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ON OSCILLATORY SOLUTIONS
OF CERTAIN DIFFERENCE EQUATIONS

Abstract. Some difference equations with deviating arguments are discussed in the context
of the oscillation problem. The aim of this paper is to present the sufficient conditions for
oscillation of solutions of the equations discussed.
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In this paper we deal with the oscillatory behavior of solutions of the nonlinear
difference equation

(-1)"A™e H [2(gi(m))|* sgn 2(n), (V)

where n € N = {1,2,...}, m

> (Lamh w2 1 N = R {0)
gi: N — N, lim g; = oo, gi(n) < (i =

v €
nN(zfl,..., ), a; € [0,1] 1,...,w)

w
and > a; = 1. Moreover, let

i=1
S o) I [tostsn ™ ] = oo (©)
s=no i=1

As usual, we define the forward difference operator as follows:

m

A%(n) =a(n),  A"a(n) =3 (-1 <T)x(n +i),

i=0
for m € N. For each r € R and a nonnegative integer s the factorial expression is
defined as r®) = r(r —1)- ... (r — s+ 1) with r(©) = 1. By a solution of equation
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(N,) we mean a function z : N — R such that sup |z(n)| > 0 for any ng € N and «
n>ngo

satisfies (N,) for n € N. A nontrivial solution z is called oscillatory, if for every ng
there exists n > ng such that z(n)x(n + 1) < 0. Otherwise, it is nonoscillatory.

Hereinafter we use the following lemmas, which are the discrete analogues of
the theorems for differential equations due to Kiguradze [4] and Koplatadze and
Chanturia [5], (see also [1, 3]).

Lemma 1. Let x be a nonoscillatory solution of (N,). Then there exist ng € N and

an integer 1 € {0,1,...,m}, with m + 1+ v even, such that for n > ng
z(n)Alz(n) >0 for i=0,1,...,01—1 1)
(-=1)*Hz(n)Alz(n) >0 for i=1...,m—1.

Lemma 2. Let x be a nonoscillatory solution of (N,,) satisfying inequalities (1) with
1e{1,2,....m—1} and m+ 1+ v even. In addition, let

Zn(m_l) |A™xz(n)| = oo. (2)
Then the following inequalities hold for sufficiently large n > ny:
1 n—1
|Al71x(n)| >(n—m+l) |Ala:(n)| + ] 5;1 sm=D | A™ gz (s)| (3)

and

|z(n)| > I ’Alilx(n” ) (4)
Lemma 3. Let © be a nonoscillatory solution of (N,) satisfying inequalities (1) with
le{1,2,....,m—1} and m+ 1+ v even. Then

’Alx(n)| > ﬁz:(s—n—km—l—l)(m*l*” |A™z(s)| (5)

for sufficiently large n > ng.

The following theorem characterizes the oscillatory behavior of bounded solutions
of (Np,).

Theorem 1. If for some h € {0,1,...,m — 1}

w n—1
limsup [T$ Y (s —gi(n) +m —h—1)m"=Vp(s) x

@y

X {(gz(n) gi(8)+h1)(h)}ai} > hl(m—h—1)!, (6)

=1
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then (Np,) has no solution x for which
(=1)’z(n)Az(n) >0
for i=0,1,....m—=1 and (=1)"z(n)A™z(n)>0 (n>ng). (7)

Proof. Suppose that equation (IV,,) has a nonoscilatory solution z satisfying inequ-
alities (7).
From the discrete Taylor formula:

e (n— )

Atz (n) G- Alz(s)+
j=i : 1 n—m-+1 ,
T 2 (o= DTTAM), (9)

for i =h € {0,1,...,m — 1}, we derive

h — s—n—l—j—h—l)(j_h) 4
‘A z(n ; h)‘ ’AJ$(3)|+
+( .Z r—n4m—h=1)" DA
that is
1 —h— m
[Aa(m)] 2 gy 2 —n A m—h =RV AT()] (9)

for h € {0,1,...,m —1} and s > n > ny.
From (8) with ¢ = 0 there follows:

7=0 ( _1 ! r=s
Next we see that
m—1 .
_ 1)@
a() = 3 & T | 8ias)] +
Jj=0 '
1 = m—1) m
G o m e DO ),
which gives
— h—1)"R)
()| > EIER DT A

- h!
for j=h, he{0,1,...,m—1} and s > n > ny.
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From (9), (IV,) and the last inequality we get

| A" (g5 (n)] =

1 n—1 o -
- m—fz—msgm(s_g“”)*m—h—lﬂ | A (s)| =
n—1 w
“ G 2 e em =kl x [Tatat)r™ >
1 n—1 L
= m—h 1) 3=§n)(s = gi(n) +m —h— 1)
- i(n) — gi(s RN o
XM@II{@A) 9(&+h 2 ]|A@d%mﬂ :
(m —h = 1) [A(g;(n))| =
> [ 1A"(g;(m)]™ Y (s —gj(n) +m —h— 1) Vp(s)x
=t s=g;(n)
X H {(gi(n) —gi(s)+h—1)®|™.

