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Abstract. The structure properties of multidimensional Delsarte-Darboux transmutation
operators in parametric functional spaces are studied by means of differential-geometric and
topological tools. It is shown that kernels of the corresponding integral operator expressions
depend on the topological structure of related homological cycles in the coordinate space. As
a natural realization of the construction presented we build pairs of Lax type commutative
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a lot of applications in soliton theory.
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1. INTRODUCTION: CONJUGATED DIFFERENTIAL OPERATORS
AND THEIR PROPERTIES

Let us consider the following functional space H := Lg(T%t i ), where H =
= L3(R,;C"), N € Z,, in which the next matrix-differential expressions

%

n(L)
9 =2 > ai(ﬂf;y,t)i =L,

dy 0y = oxt
) JR " (1.1)
e — M = % jz::O bj(x;y,t)@ =M,
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are defined. We here denoted T? := T%t’y) =[0,Y] x [0,T] C R%, matrices a;,b; €

Cct (T?t)y); S(R; End(CN)>, i=1,n(L),j=1,n(M), where S(R; EndC") is the space
of matrix-valued Schwartz class coefficient functions, and n(M), n(L) € Z4 are fixed
orders.

Let H* := Ly (T2

(ty)
space ‘H* X ‘H define a usual semi-linear scalar form according to the rule: for any

pair (p,9) € H* x H

(wov)i= [ dedy [dotov)= [ ardy [z (oo, (1.2)
R R

2 2
T Tl

;H*) be the corresponding conjugated to H space. On the

“_»

where (-, -) is the standard semi-linear scalar form on C%, the bar means the usual
complex conjugation and “7” means the standard matrix transposition. Concerning
the scalar form (1.2) let us study a problem of existence the corresponding to (1.1)
conjugated matrix differential operators in the space H*.

Differential expressions L, M : H — H are defined as closeable normal operators
in a domain Dom/(L, M) C H, being dense in H. Then, by definition, the conjugated
operators L*, M* : H* — H* exist and the following equalities

L7, ¥) = (o, L), (MPp,9) = (¢, My)) (1.3)

hold obviously for all ¢, € W} (T%t,y); Dom(L,M)). Then one can consider the
corresponding to (1.3) frelationships being analogs of the classical Lagrange identities
for the operator L

0 0
(L0, 0) — (9, 1) = — 5= Z) [0, U] + 2 (670) (1)
and for the operator M
0 0
(M, 9) — (9, Mi) = — == Zap) [0, 9] = a*y(@%% (1.5)

where Z ([, 1] and Z(yp)[p, 9] are some semi-linear forms on H* x’H. From (1.4) and
(1.5) one sees that the conjugated operators L* : H* — H* and M* : H* — H* are
defined if there exists a scalar function Q € C1(R? x T?; C) satisfying the expressions

together with conditions
99/dy, 90/t € W (T%t’y); H) . (1.7)

By integrating (1.4) and (1.5) with respect to the measures dt Adx and dyAdzx, respec-
tively, we find that the function Q € C1(R! x T?;C), called a Delsarte transmutation
generator, exists if the following condition is satisfied: the differential form

ZW 4] == Zy e, ¥)dy + Zoan e, ¢)dt) + ¢Toda = dQp, ], (1.8)
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is exact, that is one can write down the following relationship

Qlip, ] = Qolip, ] + / 20,9, (1.9)

S(P;Po)

where S(P; Py) C RxT? is some smooth curve connecting a running point P(x;y,t) €
RxT? with a fixed point P(zo;y0,t0) € RxT?, a function Qg[p,] being a semili-
near form on H* x H constant with respect to variables (z;y,t) € RxT2. It is clear
that conditions (1.7) for mapping (1.9) are certain restrictions concerning (z;t,y)—
parametric dependence of functions (¢,v) € H§ x Ho. Let H§ x Hp be a closed
subspace of pairs of functions (p,v) € H* xH_ where H* xH_ is the correspon-
ding Hilbert—Schmidt rigged [4, 3] space Ll(T%t’y);Hf) X Ll(T%t,y);H,). Consider
expression (1.8) for ¢ € H§ C H* and ¢ € Hy C H_ satisfying conditions (1.7). It is
enough to assume that Ly = 0 and My = 0 for ¢ € Hp and L*¢p = 0 and M*p =0
for all ¢ € H{;, where

