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ON THE ASYMPTOTICS
OF THE DIFFERENCE EQUATION
WITH A PROPORTIONAL DELAY

Abstract. This paper deals with asymptotic properties of a vector difference equation with
delayed argument

Amk:A$k+BCL‘L)\kJ7 0<A<l, k=0,1,2,...,

where A, B are constant matrices and the term |Ak] is the integer part of Ak. Our aim is
to emphasize some resemblances between the asymptotic behaviour of this delay difference
equation and its continuous counterpart.

Keywords: asymptotics of difference equations, approximation methods for dynamical sys-
tems.
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1. INTRODUCTION
In this paper, we consider the vector delay differential equation
x(t) = Ax(t) + Bx(At), 0<A<l, teo,c0) (1)
and its difference analogy
Axy = Axy + Bx,y,, k=0,1,2,..., (2)

where A and B are nonzero n X n complex matrices, A\ is a real scalar, x; means
x(k) and A\, = [Ak], K =0,1,2,... (the symbol | | denotes the integer part). In the
scientific literature equation (1) is usually referred to as the “pantograph equation”.
The name of this equation goes back to the paper of Ockendon and Tayler [12], in
which the dynamics of electric locomotive pantograph moving along a trolley wire
was studied.
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Our aim is to derive the asymptotic bounds of solutions of (2) and demonstrate
its resemblance to the asymptotic estimates known for the continuous case.

This paper is organized as follows: In Section 2, we mention some qualitative prop-
erties of the differential pantograph equation. Section 3 is devoted to the analysis of
the difference pantograph equation. In particular, we derive the asymptotic estimate
of all solutions of the studied difference equation under some assumptions imposed
on matrices A and B.

2. THE PANTOGRAPH EQUATION IN THE CONTINUOUS CASE

Pantograph equation (1) and its modifications have been the subject of many quali-
tative and numerical investigations, because of their interesting applications, as well
as specific properties of solutions. The first paper dealing with this equation was that
of Kato and McLeod [6], where the authors studied the scalar equation

&(t) = ax(t) + bx(At), 0<A<1, te0,00) (3)

under various assumptions on the signs of @ and b. Their results particularly imply
that in the case of a < 0, the asymptotic estimate of all solutions z of (3) yields

z(t) =0(t") as t— oo, v=—

(i.e., |z(¢)| < LtY as t — oo for a suitable real L > 0). Moreover, the property
x(t) = o(t7) as t— 0o (4)

(i.e., z(t)/t" — 0 as t — o0) holds for the zero solution of (3) only.
In the vector case, we mention the result of Lim [9], where the following asymptotic
estimate of solutions of vector differential equation (1) was derived:
Let A = diag(ai1,...,ann) with Reaj; < Reass < -+ < Reap, < 0 and let B =
(bij). If 7y is defined by
| (lrgnggxn >0 [bisl
—Reann

log A1 ’

then every solution x of (1) is O(¢7) ast — oo, i.e., |x(t)| < Lt ast — oo for a suitable
real L > 0, where | | is now a suitable vector norm. This result will be compared with
the asymptotic estimate derived for the difference pantograph equation in the next
section.

In the remaining part of this section we demonstrate the usefulness of the knowl-
edge of the above mentioned asymptotic behaviour of equation (3) in the study of a
specific phenomenon occuring in the qualitative theory of differential equations with
unbounded delays. To illustrate this, we consider the initial value problem

’)/:

#(t) = —0.22(t) — 2(0.99¢), z(0)=1, te[0,00). (5)
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The numerical analysis of problem (5) shows that the solution z of equation (5)
rapidly tends (in absolute value) to the zero function (z(t) ~ 1075° for some ¢). In
other words, because of insufficient accuracy of the computation this solution becomes
eventually the zero function. However, this interpretation is inconsistent with the
above mentioned result recalled from [6] (particularly, z(¢)/t'5-14 does not tend to
zero as t — 00, i.e., z(t) is unbounded as t — o).
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Fig. 1. Numerical solution of (5)

In fact, the solution of (5) actually tends to zero, but it is “exploding” after some
critical moment ¢* (see Fig. 1). This phenomenon is known in the numerical analysis
as a “numerical nightmare”. The problem then consists in finding the critical value ¢*,
as well as the relations for bounding curves. Some results concerning these problems
can be found in Liu [10], and, in a more general situation, in Cermék [2], Kundrét
[7], Lehninger and Liu [8], Makay and Terjéki [11].

