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OSCILLATORY AND ASYMPTOTICALLY ZERO
SOLUTIONS OF THIRD ORDER DIFFERENCE
EQUATIONS WITH QUASIDIFFERENCES

Abstract. In this paper, third order difference equations are considered. We study the
nonlinear third order difference equation with quasidifferences. Using Riccati transformation
techniques, we establish some sufficient conditions for each solution of this equation to be
either oscillatory or converging to zero. The result is illustrated with examples.
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1. INTRODUCTION
In this paper we consider the nonlinear difference equation of the form
A(anA(bnAyn)) +pnf(yn+l) =0, (1)

where [ € {0,1,...}. Here A denotes the forward difference operator Ax,, = Zp41—2p
for  : N — R. Sequences (ay) and (b,) are positive sequences such that

iai:oo and ibi:OO- (2)
n I

n=1

Sequence (p,) is positive, too. Function f : R — R is continuous and such that

uf(u) >0 for wuw=#£0, (3)
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and there exists a positive real number K such that

%2[( for u>e>0. (4)
By a solution of equation (1), we mean a nontrivial sequence (z,) which satisfies
equation (1) for n sufficiently large. A solution of equation (1) is said to be oscillatory
if for every positive integer M there exists n > M such that z,x,+1 < 0. Otherwise,
it is called nonoscillatory.
Let r(®) (i=1,2,...,m) be positive real sequences. For any real sequence x we
denote

Li(xy) = rWOAL_ (), i=1,2,...,m, né€N.

Following above definition, we can say that we consider a third order difference
equation with quasidifferences.

In recent years, the study of the oscillatory and asymptotic properties of solutions
of nonlinear difference equations and their applications has been a subject of great
interest; see for example monographs by Agarwal [1], Elaydi [4] and Kelley and
Peterson [6]. The study of third order difference equations has also received much
attention. Third order linear difference equations were studied in Saker [11], Smith
[12], [13], Smith and Taylor [14], and nonlinear ones were studied by Andruch-Sobito
and Migda [2], Dosla and Kobza [3], Graef and Thandapani [5], Kobza [7], Migda,
Schmeidel and Drozdowicz [9], Popenda and Schmeidel [10], and by Thandapani and
Mahalingam [15].

2. PRELIMINARY RESULTS

We start with generalized Knaster Theorem proved by Migda in [8].

Theorem 1. Suppose that

=1
E ~ =00 foral i=1,2,...,m.
n=1

0

Let x : N — R\{0} be a sequence of a constant sign. If Ly, (x,) is of a constant sign
and not identically zero for n > M and for some j € {1,2}

(=12, Ly (2,) =0 for n>=M,
then there exists an integer 1 € {0,1,...,m} with m 4+ 1+ j even, such that

ZnLi(xzy,) >0 forlarge n and i=0,1,...,1[;
(-, Li(x,) >0 forall n>=M, i=1+1,1+2,...,m.
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Suppose that y is a nonoscillatory solution of equation (1) and condition (4)
holds. Because p is a positive sequence, then quasidifference A(a,A(b,Ay,)) is of
a constant sign and not identically zero for sufficiently large n. Using above and
putting, in the Theorem 1:

m=3, rM=b +@ =g and r® =1,
we obtain the following special case of Theorem 1.

Theorem 2. Let (y,) be a nonoscillatory solution of equation (1). Assume that
conditions (2) and (3) hold. Then exactly one of the following cases holds for all
sufficiently large n:

yn >0, Ay, >0, A(bpAy,) >0, (or y, <0,Ay, <0,A(b,Ay,) <0)
yn >0, Ay, <0, A(b,Ay,) >0, (or y, <0,Ay, > 0,A(b,Ay,) < 0).
3. MAIN RESULT

By using the Riccati transformation techniques we establish sufficient conditions for
each solution to be oscillatory or tend to zero.

