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Wojciech Czernous

CLASSICAL SOLUTIONS OF INITIAL PROBLEMS
FOR QUASILINEAR PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

Abstract. We consider the initial problem for a quasilinear partial functional differential
equation of the first order

8,52’(15, J") + Z fi(ta Zz, Z(t,z))aﬂciz(t’ JJ) = G(t7 ) Z(t,z))a

=1

z2(t,z) = p(t,z) ((t,z) € [—ho,0] x R™)

where 2 4): [—ho,0] X [-h,h] — R is a function defined by z(;)(7,&) = z(t + 7,2+ &) for
(1,€) € [—ho,0] X [—h, h]. Using the method of bicharacteristics and the fixed-point theorem
we prove, under suitable assumptions, a theorem on the local existence and uniqueness of
classical solutions of the problem and its continuous dependence on the initial condition.

Keywords: partial functional differential equations, classical solutions, local existence,
bicharacteristics.

Mathematics Subject Classification: 35R10, 35L45.

1. INTRODUCTION

In addition to classical solutions, the following classes of generalized solutions to hy-
perbolic functional differential problems are considered in literature. Initial boundary
value problems for almost linear systems for unknown functions of two independent
variables were considered in [8]. A continuous function is a solution of a mixed pro-
blem if it satisfies an integral functional system by integrating along bicharacteristics.
Existence theorems and differential inequalities related to almost linear functional
problems can be found in [4]. Distributional solutions of almost linear problems were
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investigated in [9]. The method used in this paper is constructive; the existence result
is based on a difference scheme.

The class of Carathéodory solutions consists of all functions which are continuous
and have their partial derivatives almost everywhere in a domain. The set of all points
where the differential functional equation is not fulfilled is of Lebesgue measure zero.
The existence and uniqueness results for quasilinear systems with initial or initial-
boundary conditions in the class of Carathéodory solutions can be found in [5, 10].

Existence results are based on the following method. Functional differential
problems are equivalent, under natural assumptions on given functions, to integral
equations which are obtained from original problems by integrating along bicharac-
teristics.

Carathéodory solutions to initial problems for nonlinear equations were con-
sidered in [6]. An essential extension of some ideas concerning classical solutions
of hyperbolic functional differential problems is given in [2, 3], where the Cinquini
Cibrario solutions are considered. This class of solutions is placed between classical
solutions and solutions in the Carathéodory sense.

The monograph [7] contains an exposition of existence an uniqueness of genera-
lized and classical solutions to hyperbolic functional differential problems.

We formulate the functional differential problem. Let a > 0, hg € R4+, Ry =
=[0,+00), and h = (hy,...,h,) € R} be given. We define the sets

E =[0,a] x R", D =][—hg,0] x [—h,h]

and Fo = [—hg, 0] x R™. Suppose that z: Eg UE — R and (¢,2) € E are fixed. We
define the function z(;,): D — R as follows

Z(t,:v)(T7£) = Z(t+7—ax+£)a (Tag) eD.

The function z(; ;) is the restriction of z to the set [t — ho,t] X [x — h,z + h] and this
restriction is shifted to the set D. Elements of the space C(D, R) will be denoted by
w, w and so on. Put Q= E x C(D, R) and let

f:(fla”'yfn):Q_’Rn, G:QHR, ©: E0—>R

be given functions. We will deal with the following initial problem

atz(tv x) + Z fi(ta xz, Z(t,x))amiz(ta x) = G(ta xz, Z(t,aﬁ))7 (1)

2(t,x) = ¢(t,z) on Ejy, (2)

where 0,2 = (0y,2,...,0z, 2).

A function z € C1([—ho,€&] x R", R), where 0 < £ < a, is a classical solution of
(1), (2) if it satisfies equation (1) and condition (2) holds on Ej.