Raising both sides of the above inequality to the power o; and then multiplying the
resulting inequalities, we obtain

(m—h—1n ] A" (g;(m)]™ = [T A" (g;(m)

j=1 i=1

w Qj
Q
X H [(gz(n) —gi(s) +h— 1)(h)] } )
i=1
which contradicts (6). Therefore, (N,,) has no solution x with property (7). O

Corollary 1. Consider difference equation (N,,) subject to condition (6). Then all
bounded solutions of (Ny,) (if exist) are oscillatory.

We show that condition (6) is essential for a bounded solution of (N,,) to be
oscillatory. Let us consider the following equation:

A2(n) = 2710 [x(n — 5)*/[e(n — 10)[*/%,
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which has a bounded nonoscillatory solution z(n) = 27". In this case condition (6)
is not fulfilled, because, for h = 0:

n—1 “
lim sup H Z (s —gj(n) 4+ 1)p(s) =
0 =1 | s=gs(n)
B 2/5 n—1 3/5
_hmsup{ Z s—n+6)2_10} { Z S_n+11)2_10} =
n—o0 s=n—>5 s=n—10
2/5 3/5
| WPPE)s
210
and for h = 1:
w n—1 w “
lim sup H Z p( H “ -
" =1 s=gs(n) i=1
n—1 2/5
_ limsup{ Z 2_10(n - 3)2/5(71 _ s)3/5} >
n—oo s=n—>5
3/5
2/5 55)3/5
_10 2/5 3/5 — M
{s nzlo2 e } - 210 .

Now, we present the theorem on behavior of solutions of (Ny).

Theorem 2. Assume that (C) and

n—1
hmsup s—gi(n)+m—1—1)m=1 »
i
" =1 Ls=gm)
T [(at) = m+0] " +
i=1

gi(n)—1 w i
+ 11| i) =m+0) + ﬁ > s p(s) [Tan(s) = m +H®)x | x

s=ny k=1
X Z (s—gj(n)—m—1— 1)m==1p(s)x
s=n+1

XH[(QZ() m+1— )“‘”ri} > (m—1)!, (10)

i=1
are satisfied for alll € {1,2,...,m — 1} with m +1 odd. Then for an even m every

solution of (N1) is oscillatory and for an odd m every solution of (N1) is either
oscillatory or lim Alz(n) = 0 monotonically for i =0,1,...,m — 1.
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Proof. Assume that (N7) has a nonoscillatory solution z(n) # 0 for n > ng. Then,
by Lemma 1, z satisfies (1) for some [ € {0,1,...,m — 1} with m 4+ odd.

First consider the case when m is even; then [ € {1,3,...,m—1}. From Lemma 3
we get
1 oo
l m—1l— m
[Aa(g, )| 2 oy D (8= aptm) £ m == )Y AT (),

s=g;(n)

for j=1,...,w. From (N7), (4), (3) and (1) there follows that

‘Alx(gj(n)” > ﬁx
x Y (s—gi(m)+m—1=1)""ps) [T l2(gi ()™ >
s=g;(n) i=1

S
x; [(gl(s _mz—!H_ UU_Ur | A a(gi(s) (”} >
= (mi 1)! {f[l | Az (gi(n))|™ Sg%m(s —gj(n)+m—1—1)m==1
xp(s) f[ [(gi(s) =m +1)]™ +f[1w‘1x<gz< DI
x 21(5 —gi(n) +m—1 1)<mz1>p(s)f[1 [(g,(s) —mA+l 1)(1—1>r } (11)

for n > n;. Now by Lemma 2 we obtain

Oéiz

[T 1A (g (n))
i=1

gi(n)—1 &
(gz(n) —m + l) |Al:c(gz(7l>)| + (m — l)' Z S(Wfl) Amx(s)]

1 Tos=ng

>

w
1=
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for n > n; and, similarly as above,

1 _ N gi(n)—1
g I Ao n™ Y < pte)x
T k=1 —m
- §) —m O] N
< I1 [(gr(s) “ +1)W] > [T 1A% () | [(gi(n) —m +1) +
=1 ' i=1
gi(n)—1 w o
+ ﬁ Z S(m l)p H m—i—l)(l)}ak . (12)
- s=m k=1