Theorem 3. Assume conditions (2), (3) and (4) hold,
anb, > 1, forne N, (5)

o n—1 1 n—1 1 o)
1%Irigf;a;a7§pi:oo’ (6)

and there exists a positive sequence p such that

(Apz‘)2
4p;(1 — no)aip1bit1

n
lim sup Z [K piDi —

n—oo

] = 00, for ni > ny, (7)

i:nl

where K is given by (4). Then every solution y of equation (1) is oscillatory or tends
to zero.

Proof. Let (y,) be a nonoscillatory solution of (1). Without loss of generality, let us
assume y, > 0 eventually. Hence, by Theorem 2, one of the following cases

yn >0, Ay, >0, A(b,Ay,) >0, (8)
yn >0, Ay, <0, A(b,Ay,) >0, (9)

holds for all sufficiently large n.
We consider case (8) first. Let ng € N be so large that condition (8) holds, for
n > ng. Let p be a positive sequence. We define w,, by some modification of the
Riccati substitution
anA(b,Ayy)

Wy, = pn————> = an A(bpAyy) P .
Yn+1 Yn+i
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Thus w is a positive sequence, too. Hence

Awn = an+1A(bn+1Ayn+1)A < Pr > + p—”A(anA(bnAyn))
Yn+l Yn+i

Using equation (3), we obtain

Aw, = an+1A(bn+1Ayn+1)A< Pn ) — L (Ung1) =
Yn+1 Yn+l1

Yn lApn - pnAyn 1 Pn
== an+1A(bn+1Ayn+l) < + + > - p77,f(yn+l)-
Yn+1Yn+i+1 Yn+1

Condition (8) implies that lim y, > 0. Then there exists € > 0 such that y, > € for
sufficiently large n.
From condition (4) there follow

_f(yn-i-l) g _Kyn-i-h
for some constant K. Thus, we obtain

Apy, B PrAYn11(An 1A (On118Yn11)) _ Pn
Pn+1 Yn+1Yn+i+1 Yn+1

KpnynJrl'

Because for n > ng the sequence y increases, then

Aw, < %wm-l — PrAYn+1(@n11A(bn+14Ynt1))

Pn+1 (:Un+l+1)2

- anpn-

Because for n > mng the sequence (b,Ay,) is positive and sequence
(A(an(A(b,Ayy)))) decreases, we see that

n—1
bnAYn = by Ay, = Y A(biAy;) > (n = 1) A(bng1 Ayni1).

i=ng
The sequence (b, Ay,) decrease for large n, hence

—n9)A(bpr1Ayn,
— Ayt < _(n—no) b( +12Y +1)_
n-+l1

From the above,

A n n - n A bn A n 2
Aw, < P W1 — pn(n —no)(a +12 (bn+1AYn+1))
Pn+1 (yn—i-l-i-l) an-‘rlbn—i-l
Apy, pn(n — no)w; 4y

Wnp+1 — 2
Pn+1 pn+1an+1bn+1

- Kpnpn =

— Kpnpn.
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Using condition (5), we obtain

Apy, n(n — ng)w?
TV S e R
pn+1an+1bn+l pn+1an+1bn+1
(Apn)2
= —Kp,pn + _
pnb 4pn(n —no)an+1bp41
pn(n —no) 2 Apy, (Apn)Q
- W + —w — =
p%+1an+1bn+1 + pn+1an+1bn+1 s 4pn(n - nO)an+1bn+1
(Ap,)?
= _Kpnpn + -
4pn(n —no)an1bp41
2
[ Wn+1 pn(n —no) . Apy, <
Pn+1 an+1bn+1 2\/pn (TL — no)an+1b,L+1
(Apy)? ( (Apn)’ )
<_Knpn+ - Knpn_ .
P 4pn(n —no)any1bni1 P 4pn(n —no)any1bnpr