The aim of this paper is to prove a theorem on the existence and continuous
dependence of classical solutions for (1), (2).
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2. BICHARACTERISTICS

The following function spaces will be needed in our considerations. Write E} =
[—ho,t] x R" and E; = [0,t] x R" where 0 < t < a. We will denote by |-||, the
supremum norm in the spaces C(Ef, R) and C(E}, R™). We will denote by M, xn
the class of all n x n matrices with real elements. For x € R", X € M, «,, where
z=(z1,...,T,) and

X = [-Tij]i,jzl,...,n

we put
n

n
Joll = laif and X1 = max > |ay
<j<n P

i=1
The product of two matrices is denoted by “*’. If X € M,,,, then X7 is the transpose
matrix. We use the symbol ‘o’ to denote the scalar product in R™.

Let us denote by |-, the supremum norm in the space C(D, R). Let C* (D, R) be
the set of all functions w: D — R such that the derivatives Oyw, (Oy,w, ..., 0z, w) =
d,w exist and dyw € C(D, R), d,w € C(D, R™). For w € C*(D, R) we put

[wlly = llwlly + max{|Gyw(t, z)| + |0w(t, )| : (¢, %) € D}.

We denote by C1%(D,R) the class of all w € C'(D,R) such that ||wl|;; < +oo
where
[wl[ ., = llwll;

. |Ovw(t, z) — Oyw(t, T)| + ||Opw(t, x) — Opw(t, T)||
P [t~ + [z — 2 '

(t,2). (1.2) € D, (t,2) # <t,:z>}.

We will consider the spaces Q) = E x C*(D, R) and Q1) = E x C*E(D, R). Let
O be the class of all functions v € C(Ry, Ry ) which are nondecreasing on R .

Now we define some further function spaces. Given s = (sg, s1,82) € R:O’H we
denote by C1-L[s] the set of all functions ¢ € C(Ep, R) such that:

(i) there exists (Oz, @, ..., 0z, @) = Oup, Opp and 9, € C(Ey, R™), Ovp € C(Eyp, R),
(ii) the estimates |p(t, z)| < sg, and
|0up(t, )| + [[0np(t, )| < 51,
Bup(t,2) — Bup (D) + 10ap(t,2) — Do (£, D) < sllt — ] + |1z — ]
are satisfied on Ej.

Let ¢ € C1L[s] be given and let 0 < ¢ < a, d = (do,dy,ds) € R'j_, d; > s; for
i=0,1,2.
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We consider the space Ci,f [d] of all functions z: E¥ — R such that:
(i) z € C(E*, R) and z(t,z) = ¢(t,z) on Ey,
(ii) there exist 0yz and Jyz = (04, 2, ...,05,2) on EX and the estimates
2(t, )] < do, |0p2(L, )| + (1022 (¢, 2) || < d,
1002(t, ) — Oez(t, )| + [|022(t, ) — Do2(E, Z)|| < da[[t — £ + [l — Z]]],
are satisfied on E.

We denote by CL(D, R) the set of all linear continuous functions defined on
C(D, R) and having its values in R™ and by ||-||, the norm in CL(D, R).

We will prove that under suitable assumptions on f, G and ¢, and for sufficiently
small ¢ with 0 < ¢ < a, there exists a solution z of problem (1), (2) such that
ze CLLd].

We begin with assumptions on f.

Assumptions H[f]. Suppose that the function f = (f1,..., f,)T: Q@ — R™ in the
variables (t,z,w), is such that:

1) f e C(Q,R™) and the derivatives
Onf(t,z,w) = (Opfr(t, z,w), ..., O fult, x,w))T,
Ouf(t,z,w) = [0g, fi(t, 2, w)]ij=1,... .n;
and the Fréchet derivative
Ouf(t,z,w) = (Dufr(t.z,w),.... Oy fult,z,w)",
exist for (t,z,w) € QW)
2) there are «, 8 € © such that
[t 2, w)|| < afllwlly) on €,
10:f (¢, 2 w)ll s 1100 f (8,2, w)| 5 00 f (¢ 2, w)], < B(Jwlly) on QO
and there is a v € O such that for (¢, z,w) € Q) (z,w) € R" x (D, R) we have
10 £ (t, 2, w) — O f(t z, 0)|| < y(lwll )z = 2| + [lw = ],
10w f (8, 2, w) = 0w f(t, 7, @), < v([wll L)z = 2| + [lw — @]
Suppose that ¢ € C'"[s] and z € C;%[d]. We consider the Cauchy problem
0'(r) = f(1,0(7), 2emiryy) s 0(t) = =, 3)

and denote by g[z](-,t,x) = (g1[2](, t, @), ..., gn[2](:, t,2)) its classical solution.
The function g[z](-,t,x) is the bicharacteristic of equation (1) corresponding
to z. Write
Pl2|(r,t,x) = (7, 9[2)(T, £, %), 2(r g [2)(r,1,2)) ) -

We prove a lemma on bicharacteristics.
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Lemma 2.1. Suppose that Assumption H[f] is satisfied and let
p,peClsl, zeCyeld, zeCpcld],

be given. Then the solutions g[z](-,t,z) and g|Z](-,t,x) exist on the interval [0,a] and
are unique. Moreover, the following estimates hold

[0egl2](7.t, )| < O, [|0zg[2](7,t, 2)|| < C, (4)

for T €10,c, (t,z) € E., and
[0eg[2(s,t, @) — Orgl2](s, T, 2)|| < Q[It — ¢ + [|l= — ],
||amg[z](87tvx) - azg[z](sva j)” < Q['t - ﬂ + ||1' - ‘(Em

for T €10,d], (t,2),(t,z) € E. and

lale)(r.t,2) — gl t. o) < A [ Y1221 ds, (6)

fort€|0,c], T <t, (t,z) € E., where

C = max{1, a(dy)} exp{cB}, Q:{u+m3+&ﬂmm£L A = B(d) explcB]

and

B=B(d)(1+d), C=C?[(d)(1+di+da)(1+d)+dab(d)

and

d=dy+dy, |d=do+dy +ds.

Proof. Let z € C}L[d]. The existence and uniqueness of solutions of (3) follow from
the theorem on classical solutions of initial problems. From another classical theorem
on differentiation of solutions with respect to the initial data it follows that the
derivatives 0;g(2] = (0rg1[2], - - -, 09, [2])T and

Orgle] = [0, 9:[21]

6J=1,...,n

exist and fulfil the integral equations

agle)(r.t,2) = —f (2, 20)) +

T

+/ [axf(P[Z](S’t7x)) + awf(P[Z](Svtvx)) * (amz)(s,g[z](s,t,z))] * atg[z](svtvx)ds

(7)
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and

O9l2)(T,t,x) =T+

T

+/ [a¢f(P[Z](3’t’x)) + awf(P[Z](‘g?tvx)) * (axz)(s,g[z](s,t,w))] * 6wg[z](s,t,x)d8

(®)

where I denotes the identity matrix. oreover, for P € 2 and (7,y) € E, we denote

Ouf(P) % (022) (ry) = (Ouwfi(P)y -, 0ufu(P))T 5 ((0n:2) (rys - - -+ (O 2 (r)) =
= [3wfz(P) (amjz)(7—7y):|7,"j:1 n € Mnxn-

.....

Note that
[0 F(P) # (9:2) (rp || < 10w f (P) 1] (022) (7 |
for PeQ, (1,y) € E.