Ho :=={v(N§) € Ho: Ly(N6) =0, M*(\;6) =0,
PN E)|jmor =¥ € HE, Ly = My,

y=0"
P(E)la=z, = 0,(N€) € X:= o (L, M) NG (L, M¥) x 55},
Ho = {p(X§) e HL: L'p(X;€) = 0, M p(X;§) =0,
PN E)|mor = ox € HX, Moy = A,

y=0"

2 P(E)le=aq = 0,(X;§) € B:=a(L, M) Na(L*, M7) x X5}

(1.10)

for some fixed point 2y € R and a “specrtral” set ¥ = o (L, M)Na(L*, M*)x 3, C CP,
o(L,M) C C is a combined spectrum of operators L and M with o(L*,M*) C C
being the spectrum for the adjoint pair L* and M* in H. Thereby we have stated
the following proposition.

Proposition 1.1. For a pair of functions (@,v) € HE X Hy there exists a semilinear
form Q : HE xHo — C, such that relationships (1.8) and (1.9) hold.

The proposition above makes it now possible to study local prperties of operators
L and M in H withrespect to their dependence on parameter variables (y,t) € T?2.
To study this dependence let us proceed to its corresonding analysis in the next
Chapter.

2. STRUCTURE OF DELSARTE-DARBOUX TRANSFORMATIONS

Consider now another pair of operators L and M : H — H for which there exist
the corresponding conjugated operators L* and M* : H* — H*. Making use of
Proposition 1, we can easily find another Delsrate transmutation generator @ €
C'(R x T2;C) being a semilinear form on suitable pairs of functions (@, ) € Hj x
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Ho for which there exist the corresponding semilinear forms Z( i)[cﬁ,vsz Z 5y (2, ]
satisfying the conditions like (1.4), (1.5), (1.6) and (1.7):

together with the conditions
09/ 0y, 000t € WH(T, y; H). (2.2)

By means of analyzing conditions (2.1) we can, similarly as before, state that a
function Q € C*(R! x T?;C) exists if the differential form

is exact, that is one can write down the corresponding to (2.3) relationship for
Qp, Y] == Q(X\; €|u;n) as follows:

QN i) = QoA s ) + / 200G 6), d i) (2.4)
S(P;Py)

for all pairs (A\;€) and (u;7) € X, where by definition,

Ho = {0 € M1 Li(x€) = 0, MI(X:€) =0,
&(Asﬁ)léi%: =1r € Ho, Lby = Mhr, (A )la=sz, =0,
(y,t) € T2, (\:€) € B = o(L, M) N&(L*, M*) x za}
(2.5)
Hy = {0 € M2 L g0um) =0, M 0sm) = 0,
L*@x = dpag(X; n)\;zgi = @x € HE, 3(A;n)|a=z, = 0,

(y,t) € T2, (\;) € = = o(L, M) N&(L*, M*) x zg}

for some fixed point Z € R and the “spectral” parameter set 3 := o(L, M) x £, C
CP. Assume now that there exists a bounded isomorphic mapping Q : Hy & Ho,
parametrized by pairs (p(A;€), @(p;n) € Hg x Hy and ($(A;€), 9(u5m)) € Ho x Ho,
(X €) and (u;7) € ¥, which we will define as

QN E) = (N €) = y(N€) - Q7 'Q, (2.6)

where one supposes that the expression Q7 !: Lg”)(E;(C) — L(zp)(E;(C) denotes the
inverse operator for the corresponding operator 2 : L(Qp)(E; C) — Lép)(Z; C) with the

kernel Q(X;&|p,n) € Lép)(Z; C)w® Lgp)(E;(C), and p being some finite Borel measure
on the Borel subsets of the “spectral” parameter set . The corresponding bounded
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isomorphic mapping between subspaces H{ and 7:(37 ie Q®: Hy = 7:13 such that for
any pair (¢(A;€), B(u;n)) € Hi x H;

Q% o\ ) — PN ) = p(N€) - Q% 10P, (2.7)

where, by definition, the kernel Q®(\;¢) 1= QT(\;¢) € L (3;C) @ LY (S;C) for all
(A €) € X. Tt is easy now to see that the following proposition holds.

