximation issue.

In the late 1980s and early 1990s, several important papers discussing neural net-
works as universal approximators were published ([3,5-8,12]). However, these results
were of purely extentional nature. In following years, the search for constructive
results was launched.

The construction of Kolmogorov networks, for which the initial problem concerned
the non-triviality of an activation function (see [13]) deserves a special emphasis here.
Another research direction deals with sigma-pi networks (see [10,11]). Examples of
such constructions include the Cardaliaguet-Euvrard operator, utilizing a bell-shaped
function as an activation function (see [1,2,4]). The majority of research into the
constructive approach has been dealing with feedforward networks. (Certain similar
results are included in, e.g., [9,13,14]).
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The uniformity of a neural network seems a natural requirement for the construc-
tion thereof. It is a common belief that if a network is to be of any use, it should
consist of thousands of interconnected basic elements. The uniformity condition may
be understood as the applicability of the same non-decreasing and bounded activation
function to all network elements.

To the best of the author’s knowledge, there is no construction of approximation
functions under the assumptions stated above. In the paper, a construction of a
two-layer feedforward neural network is presented. The rate of convergence in the Ly
norm is also estimated.

2. PRELIMINARIES AND A DEFINITION OF A MULTILAYERS
FEEDFORWARD UNIFORM NEURAL NETWORKS

We have to begin with the following notations. In R¢, we consider a natural partial
order, i.e., for a = (a1,...,aq4) € R and B = (B1,...,04) € RY, we write a < 3 if
and only if a; < 3; for every i = 1,...,d.

Throughout the paper, [a] stands for the integral part of @ € R. For a =
(a1,...,aq) € R we set || = a; + ... +ag, a+1 := (a; +1,...,0p, + 1),
a—1:=(a; —1,...;0, — 1), [a] := ([a1],---,[an]), Jn := {0,1,...,n — 1} and
Jre={1,...,n— 1}

In what follows, we use the symbol w¢ to denote the continuity modulus of f, i.e.

wr(d) = sup |f(z) = f(y)l,
z,y€[0,1]4|lz—yl[2<6

where || - ||2 is the standard Euclidean norm in R<.

For two non-negative sequences, we will use the Landau symbol: a,, = O(b,) to
mean that there exists a positive constant C such that a,, < Cb,, for large n. We write
ap, ~ by, if and only if a,, = O(b,) and b, = O(ay).

Now we recall and introduce definitions of some classes of neural networks.

Definition 2.1. A non-decreasing function o: R — [0,1] is called a sigmoidal func-
tion, if limy_, oo o(x) =0 and limy_, ;o o(x) = 1.

Definition 2.2. Fix m,n,l € N. Let o; fori=1,...,1 be a sigmoidal function and
let ays, 0;, by be real numbers fori =1,...,1, k=1,...,nand j = 1,...,m. Let
®: R™ — R — R™ be given by

l m
CI)k(:C) :Zakiai <9i+zbij$j>7 xr = (ml,...,mm) ERm,
i=1 j=1

where @y is the k-th coordinate of ®. We call any function ® so defined a one-layer
feedforward neural network. We also say that m is the amount of the input units, [
s the number of the hidden units and n is the number of the output units.
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Using a matrix notation, Definition 2.2 can be rewritten as follows:

O(x) = AX(O + Bz), xe€R™,

where ¥ = [01,...,09]T is a vector-valued function with sigmoidal coordinates, © =
[01,...,6,]T is a vector of activation coefficients (biases), A € M, x;(R) and B €
Mym (R).

Definition 2.3. By a feedforward two-layer neural network we mean any superposi-
tion of two feedforward one-layer neural networks.

Likewise, one can define a feedforward n-layer neural network as a superposition
of n one-layer neural networks.

Remark 2.4. We can write any two-layer network in the following way:
O(z) = A¥5(02 + BX1(01 + Cx)). (1)
Indeed, assume that ®1: R™ — Rt — R™ gnd $o: R™ — R2 — R™ are two
feedforward one-layer neural networks given by:
Dy (r) = A131(01 + Bix), = €R™,
Dy(x) = AX9(Og + Box), x € R™2.

Then
(DQ o (1)1(1‘) = AQZQ (@2 + BzAlZl(@l + Bllﬂ))

Now, to obtain desired equality (1), it suffices to set Ag := A, By := C and B :=
B2A1.