It follows from (7), (8), Assumption H[f] and the definition of space CE[d]
that the functions d:g[2](-,t, ), 0zg[2](-, t, z) satisfy integral inequalities

10egl2](7, 8, )| < aldo) + B

)

/ 10ugl2)(s. t.)| ds

10xgl2] (7, t,2)| <1+ B

bl

/ 102g[2] (5.1, 2)]| ds

and from the Gronwall theorem we get (4). Then using (4) we get

10egl2] (7,8, ) — Orglz](r, 1, T)|| <

< (B + cé) (|t — E+||z — Z|[]+CB [t — {|+B

/ 10ug(2)(s. 1, 2) — Brgl] (5., 3)]| ds

and

1029[2)(7, £, @) = Duglz](7, £, 2) || <

<cCllt =8+ |z —z|]+CBlt—1+ B /Ilﬁzg[Z](Svt,w) — Oug[2](s, 8, 2)| ds
t

and from the Gronwall theorem we get

10eg(2](7, t, ) — Orgl2) (7,1, Z)|| < Qa[lt —t] + [l — Z[]] + Qo |t — 1] <
< (Qo+ Q)[t =t + [z — 2|,
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and
1029[2)(7, t, x) — Dugl2] (1,1, 2)[| < Qu[lt =t + lz — 2] + Qo [t — ] <
< (Qo + Qu)[It —t| + |lz — =[],

where

Qo =CBexplcB], Q1 = cCexp|cB],

Q2 = Q1 + Bexp[cB].

Taking maximum on the right hand sides of the above inequalities we get (5).
Now we prove (6). The function g[z](7,t,z) satisfies the following relation:

g[Z](T,t,x) =+ /f (S,g[Z](S,t,l‘), Z(s7g[z](s7t7w))) ds.
t

Suppose that 7 < ¢t. Then
lglz)(,t, ) — g[z](, ¢, 2)|| <

<B| [ lgll(s.t.2) = glal(s, )| ds| + 5@ [z = 2l d

Again from the Gronwall inequality we obtain

lgl=](r.t,2) — glz](7, t. 2)|| < B(d) expleB] / Iz = 2l (s ds.
0

O

This completes the proof.
Assumptions H[f,G]. Suppose that Assumption H[f] is satisfied and function
G: Q — R in the variables (¢, z,w), is such that:

1) G € C(Q, R) and the derivative 0,G(t, z,w) = (05, G(t,x,w), ..., 0, G(t, z,w))
and the Fréchet derivative 9, G(t,z,w) exist for (t,z,w) € QM)

2) for a, 3,7 € © as in Assumption H[f] there is
G, 2, w)|| < a((jw]y) on €,
10:G (¢, 2, w)||, 10,G(t, 2, w)||, < B(Jw];) on QW
and for (t,z,w) € QL) (z,w) € R x C(D, R) there is

[0:G(t,x,w) — 0. G(t, T, w)|| < y(lwll )|z — 2| + [lw —wl|],
||(9wG(t, w7w) - 3wG(t, CE7’@)”* < 7(||w||IL)[Hw - jH + ||’LU - w”l]
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We define the operator W on C}L[d] by the formula

Wz](t,x) = ¢(0, g[2](0,t, x) +/G (s,t,x))ds for (t,z) € Ex, ©)
Wz](t,x) = p(t,z) for (¢t,x) € Ep.

Remark 2.2. The right-hand side of (9) is obtained in the following way. We consider
(1) along bicharacteristics:

6tZ(Ta g[Z](T, ta Qf)) + awZ(Ta g[Z](T, ta Z‘)) * .f (Ta g[Z](T, ta Z‘), Z(T,g[z](T,t,m))) =
=G (Ta glz](7,t, z), Z(ﬂg[z](ﬁtvl)))
from which, using (3), we get

d
az(T,g[z](T,t,x)) =G (T,g[Z](T,t,x), z(T,g[z](Tym))) .

By integrating the above equation with respect to T, we get the right-hand side of (9).