Proposition 2.1. The constructed above pair of mappings (Q®, Q) is consistent, i.e.
there exists such a kerenel Q(\; €) € Lgp)(E;(C) ®Lép)(2; C) that analogs of (2.2) and
(2.3) hold.

Proof. Indeed, by using expressions (1.8), (2.3), (2.6) and (2.7), we easily obtain:
dQ = Q1 dQ Q) = —d (') ,

whence Q = —QoQ1Qq and, moreover, the condition Qg = —Qq holds. O

Since the functional subspaces Ho and Hy are consistent, the expressions for
L:= QLOQ ! and M := QMQ! prove to be differential too. The corresponding
extensions onto the entire H mappings € and 2% : H — H defined by (2.6) and
(2.7) are often called Delsarte-Darboux type transformations and were for the first
time used by Darboux [8] and in general form were studied by B.M. Levitan and
I.S. Sargsian [7], V. A. Marchenko [6], J. Delsarte and J. Lions [1, 2].

Consider now the compatible pair of invertible Delsarte mappings (Q7~ﬂ®) from
the closed functional subspace Ho x H§ C H_ x H* to closed subspaces Hy x Hj C
H_ x H* reduced naturally upon H x H*. It means that the following diagram

H o— H
ML | | LM
H 9— H

is commutative, and consequently the relationships Q-L=L-Q and Q-M = M-
hold. These relationships connect evolution operators L and M in the entire space
H with the corresponding evolution operators L and M.

In order to define the exact form of mappings Q : H — H and Q® : H* — H*,
we will make use of mappings (2.6) and (2.7) on fixed elements (¢(X; &), ¥ (u;n)) €
H§ % Ho, where (X;€), (u;n) € £. Namely, from (2.4) we obtain expressions

(N €) = Q(B(X6)) =

/dp(u;n)/dp(vw)zb(u;n) x Q0 (s n|vs y) Qay (5714 €),
¥ >

(A 8) = Q% (p(X;9)) =

/dp(u;n)/dp(vw)w(u;n) x Q& (s nlvsy) QF (v 7|\ €),
> >
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which make it possible to define the extended operators © : H, — H, and Q® :
Hy —HY as

P
Q:=1 —/dp(u;n)/dp(vw)iﬁ(u; Q. (s nlvsy) x /Z(m’l)[w(vw),()l,
> > Py

P
Q%=1 —/dp(u;n)/dp(V;v)@(u;n)ﬂfg_l(u;nlvw) X /Z(m_l)’T[(-),w(vwﬂ,
> b Py

(2.8)

with p being as before some finite Borel measure on the Borel subsets of the “spectral”
parameter set .

Now based on expressions (2.8), one can easily find the “dressed” operators ﬂ, M :
‘H — 'H, and thereby their coefficient matrix functions subject to the corresponding
coefficients of operators L, M : H — H, which are also called the Darboux—Backlund
transformations [8].

Note also here that the compatibility condition for the dressed differential ope-
rators L, M is equivalent to some system of nonlinear evolution equations in partial
derivatives and often this pair is called [9, 6, 8] a Lax type or a Zakharov—Shabat
pair.

Consider now the structure of “dressed” operators

L=QLO™!, M=QMQ! (2.9)

as elements of orbits of some Volterra group G_ [15, 16]. As one can see from (2.10),
these operators lie in orbits of elements LM € G* | respectively, with respect to
the natural co-adjoint group action of the group of pseudo-differential operators G_,
whose Lie co-algebra G* consists of Volterra type integral operators of the form

n(l) -
[:= 3" a;07'b], where n(l) € Z; is some finite number, i.e.,
i=0
n(l) B
gr=<1= Zaiaflbgz a;,b; € C! (T?t,y);S(R; EndCN)> yvi=1,n, neZ,

=0

(2.10)
Let us show that these orbits leave the space G* invariant, i.e. the “dressed” ope-
rators L and M : H — H under transformation (2.10) remain to be differential and
preserve their orders. To do it let us consider an arbitrary pseudo-differential operator
P: H — 'H and note that the following identity

Tr (PfO~'AT) == (Pf,07'hT), = (h,P1f)m (2.11)
holds, where, by definition, (-,-)y denotes the inner product in the Hilbert space H,

Tr(:) :== [ dxresSp(-),
[
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and the operation (-); means the projection upon the differential part of a given
pseudo-differential expression. Based on relationship(2.11), it is easy to prove the
following [13] lemma.