3. THE PANTOGRAPH EQUATION IN THE DIFFERENCE CASE

In this section we are going to discuss difference pantograph equation (2), where the
complex matrix A = diag(ai1,...,an,) is diagonal. Equation (2) is a system of
difference equations obtained from equation (1) via the modified Euler method (see
Bellen and Zennaro [1]) with stepsize h = 1. Our aim is to compare the asymptotic
behaviour of exact equation (1) with its discretization (2).

Recently, several papers discussing the asymptotic properties of delay difference
equations have appeared. In addition to the above quoted paper [10], we especially
recall papers by Iserles [4, 5] dealing with the qualitative and numerical investigation
of pantograph equation (3) and Péics [13] or Gyori and Pituk [3] comparing some
qualitative theorems for delay differential and difference equations.
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To describe the asymptotic bounds of solutions of discretized pantograph equation
(2), we utilize the positive solution p of the system of functional inequalities

Z|bij|p(L/\tJ)S(lf|1+aii|)p(t), forall i=1,...,n, te0,00). (6)

We assume that the diagonal elements of the matrix A fulfil the condition
|14+ aii| <1 (i=1,...,n), where the symbol |- | stands for the absolute value. This
property particularly implies that diagonal elements have negative real parts. One
can see that the power function

tY for 6 > «a,
0={ Gy Ly maie @

where

_ log B/ B " .
Y= log A1’ B = lréllagxn; bijl, a= 121%1”(1 — 1+ aiil), (8)

fulfils system of inequalities (6) in the case § > « and 8 < a, respectively.

In the next theorem we show that the solution of discretized pantograph equation
(2) fulfils the asymptotic estimate x;, = O(k") as k — oo. Later we compare this
estimate with the estimate derived in [9] for the exact pantograph equation.

Theorem 3.1. Let x; be a solution of equation (2), where A = diag(ai1,...,ann)
is a diagonal complex matriz, B = (b;;) is a nonzero n x n complex matriz and A is
a real scalar with 0 < XA < 1. Ifla; +1| <1 (i=1,...,n), then

xi = O(k7) as k — oo, 9)
where v is given by (8).
Proof. First we rewrite the system of difference equations (2) as
Xp41 = Axi, + Bxy,, k€ NO, A = diag (@), (10)

where a;; are complex constants such that @; = 1+ ay, ¢ = 1,...,n. Then we
substitute y, = xi/pr in (10), where pr = p(k) (p being given by (7)), to obtain

Pr41Ykt1 = Apryr + Bpoaya,, keN, (11)
i.e., each component of (11) has to fulfil
Prr1 (Vi) k1 = Tiipr(Yi)r + Zbijﬂ)k(yj))\k, keN° i=1,...,n. (12)
j=1

Here the symbol (y;)r means the value of i-th component of y at k (similarly for
other related notations) and Ay = | Ak]| — see above. Now we show that every solution
vk of equation (11) is bounded as k — oco. We denote T,,, := A\™™tg, m =0,1,2,...,
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where tg > 0, and set Iy := [0,%o], Iy := [Tm—1,Tm] for all m = 1,2,.... To express
and estimate yi, k € L,y NNY in terms of yx, k € (G I,) N N° we have to
distinguish between two cases: =

(i) Let @;; # 0 for a given i € {1,...,n}. Multiplying (12) by 1/@;;"** we get

n

Prr1(Udktr  Pe(Yik 3 bij .
- = 2.7 PX (y))\ ) l:17"'7n7
k1 PR\ ) Ak

@t @i =1 G
ie.,
pi(yi) ~ b
k(Yi)k ij .
A( s )Z 2o Wi i=1,...m, (13)
Qi =1 Gai
Now we take any k € I,,,,1 NN°, m = 0,1,2,.... We define nonnegative integers

rm(k) := |k — T,n] and denote ky, := k — 7 (k) — 1. Summing equation (13)
from k,, to k — 1 we get

S
Zrﬁjﬂpx\s(yj)/\s-

i

We denote M,, := sup {y(t)|, te(U I ONO}. In accordance with (6),

j=0
there is -
a.|* _ Ok k-1 _
gl < P gy, Bl Oy
prla]™™ e @]

— S
Using the relation A-fai) — A ( L ) and summing by parts we get

[aal*Tt —

— [k _ & k-1 s
o7, (@il [ 1
() < ey, o 1 (A (M) ) psMim < (14)
ol e G\ T
L k-1 s+1
Pz, |@iil Q5 P 1
S Mm km 11 + | ul pPE _ k% . ( ) Aps o
pE|6Lu‘ PE |E“| ‘a”‘ m 5:Em |au|
_ k k-1 s+1
_ o, 1 [l ( ) Aps 5. (15)
N Y