Assumptions H[p, ¢, d]. Suppose that:

1) the constants ¢, d = (do, d1,d2) satisfy the conditions

d() Z So —+ CO&(do),
dl > 2810 + Ol(d()) + QCCB,

do>B+2 [51Q+3202 + B(C + Q) +c5}

2) the following consistency condition holds true for z € R™:

(0, +Zfz (0,2, 0(0,2))02,0(0,2) = G(0, z, p(0,2))- (10)
=1

Let us denote
(8962)(7,1/) * axg[z] (Ta t, 1‘) = ((6981Z>(T,y)’ BERE) (8ﬂfnz)(7,y)) * a:cg[z](Tv t, 17) =

= (Z 8$lgi[2](7',t,l') (aahz (Ty)» Zawngz T, t,x) - (8112)(7',1;))
i=1
e C(D,R")

for (,y) € E and (7,t,2) € [0,a] x E. Moreover, for P € Q and (7,y) € E, we
denote

8wG(P) (aajz)(q-)y) = (awG(P) (amlz)(w), R ﬁwG(P) (693”2)(7_’?4)) € R".
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Lemma 2.3. Suppose that Assumptions H[f, G|, Hlp,c,d] are satisfied. Then the

operator W maps CL-L[d] into itself.

Proof. Let z € CL[d]. Write Vo = 8,W[z] and V[z] = 8,W|[z]. From (9) it follows

that
Vo(t, z) = 0.p(0, g[2](0,t,2)) * 0¢g[2](0,t,2) + G (t, x, z(t,x)) +
t
+ /@G(P[z](s,t,x)) * Opg[2] (s, t, x) ds +
0
t
+ /3wG(P[z](s, t,2)) (022) (s,9[](s,t,2)) * O:g[2] (5,1, ) ds
0
and

V[Z](t’x) = ax@(ovg[z](()?t’x)) * axg[z](oat7x) +

+ /@cG(P[z](s, t,x)) * 09[2](s,t,x) ds +
0

+ /3wG(P[z](s,t,x)) (022) (s,g12](s,t,2)) * O=g[2](s,t, x) ds.

0

It follows from the above integral equations that

(W2](t, 2)| < s0 + ca(do),
|0:W [2](t, x)| < $1C + a(dp) + cCB

and

|0 W [z](¢, z)|| < $1C + cCB.
From (13) and adding inequalities (14), (15) we get
(W) <do, [Volt,2)| + [VI2](4 @)l < d

for (t,z) € E.. It follows from (11) that for (¢, ), (f,%) € E. there is

|Vb(ta .’E) - V‘O(Ea *’E)| <

< 1020(0, g[2](0,t,z)) * Drg[2](0,t, x) — Bxp(0, g[2](0, £, T)) * rg[2)(0, 1, Z)| +

+ |G (t, z, Z(t,z)) -G (5,53, Z({@»))’ +

(11)

+ / |0.G(P[2](s,t,x)) * D:g[2] (s, t,x) — O G(P[z](s,%, %)) x Oeg|z] (s, %, )| ds +
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0, G(PLE](s.1,2)) [(azzxs,g[zus,t,w)) « Dugle) (5,1, a:)} n

t
of
0

_8wG(P[Z](S’ E’ ‘f)) |:(8Iz>(s,g[z](s,t_,x)) * atg[z](s t_ m>:| ds +

+ H(’)wG(P[z](s,f, T)) * (002) (s,g2)(s.1,2)) * Ot9[2](5,1, l‘)H:| ds|.

From the above inequality, Assumption H[f, G] and Lemma 2.1 it follows that
|V0(ta ‘r) - %(Zvj)| <
< [51Q+s202 + B(1+4 Q) +c5‘} lt=t + ||z —z|]+ BC|t -1,
for (t,z), (t,z) € E. and, consequently,

[Volt.) = Va(F.2)| <
< [51Q+5:02+ BO+C+cQ) +<C) -t =T+ le —2l] (17)

for (t,z), (t,z) € E.. Now we write the Lipschitz condition for the function V|[z].
From (12) it follows that

)| <

0:¢(0, g[z](O, 2 $)) * 8909[2](0’ t x) - 819‘7(07 g[Z](O, t, 7)) * 819['3](0’ t, i‘)