Summing the above inequality from n; > ng to n, we get

n (Ap;)?
_ -5 (Kpipi — :
Wit = Wy < = ) ( PP pi(i = no)air1biia

i:nl

Hence
n

—wy, < — Z (Kpipi _ (Api)® ) ’

= 4pi(i —no) — aip1bits
=no

which yields

n
Ap;)?
Z(Kpipi— ' (Ap;) )<C
= 4p;(i — no)ait1bit1
=n1
for all large n. The above inequality contradicts (7).
Next we consider case (9). Since y is a positive and decreasing sequence, it follows
that

lim y, =c>0.

n—oo
Set ¢ > 0. This implies that there exists ny € N such that y, > ¢ for n > ns.
Therefore, from equation (1) and condition (4), we get

AlanA(bpAy,)) + Kep, <0,  for  n = na.

Hence
AlanA(bpAyy)) < —Kcpy,.

Choose n3 so large that inequality given by (9) holds, and ny = maxz{na,ns}.
Summing the above inequality from ny4 to n — 1, we obtain

n—1
anA(bpAyy) < an, Albp, Ayn,) — Kc Z Di. (10)

i:n4
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Two cases are possible:

(o)

1° Z Di = o0,
i=1

or
o0

2° 3 pi < 0.
i=1

In case 1°, the left hand side of inequality (10) is positive for n > ny, but the
left hand side of this inequality approaches minus infinity. This contradiction give us
c=0.

Consider case 2°. Set [m%x] f(z) = m. Since z € [§,2c], ¢ > 0 and (3) there is
5,2¢

m > 0. From equation (1) and continuity of function f, we get

oo
0 < anA(bnAyy,) sz (Yi+1) <mZPz‘,

for sufficiently large n. Hence

lim a,A(b,Ay,) =0

n—oo

Letting n — oo in (10), from the above we obtain
arA(brAyy) = Kchi.

Rewrite it as follows -
anA(bn,Ayy,) = Kchi.

Dividing by a, and summing the above inequality from n; to n — 1 we obtain

bnAyn - bn4 Ayn4 Z Z pl

J=na

Since by, Ayp, > 0 we get

bnAyn>KcZ Zpl

]’ﬂ4

Dividing by b,, and summing again we derive

— Yny >KCZ Z sz

kn4 J j=ng4
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Since yp, > 0 we obtain
n—1 1 n—1 1 e}
k=n4 Jj=na i=n

Since (9) and (6) hold, this is not possible. This contradiction give us ¢ = 0. The
proof is complete. O

Example 1. Consider the difference equation
A3y, + 8y, = 0. (11)

All assumption of Theorem 3 hold (with p, = 1). It is easy to check that y,, = (=1)"
is an oscillatory solution of equation (11).

Example 2. Consider the difference equation

1
A3y, + Tl = 0. (12)
All assumption of Theorem 3 hold (with p,, = 1). It is easy to check that y,, = 2% is
a solution of equation (12) which tends to zero as n tends to infinity.
Example 3. Consider the difference equation
2 n—1,2
n—
All assumption of Theorem 3 hold (with p, = 1). It is easy to check that y,, = % is
an solution of equation (13) which tends to zero as n tends to infinity.
Example 4. Consider the difference equation
A?((n+1)Ay,)) + #yn =0. (14)
(n+1)(n+2)

All assumptions of Theorem 3 hold (with p, = n). It is easy to check that y, = +
is a solution of equation (14) which tends to zero as n tends to infinity.

Example 5. Consider the difference equation

A%((n+1)Ayy)) + yns1 = 0. (15)

n(n + 2
All assumption of Theorem 3 hold (with p, =n). It is easy to check that y, = % is
a solution of equation (15) which tends to zero as n tends to infinity.
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Example 6. Consider the difference equation

A (n-+ 1)Ap,)) + 2y tiea =0 (16)

All assumption of Theorem 3 hold (where p, = n). It is easy to check that y, = +
is a solution of equation (16) which tends to zero as n tends to infinity.
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