Lemma 2.2. A pseudo-differential operator P: H — H is pure differential if and
only if the following equality

(h, (PO) 1 f) = (R, PLO'f) (2.12)

holds with respect to the inner product (-,-)g in H for all i € Zy and any dense in
H* x H set of pairs (h, f) € H§ x Ho. That is the condition (2.12) is equivalent to
the equality P, = P.

Making use of this Lemma in the case when P := L: 'H — H and taking into
consideration condition (2.12), we obtain:

- () ) 1)
+
<h Loif ) ( (0 +ero- )8i]+f):
= (h, ataif) —Tr {(Q 710"+ QQ10") fOIAT) = (2.13)
- (h gtaif) Ty { (1 - z/?lea*1¢T)t (1+ 90507 1¢T) o+
+ (1905107167 ) L (1440001 7) 9 f01RT) | =
=Tr (Z(aif)8*1BT> - (h Laif).

When deriving (2.13) we made use of the equalities Ly = 0, L*p = 0 for any pair
(p, 1) € HE x Hp and the obvious condition Ly = L. Thereby, by virtue of Lemma
2.2, the operator L: H — H continues to be differential and, moreover, the order
ord L = ord L, owing to definition (2.9). Snnllarly, the same proposition also holds
for the “dressed” operator M: H — H, i.e. My = M and ord M = ord M. As a
conclusion from the results obtained above we derive the following proposition.

Proposition 2.3. The pair of “dressed” differential operators L,M: H — H of the
form (2.9), obtained as a result of the Delsarte-Darbouz type transformation from a
compatible Zakharov—Shabat commuting pair of differential operators LiM: H — 'H
of the form (1.1) remains a compatible pair of commuting differential operators in
‘H preserving their differential orders. The corresponding coefficient matrix functions
of the Delsarte-Darbouz transformed differential operators L,M: H — H define a
so-called Backlund—Darboux transformation for the coefficient matrix functions of the
initially chosen compatible pair L, M: H — H of differential operators.



144 Yarema A. Prykarpatsky, Anatoliy M. Samoilenko

From the practical point of view of Proposition 2.3, it is clear that the Delsarte—
Darboux transformations are especially useful in the construction of a wide class of
so-called soliton [8, 11, 9, 10, 22] and algebraic solutions to the corresponding system
of nonlinear evolution differential equations, which is equivalent to the compatibility
condition for the obtained pair of “dressed” operators (1.1). A great deal of papers
(see, for example [8, 10])have been devoted to such calculations, where particular
solutions of solitons and other types were built for different evolution differential
equations of mathematical physics.

3. GENERAL STRUCTURE OF DELSARTE-DARBOUX
TRANSFORMATIONS: A DIFFERENTIAL-GEOMETRIC ASPECTS

A preliminary analysis of the Delsarte-Darboux type transformation operators con-
structed above for differential operator expressions in the case of a single variable
x € R shows that its form is rather restrictive concerning a class of possible transfor-
mations for operator differential expressions depending on two or more variables and
admitting Lax type representations [15, 16, 9, 14, 6, 17]. Therefore, it is important to
consider a nontrivial multi-dimensional generalization of the scheme proposed above
for constructing these Delsarte-Darboux type transformations. Below we will outli-
ne such an approach to this problem based on the preliminary results obtained in
[22, 12, 21, 20].