V=1t 2) = VI=I(E,

< +

+ [ |0:G(P[2](s,t, ) * Ongl2](s, t, ) — 0 G(P[2](s, £, %)) * O2g[2] (s, 1, )

—

DuG(PL2)(5,,2)[(002) s g1 o..00) * Do 2] (5, 1,) ] +

+
c:\Fb o

- awG(P[Z](&{, j)) (8 Z)(s g[z](s,t,x)) * a:rg[ }( t_ j)}

+| [ [10.G(PLel(s, ) < ula) s 2. 2] +

110w G(PLE) (5, £2) % (0u2) g o0 * Deg[2) (5, ) || ds

for (t,x), (t,Z) € E..
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In a way similar to that used to prove (17) we get
VIz](t,2) = V[t )| <
< [51Q+ 520 + B(C + Q) +C - [t =] + | — 7] (18)
for (t,z), (t,z) € E.. Adding inequalities (17) and (18) we get
Vo(t, =) = Vo(t, 2)| + [V[2(t, 2) = V[2](£, 2)|| <
< {B + 2[31Q + 5,0% + B(C + ¢Q) + cé} } e=t+ Iz —zl] (19)
for (t,z), (t,z) € E.. From (19) and Assumption H[p, ¢, d] we get
Vo(t, ) = Vo(t,2)| + [V[2](t, 2) = V[2](£, )| < da[t — ¢ + [lo — z[]]  (20)

for (t,z), (t,%) € E.. We can see from (16) and (20) that the function W|z] satisfies
condition (ii) from the definition of CZ[d]. Moreover, from (9) it follows that

W(t, z) = o(t, ) on E..
Now we prove that W([z] € C1(E?, R). From (11) and (7) it follows that
Vo(0,2) = 0,0(0,2) * 0:g[2](0,0,z) + G(0, 2, 2(0,5)) =

= _aw(p(oa Z‘) * f(07 Z, Z((),I)) + G(07 z, z(O,I)) =
= - x‘p(owx) * f(oaxa @(O,z)) + G(O,J), @(O,x))

Then from consistency condition (10) we get
Vo(0,2) = 0rp(0, x).
From (12) and (8) it follows that
VI2](0,2) = 02¢p(0, 2) % 929[2] (0,0, 2) = 8200, x) * I = 82p(0, ).

Then the function W[z satisfies condition (i) of the definition of the space C%1d].
This completes the proof of Lemma 2.3. O

Theorem 2.4. Suppose that ¢ € CY'Ls and Assumptions H[f, G|, H[p,c,d] are
satisfied. Then there exists exactly one solution z € CLL[d] of problem (1), (2).

Ifg € Ctts andv € CLL[d] is a solution of equation (1) with the initial boundary
condition z(t,x) = @(t,x) on Ey then there is A, € Ry such that

lo—l, < Acfllo -l ], 0<t<e (21)
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Proof. We prove that there exists exactly one z € C; [d] satisfying the equation
z = W(z]. Lemma 2.3 shows that W: CLL[d] — CLL[d]. It follows that there is an
A > 0 such that for z, 2z € C%[d] there holds

W2 (t, 2) = W2 (¢, 2)]| < A/ Iz = 2l () ds. (22)

Now we define the norm in the space C’;jé [d] as follows
21l = max{[z(t,2)[ ™+ (t,2) € Ec},

where A > A. Tt is easy to see that (CJZ[d],|-]|,) is a Banach space. Now we prove
that there exists ¢ € [0,1) such that