Using (12) in (11) we get

(m — 1) [Alz(gi(n))| > H | Az (gi(n)

X { Z (s —gj(n) +m —1—1)"m"Yp(s) x

=g;(n)
w w 1
[(gi(s) —m +1)D]™ + [ —m+1) X
ll;ll 11_[1 (m—1)!
91(“' w e
S5 s 0e) TTants) = m+ 00|
s$=nq k=1
o0
X Z s—gj(n) +m—1—1)m=I=x
s=n+1

X xp(s) H[(gi(s) —m-+1— 1)(1—1)]%} _

Raising both sides of the above inequality to the power «; and then multiplying the
resulting inequalities we obtain

(23

m =1 [T [ala(g; ()| = ] A% (g:(m)

<TI3 D2 s=gim)+m—1=1) " Vp(s) [Tlgi(s) —m+ V)™ +

i=1 | s=g;(n) i=1
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v i(n)—1
17 .
HL ot =mr D+ oy 2 o) x
i=1 : sS=nq
X H[(gk(s) —m 4 1)) Z (s —gj(n) +m —1—1)m=I=Dx
k=1 s=n+1

w Qj
< (o) [[1(03(9) = m+ 1 - 1>”‘”]m} |
i=1
which contradicts (10). Therefore every solution of (N) is oscillatory for m even.
Consider the case of m odd. Then x satisfies (1) for some [ € {0,2,...,m — 1}.
The case | € {2,...,m—1} is impossible (analogously as above). We shall prove that
lim |z(n)| =0 with { = 0. Suppose to the contrary that lim |z(n)| = C > 0. Then
|z(gi(n))| > C for i =0,...,w and n > ny > n;. From (8) with ¢ = 0:
el )@ 1 L
wij(S) + m Z (TL —7r — 1)(m_1)Am£L'(’I’)

r=s

and from (1) it follows that

Z s A™ g (s)] < co.

S=nN1
Thus, by (N;)
S A (s)] = s p(s) ] fagi()[* = Cs™Dp(s)
i=1
for s > no, hence
oo
D st hp(s) < oo,
S=nso

which is impossible in view of (C). The obtained contradiction proves that

lim z(n) = 0. Therefore lim A‘x(n) = 0 monotonically for i = 0,1,...,m — 1
and the proof is complete. O

From Theorems 1 and 2 we draw the following corollary.

Corollary 2. Consider difference equation (N1) subject to conditions (6) and (10).
Then all solutions of (N1) are oscillatory.

The last theorem concerns equation (Na).

Theorem 3. Assume that (C) and (10) are satisfied for all | € {1,2,...,m — 1}
with m + 1 even. Then for an even m every solution of (N3) is oscillatory either
lim Alz(n) =0 or lim Afx(n) = co and for an odd m every solutions of (Nz) is
n—oo n—oo

either oscillatory or lim A'z(n) = oo monotonically for i =0,1,...,m — 1.
n—oo
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Proof. Assume that (N3) has a nonoscillatory solution z(n) # 0 for n > ng. Then,
by Lemma 1, x satisfies (1) for some I € {0,1,...,m} with m + [ even.

Let m be even; then [ € {0,2,...,m — 2,m}. The case | € {2,..., m — 2} is
impossible (see proof of Theorem 2); however, for [ = 0 there is lim A’z(n) = 0.

Consider the case [ = m, then from (1) we obtain inequalities
z(n)A*z(n) >0 for k=0,1,...,m—1 and z(n)A™z(n) >0

for n > ny. This implies that there exist a constant C > 0 and no > ny such that

2(gi(n))] = Clga(n)] ™Y, (i=0,1,...,w)
and »
A a(n)] = A" a(ng)| + Y |A™a(s)] .

From the last two expressions and (Nz), it follows that

n—1 n—1 w
A a(n)] = Y A"a(s) = Y p(s) [T lelgi(o))™ =
S=mno S=ngo =1
n—1 w i
>0 ) [T [lsn 0]
s=ng i=1
It is clear that above and (C) gives lim |A‘x(n)| = oo for i =0,1,...,m — 1.
Consider the case of m odd. Then x satisfies (1) for some [ € {1,3,...,m}. From
(10) it follows that I ¢ {1,3,...,m — 2}. In case [ = m (similarly as for m even),
there is that lim |A’z(n)| =oc (i =0,1,...,m — 1). The proof is complete. O
n—oo

From Theorems 1 and 3 there follows:

Corollary 3. Consider difference equation (N2) subject to conditions (6) and (10).
Then all solutions of (N2) are oscillatory or lim |Alz(n)| = oo monotonically for

1=0,1,...,m—1.
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