Let us note that @5 0 ®1 calls for some comment. This superposition makes sense
in the case of ni = meo, which means that the number of output units of the first
network is equal to the number of input units of the second network. We can write

Py 0 Pq: R™ — R — Rl2 — R"2,

where my is the number of input units, ly is the number of units of first hidden layer,
lo the number of units of second hidden layer and nsy is the number of output units.

Definition 2.5. Assume that the same sigmoidal function o appears in every layer
Yk (k=1,...,n) of a feedforward n-layer neural network, i.e.,

1 =(0,...,0),2=(0,...,0),..., %, =(0,...,0).

We say that such network is a uniform neural network.

3. THE MAIN RESULT

Take a sigmoidal function o. Let us fix natural numbers n, s, r such that s > 1, r > d
and a € J,,. We now define the function o%: [0,1]¢ — R by

ol(x) = U(ns (; —d—&—zd:a(nr(xk - O;f)))), x = (x1,...,2q4) € [0,1]%
k=1
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Now we are in a position to construct the desired operators. We use the symbol
C([0,1]%) to denote the set of all real-valued continuous functions defined on [0, 1]¢.

Definition 3.1. Fiz a sigmoidal function o. Let us define a sequence of operators
{B,}, on C([0,1]%). For everyn € N, f € C([0,1]¢) and z € [0,1]¢ we set

Bufw)= Yoon@) Y (-uleelp(D), @)
aeld, BeEJn;a—1<B<la

The above sequence is in fact a sequence of correspondent two layers feedforward
uniform neural networks with a 1 — d outputs.

Remark 3.2. One can easily deduce from (2) that
B _
Buf@)=Y_f(5) X ()i
BETn a€Jn;B<lalf+1
The formula for B,, closely resembles the Bernstein operator for polynomials.

The main result of this paper is the following theorem.

Theorem 3.3. Let f be a continuous function on [0,1]%, and let o be a sigmoidal
function such that 1 — o(n®) = O(-%) and o(—n*) = O(%). Then there exists a
sequence &y (o) > 0 such that
Vd
1Buf = fllir wp(25) + 1 fllocba(o)
and lim,, o &, (0) = 0. Moreover, &,(0) = O(=7).

nr—d

4. THE PROOF OF THE MAIN RESULT

Before we go into the proof of the main theorem, let us start with some usual lemmas
and remarks.
Remark 4.1.
S5 ()=o)
n n
aEJnalne e, ;a—1<<a
Proof of Remark.

OIS SRR RN CO RS SR C D DI G

a€Jp;alne feJn;a—1<B<a BEJn;B<nx acJp;asnz;B<alf+1

RN NP M

BETn;B< ] BHvETn;B+y<[na];0<y<1
(3)
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Notice that if § < [nz] (8 < [nz] but 8 # [nz]), then there exists i € {1,...,d} such
that 8; < [ne;] and this implies that 3; + 1 < [nz;], too. So the sum

Z (_1>M
BHYETn;B+y<[na];0<y<1
consists of elements of the form
(_1)\(717~--m71,0m+17---,w)| + (_1)|(71,-~m7171m+1,~-m)\ —0.
Therefore, sum (3) is reduced to a single component for 3 = [nz]. Then there is only

one v = (0,...,0) that satisfies all conditions S+~ € J,, 4+~ < [na] and 0 < v < 1.
Thus (3) is equal to f( [m]) which completes the proof of the remark. O

Lemma 4.2. Let o be a sigmoidal function such that 1 —o(n®) = O(-%). Then there
exists a sequence £L (o) > 0 such that

[ Y (-awege
[0,1)¢ a€Jp;alne
and lim,, o, £L(0) = 0. Moreover, £} (0) = O(—2).

nr—d
Proof. Let [2,84)d = [Bu Bubly oo [Be Batl) - Observe that [0,1]7 =

3 BJr n’® n n’ n
UBEJ,L[ ] Now

[ X - Z(— (v (—d+Z( (11 25) o=

0,14 acJy;alne [0.1]d o<
1
B (el a2
BEJIn (=5 aEJ a<[nz] B

- > [ (e (_d+ia(n (- ) o =

BeJ, acd,;a<l n =1

SRSl AU AT )

BEJ aEJn,a<ﬁ

S Jtn - /Wl]d(l_g( 7_d+z r0)) )t =

yEJn =1 717 n
=W;*IH1 n—%/[,w:l]d (l—a( ,_d+z nty)) ))dt+
d S1 ) d
+ Z H(n—%)/ (1—U<ns(2—d+ZU(n7'tk)))>dt
NET N\ 1=1 (2,2t P

Sa



64 Michat A. Nowak

Denote

T ::max{O,sup{x o(x )<1—$}}.