W] = WEllly < qllz = 2l for 2,2 € Cygld]. (23)
According to (22), there is

Wz, x) = WIEZ(t o) <

t t
_A/Hz—2||(s) ds:A/Hz—ZH(S) e Mgy <
0 0
t

. R A . A -
<Allz =zl [ ds = Tl 2l (M =1 < L e = 2l e
0

for (¢t,z) € E.. Then
. oA .
W2t 2) = WEI#, 2) | e < S lle = 2ll5, - (t2) € Be.
It follows that estimate (23) holds with ¢ = AA"!. By the Banach fixed point

theorem, there exists the unique fixpoint of W. Denoting this fixpoint by Z we prove
that it is a solution of equation (1). For (¢,x) € E,, there is

t
E(t“'l?) = (p(O,g[i](O,t.’lﬁ)) + /G(s,g[i](s,t,x), 2(579[2](s,t,z)))d8'
0

For a given © € R™, let us put y = ¢[z](0,¢,2). It follows from Lemma 2.1 that
glZ](s,t,x) = g[Z](s,0,y) for s,t € [0, ] and x = g[Z](¢,0,y). Then we get

t
z(t, g[2](t, 0,v)) +/G (5,0,9), Z(s,9[2](s.0.9))) 5. (24)
0



Classical solutions of initial problems for quasilinear partial (...) 25

The relations y = ¢[2](0,¢,z) and = = g¢[Z](¢,0,y) are equivalent for z,y € R". By
differentiating (24) with respect to ¢t and putting again = = ¢[z](¢,0,y) we conclude
that z satisfies (1). Since Z satisfies initial condition (2), it is a solution of our
problem.

Now we prove relation (21). The function o satisfies integral functional equation

2(t,x) = W[2](t, x)

and initial condition (2) with @ instead of . It follows easily that there are Ag,
A1 € Ry such that the integral inequality

t

ool < Ao llp = Ay | + 8 [ [0 =l Jar, 0<e<e
0

is satisfied. Using the Gronwall inequality, we obtain (21) with A, = Agexp (Alc).
This proves the Theorem. [

3. DIFFERENTIAL EQUATIONS WITH DEVIATED VARIABLES
Suppose that ag: [0,a] = R, &': E — R™ are given functions and that conditions
—ho <ap(t) =t <0, —h<d(t,z)—xz<h, (t,z)€ekE. (25)

are satisfied. We consider operators f, G defined by

ft,z,w) = f(t,z,w(ag(t) —t,a'(t,x) — x)),

- (26)
G(t,r,w) = G(t,x,w(ap(t) — t, o (t,z) — x)),

where f: Ex R — R", G: Ex R — R, (t,z,w) € Q.
In this case, (1) is equivalent to the differential equation with deviated variables

Opz(t,x) + Z filt,x, z(alt, )0, 2(t, ) = G(t, z, 2(alt, z))), (27)

where a(t,z) = (ag(t),a’(t,2)). Now we formulate our existence result for problem

(27), (2).

Assumptions H[ﬂ Suppose that the function f: E x R — R™ in the variables
(t,z,p) satisfies the conditions:

1) f € C(E x R,R") and there is By € © such that

Hf(tw,p)H < Bo(lp]) on E x R
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2) the partial derivatives

af@Q), 00 f(Q)..., 0, F(Q) =0:F(Q), 3fQ), Q= (tz,p),

exist for (t,z,p) € E x R and there is a B € R, such that

for (t,xz,p) € E X R,

acf(t,z,p) Ha flt,x p)H <B

(¢,

3) there is C € R, such that the functions 8tf, amﬁ apf satisfy the Lipschitz
condition with respect to (z,p) € R™ x R.

Assumptions H[f,G]. Suppose that Assumption H[f] is satisfied and the function
G: E X R — R in the variables (¢, x,p) satisfies the conditions:

1) G € C(E x R, R) and the partial derivatives

(02,G(Q), ..., 0:,G(Q) = 3:,G(Q), 3,G(Q), Q= (t,x,p),
exist for (t,z,p) € E X R,

2) for By € ©, B € Ry, as in Assumption H[f], there is

H@Gtxp)HgB

Gt.2.p)| < Bollpl). [|0:C,

for (t,z,p) € E x R and the functions &ECN?, ﬁpé satisfy the Lipschitz condition
with respect to (z,p) € R™ x R with Lipschitz constant C € Ry as in Assumption

H[f].