If v > 0, then p is a nondecreasing function on I, hence Ap is nonnegative
on I and |(y;)z| < My, i = 1,...,n. Since k € I,,,41 N N? was arbitrary, we
derive M,,+1 < M,,, i.e., M,, is bounded as m — oo. Hence the sequence yj
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is bounded. If v < 0, then p is a decreasing function on I such that Ap is
nondecreasing on I. Then from (15) there follows

pEm Pl +1 @i
|(yi)g] < My § 14+ Z( |s+1> <

|u

—A _
ng{1+’“ — P +16}<M {1+6ime 1},

Pr PT i1
where §; := 1/(1 — |as]), ¢ = 1,...,n. Moreover,
—App _
e 4l o™) as m — 00 (16)
P i1

by virtue of the binomial formula. Hence, |(y;);| = M, (1 + O(A™)) as m — oo.

(ii) Let @;; = 0 for some ¢ = 1,...,n. Using the same notation as above we get
Pk
(Yi)rs1 = —memk Y = el < =M (A7)
+

It is obvious that for v > 0 there is |(y;)z| < M,,. For v < 0 one can see that

E-1\" “miy — 1\
<) My, < <)\0> My, = (1+ O(X™)) My, as m — o0.
k A™™M

Summarizing cases (i) and (ii), we get

Izl < My, (14 0(X™)) as m — oo,

ie.,
Mppi1 < My, (1+0(X™) < My [T (14+0(V)).
j=1
Since the product converges as m — 00, y is bounded as k — oo. O

Remark 3.1. As we noted above, difference equation (2) is obtained from equa-
tion (1) via the Euler discretization with stepsize h = 1. The previous result can be
easily extended (after some changes in the assumptions) onto the case of the Euler
discretization with an arbitrary choice of stepsize.

Remark 3.2. The asymptotic estimate described in the previous theorem can be also
extended to the case when A is diagonalizable with eigenvalues aq; fulfilling the as-
sumptions of Theorem 3.1. We explain this procedure just at discrete pantograph
equation (2) with concrete data originating in [12)].
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Example 3.1. The problem of the dynamics of a current collection system near a
trolley wire support leads to system of equations (1) with

—1.40 0 0.25 -0.30 059 0 0 O
0 -0.10 O 0.37 0 0 00

A= —-1.90 0 0 -071 |’ B= 0o 0 0 0]’ A =0.65
-1.09 -09 1 —-0.62 0 0 0 O

(see [12]). To apply Theorem 3.1, we first transform this system into a system with a
diagonal matriz at x(t). Matriz A is diagonalizable via a regular matriz P such that
A = PDP !, where D = diag(—0.56 4 0.78i, —0.56 — 0.78i, —0.40, —0.59). Note
that all the eigenvalues of A (forming the diagonal elements d;; of D) have negative
real parts and the condition |a; +1| <1, i=1,...,4, is fulfilled.

If we denote C = P~'BP, then

—0.3040.096¢ —0.17-0.27¢ 2.040.745 —0.61 —0.22¢
—-0.17+0.277  —0.30 — 0.096: 2.0 —0.74¢ —0.61+ 0.22¢

C=1 o19-015 019+015 = -16 0.49 (18)
1.1 —-0.842 1.1 4 0.842 —94 2.8
Putting z(t) = P71x(t), equation (1) becomes
z(t) = Dz(t) + Cz(0.65¢), t €10, 00]. (19)

Asymptotic estimate of any exact solution z of equation (19) derived in [9] (see Sec-
tion 2) yields
Z(t) — O(t8'3594763). (20)
Applying our asymptotic result to the discretization of equation (19) in the form
Ziy1 — Zp = DZ(t) + CZO.65k7 k=0,1,2,... (21)
we obtain the estimate zx, = O(kY) as k — oo with

~y = 11.4278495.

Performing the substitution x(t) = Pz(t) (with a constant matriz P ), we can see that
original pantograph equation (1) and its discretization (2) admit the above mentioned
asymptotic estimates as well.

One can see that the asymptotic estimate of the solution of equation (21) does not
correspond with estimate (20). This is caused by the stepsize of the mesh N°, which
is equal to one (see also Remark 3.2). It can be shown that in the case of the stepsize
h tending to zero, the asymptotic estimate of the solution of modified equation (21)
reaches estimate (20).
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