Therefore, if z > T4, then o(z) > 1— L.
Let v = (v1,...,7q) € J; then v; € {1,...,n—1} for j = 1,...,d. Assume that
t € [2, 2] then n"t; € [y;n L, (; + 1)n" 1], so n"t, > n"~! and, because o is

n?

Bl
non-decreasing, we get: o(n"ty) > o(n""') > 1 — 4 for n > Ty '. Therefore, if

1
n > Ty, then we can estimate Zi:l o(n"t;) > d(1 — ) =d— % and we obtain

1—a(ns<;—d+éa(n"tj)>) < 1—0<ns<;—d+d—i>> _ 1—0(718). ()

Then by (4), for every n > T , there is

Sy :w;;f[l@—%) /[Zﬂn“]d <1—a<ns(;_d+§a(nrtk))>>dt§
< (n—1)n dnl (1—0(n5(;—d—|—kzdla(nr))>> <

cto (i oo (b arai- D)) (s o) et

Note a simple fact.
We get lim,, o, 1 (0) = 0. Moreover, there is

o) =1 (1 o)) a1 o(%))

The assumption of Lemma 4.2 implies that
limy, oo 0" (1 — (%)) = 0, 80 lim, oo n" "% (0) = 0 and &1 (o) = O(=).

nr d
Next we estimate

=Y H (n— ) / s <l—o<ns(; _d+ia(nrtk))>>dt<

yEJp \J*l 1 n

o ol LY G (R (YRS et I
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The last inequality is satisfied, because the function o is non-decreasing. Notice
that the number of components of the sum Ss is equal to n? — (n —1)¢ and H?Zl(n —
) < n for every v = (71, ...,74) € Jn. Therefore,

1 d
<1 - a(nS(5 —d+) J(nrtk)))>dt =
k=1
d
= (n? = (n - 1)Hnin=d" /[Omr_l]d (1 - O’(Tls(% —d+ ];O'(yk)))>dy =
N (nd - (n - 1)d)nid(ril) (‘/[OmT—l]d\[ThnT—l]d <1 - U<ns (% —d * Zg(yk))>> dy+

k=1
+ /m,nr—l]d (1 - a(ns(% —d+ g:lo—(yk))))dy)

If yo > Ty, k=1,...,d, then 22:1 o(yr) = d — ; because of the definition of

Ti. So o(n®(3 —d+ ZZ:1 o(yr) < o(%) ify = (y1,...,ya) € [T1,n""]%. Because
o > 0, by the above consideration, we can continue the estimation for Ss:

Sy < (n — (n—1)%p=dr=b (/ dy +/ (1 - U(Z))dg) =
[O,TLT_l]d\[Tl,n’"_l]d’ [T ,nr—l]d

=n?—(n-1)% (1 - (1 - n?i1)d + (1 - nfil)d(l B U(T))) = &)

Now we estimate
n“d@llz(a):n“d (nd —(n— l)d) <1 — ( — n?il)d + (1 — n?i1>d(1 — O’(T))) ~

T n’ 1 n®
r—d _d—1[ +1 _ e — o7 _ o
n' " n <nT—1+<1 a(4)>) T1—|—nn <1 o<4)>.

Again, by the assumption of Lemma 4.2, we obtain n"~9¢12(s) ~ T}, which means
that £3%(0) = O(27).
Now we set £ () := €L (o) +€12(o), which completes the proof of Lemma 4.2. [

Sy < (n® — (n — 1)d)nd/

(0,317

‘n

Lemma 4.3. Let o be a sigmoidal function such that o(—n®) = O(:%). Then there
exists a sequence £2 (o) > 0 such that

[ Y awdia<do
[0.,1] a€Jy;~(alnz)

and lim,, o, £2(0) = 0. Moreover, £2(0) = O(—=7).

nr
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Proof. There is

3 dx—/ 3 a<n (;—d+z @ xk—)>>dx:

[0.1]¢ a€ ]n,ﬂ(oz<n:c) [0.1]¢ a€Jy;o(alnz)

-y, > a(ns(;quio(nr(xkO:))))dx

geJ, 5

a€Jn;—(alnx) k=1
1 d «
= / ( ( —d+ O’(TLT (@ — )))) dx =
EWEESY 2 n
ﬂEJ,L aed, ﬁ(a<6) n)n k=1