Assumptions H[a]. Suppose that the functions ag: [0,a] — R, o/: E — R"™ are
such that:

1) 0 < ap(t) <t fortel0,al,

2) the derivatives Lap(t), dia'(t, x), dy0/(t,x) exist for (t,z) € E and there is
7o € R4 such that

Gen®)] <no, el <ro. |02 w0)" | < o
H@atx) Oy (t, T H<r1||a:—x||

for (t,z),(t,Z) € E.
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Theorem 3.1. Suppose that Assumptions H[fv, é], H[a] are satisfied and p € C1-L's
and that

ip(0, ) Zfz (0,2, 9(a(0,2)))0s,0(0, ) = G(0,2,0(a(0, ) (28)

for x € R™.
Then there are a ¢ € (0,a] and v: E* — R such that v is a solution of (27), (2).
Proof. Write
ag(t) = ag(t) —t, d&'(t,x)=d(t,x) -z, (t,z)€E
and a(t,z) = (ao(t), & (t,x)). Then the operators f, G are defined by
flt,z,w) = ft,z,w(@t z), Gt zw) =Gt z,wlt ), (& w)e.
We see at once that
O f(t,z,w) = Oy f(t, x, w(a(t, z))) +
+ 8pé(t, x,w(a(t, x))) {&tw(d(t, x))%do(t) + O,w(a(t, z)) * 0ra(t, x)

O f(t,x,w) = Op f(t, 2, w(alt, ) 4 Opf(t, z, w((t, ) Dpw(@lt, ) * Dl (¢, z),
Ouf (t, 2, w)D = f(t,z, w(a(t,x)))D(a(t, )

and
0,G(t, z,w) = 8,G(t, z, w(a(t,z))) + BG(t, x, w(a(t, x))) Dpw(dl(t, x)) * Dpd (t, ),
DwG(t, 2, w)yw = G(t, z, w(a(t, z)))w(at, z)),

where (t,2,w) € Q) and w € C(D, R).
It is clear that

[0cf (&, 2, w)|| < B_[l + (L +70) [wll,
102 f (¢, 2, w) || < B[1 4 (1+ 7o) [lw]l]

and

10w f(t, 2, w)|, < B,
10wG(t, 2, w)|, < B,
10.G (t, 2, w)[| < BI[1 + (1 +70) [lwl].
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We conclude from Assumptions H[f, G] and H[a] that

10 £ (¢, w) — 0, (2, 7, )| <
< [C1+ (1 +70) w1 )2 + Blrs + (L +70)?] Juwl, | lle =)+
HC+ (1 + o) (B + C wly )] -l
100 f(t 2, 0) = 0 f(t 2, 0)|, < C[(1+ (L4 70) fwlly ) 2 = 2 + lw = ]l ],
10.G(t, #,w) — 0.6 (t,7,w)]| <
< [C1+ (1 +70) ol J2 + Blrs + (1 70)%] Juwlly, | e =2l +
+[C+ (14 70)(B + C lwly )] lw— ]l
10uG(t,2,0) = 0uG(t,2,0)|, < C[(1+ (1 +710) wl ) llz = ] + e — ], |

It follows that all the assumptions of Theorem 2.4 are satisfied and the assertion
follows.

Remark 3.2. Suppose that the functions f: ExR— R", G: ExR— R are given
and the operators f,G are defined by

ft,z,w) = f(t,x, | w(r,s)dsdr),

G(t,z,w) = G(t,z, | w(r,s)dsdr).

U\ U\

Then (1) reduces to the differential integral equation

Oz(t, z) + Z filt, / z(t+ 7, + s)dsdr) Oy, z(t, x) =

i=1 D

:é(t,x,/z(t+7,x+s) dsdr). (29)

The existence result for problem (29), (2) can be easily deduced from Theorem 2.4.
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