As before we consider a parametric functional space H := Ly(Ty; H), Ty =
[0,T] € R, where we take H := Lo(R?; CV), in which there acts a (2-+1)-dimensional
differential closeable normal operator L : H — H of the form

ot 3.1
Litiaylo):= 3 3.1)

Ui OxiOyJ
0<i+j<n(L)

with coefficients u;; € CY(T;S(RY; EndCY)), i,j = 1,n(L). Applying the same
scheme as above, we find that for expression (3.1) the standard identity

0 0 0
(L, ) — {p, Lp) = a(@%) + %Z(z) [, ¥] + @Z(” [, ] (3.2)

holds for all pairs (p,v) € D(L*) x D(L) C H* x H, where Z®) [, 1] and ZW)[p, )]
are some easily computable semi-linear forms on H* x H. From (3.2), with respect
to the oriented measure dt A dx A dy, one easily gets that

(L 0, ¢) — (o, Lap)) dt Ndx A dy =

3.3
= d (@Y nd N dy+ 2D, vldy A dt — 2D [, Y] du A dt) = dZPp, ], (33

where, by definition,
Z@ o, ) = T de Ady + Z® [, dy A dt + ZW [, ] dt A dx: (3.4)
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is a semilinear on H* x H_ differential 2-form on R? x T. Therefore, for all t € T
and any (p(X\;€),v¥(;m)) € Hy x Ho C HE x H_, (A €), (13m) € Z, from a f closed
subspace of the correspondingly Hilbert—Schmidt rigged [4, 3] parametric functional
spaces H* x H_ with ¥ C CP being some “spectral” parameter set, the expression
on the right-hand side of relationship (3.3) can be made to become identically zero
if the conditions

L*¢=0, Ly=0 (3.5)

hold on H§ x Hg. Thereby, similarly to (1.10), one can define the following closed
dense subspaces Hy C H* and Ho C H_ as
Ho = {¥(X€) € Ho  Lo(Ai§) = 0, M (X€) =0,
w(A;g)h:O* = 7/}A € Hia L¢A = Awka ¢(£)|F = 07 te Ta
(\€) € =o(L, M)N&(L*, M*) x 20},
(3.6)
Hi = {p(N€) € HZ  L'p(X€) = 0, Mp(X;€) =0,
PN E)limor = px € HX, Moy =X, @i, ¢(€)r =0, teT,
(\€) € = o(L, M)Na(L*, M*) x z,,},
where we may possibly have imposed some boundary conditions on the spaces H* and
H_ at I’ C R?, where I is some one-dimensional smooth curve in R2. Now differential

2-form (3.6) becomes closed, i.e. dZ[p,1)] = 0, which due to the Poincare lemma
[18, 19] brings about the following equality

ZP[p(X:€), (s m)] = AW [p(X; €), (s )] (3.7)

for some differential 1-form QM [p(X; €),1)(u;n)] on the space R? x T and all pairs
(p(&),v(n) € H§ x Ho, &,n € X. Thus, the following proposition similar to one in
[4] holds.

Proposition 3.1. If the differential 2-forms Z[p(X;€), 0 (;1)] are closed for all
pairs (o(€),¥(n)) € HE x Ho, &,n € X, then the pair of conjugated differential
operators (L, L*) is adjoint with respect to the scalar form on H* x H.

Applying now the Stokes theorem [18, 19] to a closed 2-form (3.7) on R? x T,

we obtain

ZP[p(X;€),v(pim)] =

S(2) (gm’gén)

— / dQM (X €), ()] = / QWX &), ()] =

5@ (o,0(") 5@ (a,0(")
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= /Q(”[so(/\;é“),w(u;n)}—/Q“)[@(A;ﬁ),w(u;n)l =

(1) (1)
[ea 0-0

QA Elpin) — Qo(Ni€lsn)  (3.8)
for some piecewise imbedded smooth compact two-dimensional surface
5(2)(0(1),081)) C R? x T with the boundary 35(2)(0(1),081)) = oM — 061), whe-
re 0(1),061) C R? x T are some closed homological one-dimensional cycles without
self-intersections parametrized by a running point P(z,y;,t) € R? x T and a fixed

point P(wg,y0;t0) € R? x T, respectively.