= > /ﬁ R (n(; —d-l—io(n"tk)))dt:

BETn a€dpn;—~(a<lB)

_Z Z /[7 s ( f—d—i—z Tt/c))

BETn B—~ETpn;—(0<y)

Leti=1,...,2%—1. Then i can be represented in the binary system. i = (iq,...,i1)s,
where i; = [557](mod2); i.e., we can write i = Ed 2971i;, where i; = 0,1 for every
j=1,...,d. Now denote v € J,(4) if and only 1f% €{0,...,n—1} for i; = 0 and
v €{-(n—-1),...,—1}fori; =1byj=1,...,d Addltlonally, ~ € JX (i) if and only
ifv; €{0,...,n—1} fori; =0and v, € {f(nfl),...,fQ} fori;=1byj=1,...,d.
We now may continue the estimating process:

241 1 d

o= n*(= —d+ a(n’”tk)))dtg
; ﬁ; B wegeJ,L /[” ”“]‘l 2 ;
291

<Z Z/M# o (n*( ——d+z w't)) ) dt =

RO

291 d
1
= E (nd E /[w ’Y+1]do.<ns(§_d+ E a(nrtk))>dt+
i=1 vedn iy k=1

S1(2)
G S

Sa (1)

+nd

YEIn (D\J7 (4)

Now for a given i = 1,...,2¢ — 1, denote:
[i] :==d1 4+ ...+ iq,

T5(i) := min{O,inf {x to(z) >1— %}}
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Therefore, if @ < Tz(i), then o(z) <1 — 4| -
Let v = (y1,...,7a) € J;i(i); then v; € {0,1,...,n — 1} for i; =0
and y; € {-n+1,...,-3,—2} for i; = 1. Assume that ¢t € [X, 2] then n"t; €

n’> n
[v;n™" Y (v; + Dn" . If 45 > 0, then n"t; < (y; + 1)n"~! and o(n"t;) < o((y; +
1)n"~1) < 1, because o is non-decreasing and bounded by 1. Moreover, there is #{ j
v; >0} =d—|i]. If v; < =2, then n"t; < —n""! and o(n"t;) < o(—n""') <1-— 4‘ I

for n > (—Th(i))71. Therefore, we can estimate 22:1 o(n"t;) < d—|i|+]i |(1—m)

d— Z and we come to

a<n(; d+]§a(n%j))> SU(nS(; d+di)> —o(-%),  ©

when n > (—Tg(i))ﬁ. Then by (5), for every n > (—Tg(i))ﬁ, there holds

5 [ s e

yEJX (i) Y tn T k=1
nd -n’
dt <
Z /_"H’l]da.( 4 > o
YEJA () T
< nd Z nda<_j )S
yeJ (1)
< ntlil(n - 1)l (‘Z ) =: 21(i)(o).

Thus lim, o £21(i)(0) = 0.
Moreover, there is

€21 (i) (o) = n" 0 (n — 1)Vl (‘Z) <o (‘Z) .

By the assumption of Lemma 4.3, we obtain lim, . n" 0( Zf) = 0, so

limp, oo 0”42 (i) (0) = 0 and €21(i)(0) = O (77=2)-
Next, observe that

Sp(i)=n? Y / ((—d+z Ttk)>dt<

e Tn NIz () [

<n /[O]d( f—d+d—\|+ 3 a(nrtk)))dt.

YEJTn( )\1*(1 k=1,...,d;ip=1
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Since the function o is non—_decreasin_g, the latter inequality holds true. Note that
#(Jn (i) \ T2 (i) = n® — nd=lil(n — 1)1, Therefore, we may proceed as follows:

Sy (i) < (n? —n?lil(n — 1)|i‘)nd/ O’(TLS (% —d+d— il + Z a(nrtk)>> dt=

1
[—+,0)4 k=1,...,dsip=1

= (n? — n@lil(n = 1)lhpdp—dr /[nr1 o]da (ns (% — i + Z U(yk))> dy=

k=1,...,dsir=1

= (n4— nd—\z‘l(n — 1)|i\)n—d(r—l).

1
. oln®(=—i| + o(yw) )dy+
(\/[_nr—l70]d\[_nr—17T2(i)]d < <2 Z )

k=1,....d;ip=1

’ ‘/[—nr_l,Tg(i)]d J(ns (% — i+ Z U(@/k)))dy) <

k=1,....dsir=1

< (nd _ nd—m(n _ 1)|i\)n—d(r—1) / dy—|—
[=nr=1,0[4\[-n" =1, T2 (i)]4

1 3
+ n* (= =il + il(1 - ==)) )dy |,
/[nr—l’Tz(i)]do-( (2 | | | |( 4|’L|))> y)

because 0 < 1 and o(yx) < 1-— ﬁ if yr, < To(i), which is the case in the last integral.

We can continue the estimation for S3(7) :
Sa(i) < (nd — =l — 1)|i|)n*d(“1) (nd(rl) —(n"+ Tg(i))d+

+ (7t Tg(i))do( - Z))

- (nd —ndlil(n — 1)'“) (1 - (1 + :ﬁ@)d + (1 + :i(_il))da( -

=: 62(i) (o).
Now we estimate:

g2 (0) () = ' (1)) (1_ () () (‘@) )

—d a1 —Ta(i) n® . 1 n®
r—d, d—1 2 _ — T —
n""n (nr_l +J( T )) = —Th(i) + —n ol 1 ).

Once more, by the assumption of Lemma 4.3, there is n"~9¢22(i)(0) ~ —T5(4),
which means that £}%(0) = O(=7=).

Denote £2(0) = Zi;l(ﬁl(l)(a) + €22(i)(0)), which completes the proof of
Lemma 4.3. O

IS
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Proof of Theorem 3.3. Notice that

Bufw)= Y onw) Y (D) =

n
a€Jn BEJn;a—1<pB<La

Yoo Y nei(D)s

a€Jp;asnz BEJn;a—1<pB<La

fY aw Y (B -

a€Jp;—(a<lnz) Be€Jn;ja—1<p<a

- Z Z (_1)|a—5\f(§)_

aEJp;a<nz BEJn;a—1<fla

S SRR D SR S i G

0T a<nz BeJna—1<f<a
Y aw Y cop(d),
a€pi—(a<nz) BeTnia—1<f<a "

Now using Remark 4.1, we can write

Buf(w) = f(x) ~ (f(x) - f(M))_

n

) apl oD
- Y a-okxy Y (- B'f(ﬁ)+ (6)

a€Jdp;asnz BEJn;a—1<p<La

Y aw Y coep(d),

a€Jp;~(anz) BEJn;a—1<p8<a
Next we estimate

[na]

1Buf = fllo < /[0 d ‘f@:) - f() ‘ do-+

n

+ (1—0o"(z)) > (1)'&%@(5) dz+

1]
n
017 e g, a<na BeTn;a—1<p<a

+/[0’1]d > olx) > (1)aﬁf<§> dx

a€Jp;~(a<nr) BEJn;a—1<p<x

cor() ez (f X acaes [ 5 aw).

d
acdy;alne [0,1] a€Jp;~(alnz)

The latter inequality calls for some explanation. Namely, since ||z — @HQ < %

for every x € [0,1]¢, we obtain || f(z) — f(@)” < wf(\/a). This, when combined

n
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with the fact that #{8 € J,, @ —1 < 3 < a} < 2% for fixed a € J,,, implies that the

desired inequality holds true.

In order to finish the proof of Theorem 3.3, it is sufficient to use Lemma 4.2 and

Lemma 4.3.

Finally we set &, (o) := 2¢(¢} (0)+€2(0)) and the proof of Theorem 3.3 is complete.

5. EXAMPLE

We deal with a special case of a function ¢ of “signum”-type:

0, <0,
o@)=91 >0

Then 71 = 0, £ = €12 =0 and To(i) = 0, £21(i) = €22(i) =0 for i = 1,...

Consequently, &, (o) = 0. This implies that inequality (3.3) has the form:

1Bof — fllo < wf(g).

Indeed, for o as in (7), ¥ takes values 0 or 1. We proceed as follows

o(x) = 1@0(713 (; —d+ zd:o(n’"(xk — O:f)))) =le

O

®n<9<;—d+zd:a(n(k—)>>0@z ( k—;))Zd—%@

d
@Zo(nr(xk—%)>:d©xk>% VeE=1,...,ns a<nz.

From (6), we get

B.f(@) = (22
ae]n1a<nx BEJn;a—1<pB<la

2) -
Y aw Y o),

Jni=(as<nz) BeJIn;a—1<p<a

I B D S i o T
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Notice that in the case of sigmoidal function given by (7), the second and third
summands of the above sum are equal to 0. Therefore, the values of B,, are step

functions:
[na]

B.f(@) = f(=2).

n

Indeed, for these functions the rate of convergence is less then or equal to wy (%)
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