Making use of surface integral (3.8) and assuming that the closed cycle a(()l) C

R? x T is fixed, one can define the following mappings for the corresponding Delsarte—
Darboux transformations on pairs of functions (¢, 1) € H x Ho:

DX €) = dp(psn) | dp(v;y)y(psn)x
/ / (3.9)
x Q7 (N;W|V;’Y)QO(V;7\)\;§),

P = (e €)) = [ dptusn) [ dolvin)elis .
b b .

x Q¥ (v 7RG (V571X ),
where the Delsarte transmutation generator kernel expressions Q(A;€&|u;n) and
QY (\; &l ) € L(Qp)(E; C) ®L(2p)(2; C), (A 8), (u;m) € X, are as before considered to

be non-degenerate kernels from Lép )~(Z; C)~® Lép )(Z; C). The following proposition
concerning the pair of spaces Hy 3 ¢ and H§ > ¢ holds.

Proposition 3.2. The pair of closed functional subspaces 7—28 C H_ and Ho C H_
defined by expressions (3.10) can be equivalently characterized as follows:

Ho = {(h§) e M2+ Li(xi€) = 0, My(x:8) =0,
DA€l = Ux € Hoy Lipy = Ma, DX 6l =
(&) € =o(L, M) Na(L, M) x T, },

_ ~ _ (3.11)

Hi = {@(nm) e 12 Lrp(xim) = 0, MU g(him) =0,
E*SZ)\ = 5\90)\3 @(Aan)‘to = QZA € Hia %5()\777)|f - 07
(Ain) € 3 = o (L, A1) N (L', A1) x 3, }

for some piecewise smooth curve I' C R2.

Now based on this Proposition, mappings (3.11) can be naturally extended on
the entire space H* x H_ by means of the just used before classical method of
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variation of constants [21, 19, 12, 20] and easily give rise to the exact forms of the
pair of Delsarte-Darboux mapping (€2, Q2®) upon the entire space H* x H:

Q=1 / dp(u; ) / dp(vs 1) (s ). (s s 1)

by b
<[ 2 Ym0l
S(2) 0(1) (1)
(3.12)
Q° =1 / dp(v3 )3 O™ (s ) x
b

x / 2007 [(0), (i),
S (U<1>7051>)

defined for some imbedded into piecewise smooth two-dimensional surface
5(2)(0(1),061)) C R? x T, spanned between two closed homological cycles o) and
a(()l) C R? x T as its boundary, that is 85(2)(0(1),081)) = o) — 0((]1). It is seen
from (3.12) that found above Delsarte transmutation operators © : H — H and
® . H*— H* are bounded of Volterra type integral operators, strongly depending
on a measure p on the ”spectral” parameter space ¥ and some piecewise smooth two-
dimensional surface S() (0(1)70(()1)) parametrized by a running point P(xz,y;t) € R?
xT and a fixed point P(xg,o;t0) € R? x T.
Making now use of the bounded Delsarte-Darboux integral transformation ope-
rators (3.12) of Volterra type, one can now as before to construct the corresponding
Delsarte-Darboux transformed differential operator L : H — H as follows:

L=L+[QLQ " (3.13)

Since expression (3.13) contains the inverse integral operator Q71 : H — H, with use
of the symmetry properties between closed subspaces Hg x Ho and HO x Ho, from
(3.12) there follows

Q= 1—/dp(u;77)/dp(vw)w(u;n)QJI(u;nlvw)x
b
x / 21357, ()]
5(2)( (1>>

(3.14)
Q%=1 / /dp i) (s mlv; 7) %
3

x / Zm=DT((), ()],
s<2>( ><1>)
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for (p(X;€),d(u;m)) € HE x Ho, (M€), (1;m) € %, satisfying conditions (3.11). As
a result of direct calculations in (3.13), based on expressions (3.14), one can find the
corresponding Delsarte-Darboux transformed coefficient functions of the transformed
operator L:H—H parametrized by piecewise smooth closed one-dimensional
homological cycles o) and J((,l) C R? x T. We do not present these expressions here
in the general case of operator (3.1), as they are too cumbersome for writing them
down. We are going to present in detail an application of the constructions developed
in the article in Part 2.
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