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Abstract. It is shown that the generalized creation and annihilation operators on Barg-
mann space of infinite order in a direction a = (a1, a2,...) € 1% are inductive limits of the
creation and annihilation operator acting on Bargmann space of n-th order.
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1. INTRODUCTION

An interesting connection between some particular Bergman-type space of analytic
functions [5] and quantum mechanics was uncovered by V. Bargmann and I. Segal in
the 1960s [1, 18]. The model of the Fock space [9] as an L?-space of entire functions
developed by Bargmann [1] provides a convenient and precise methods for studying
free Bose fields. On these spaces, which we denote by B,, and which contain functions
on C", the Fock boson creation operators are represented as multiplications by linear
functions of independent complex variables z;, = 1,...,n. In [1] Bargmann defines a
Hilbert space B,, of all complex holomorphic functions on C™, square integrable with
respect to the Gaussian measure. Toeplitz operators on these spaces appeared very
useful in describing certain physical observables [1, 3, 4, 11, 12, 15]. Bargmann defines
in [2] a Hilbert space Bo, of all complex holomorphic functions on /2 such, that its
bases is an amalganation of all bases of B,, over all natural “n”. B, was suggested as
a convenient functional model for implementing the ideas of Fock, Dirac, Friedrichs,
Cook and Segal [6, 8, 18, 19]. An attempt to extend Berger—Coburn’s program [3, 4]
for infinitely many variables (degrees of freedom) proposed by Janas and Rudol in
[13, 14], met serious difficulties. One would like to have an appropriate Gaussian
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measure g on [? such, that space B,, can be regarded as a space of all complex
holomorphic and square integrable functions on [?. But for such a measure we have
u(1?) = 0. Trying to overcome this problem the authors have considered B, as the
closure in L%(m) of the set of all continuous on E_ complex polynomials, where m
is a measure on E_ given by Milnos—Sozonov Theorem [16]. Here E_ is a Fréchet
space from the triple of complex spaces E, C [ C E_ with continuous inclusions
such, that By = (E_)* and for ¢ € E, z € [> we have ¢(z) =< z,¢ >;2. The main
disadvantage of this “measure-theoretic” model of B, is the non-existence of non-
zero compact Toeplitz operators in spite of the situation for the Toeplitz operators
on B, [13].

In [14] Janas and Rudol studied an inductive model of B, and they obtained
there more encouraging results for Toeplitz operators. In [2] Bargmann defined the
generalized creation and annihilation operators in a direction a € I? and he pointed
out that these operators correspond to those introduced by Friedrichs [8]1). In this
paper it is shown that the generalized creation and annihilation operators in a
direction a = (ay,as,...) € [? are inductive limits of the creation and annihilation
operator dealing in B, in direction (ay,...,a,) € C™. This provides yet another
motivation to using the inductive model of B, to develop the ideas of Fock, Dirac
and others in the case of infinitely many degrees of freedom.

2. THE BARGMANN’S HILBERT SPACES

In this Section we recall Bargmann’s definition of the Hilbert space By, and some
properties of this space useful in the next parts of this paper.

We denote by T the set of all sequences of nonnegative integers with only a finite
number of nonzero entries. In the sequel the set Z’ (resp.C™) will be interpreted as
a subset of the set T(resp.l?), where [?> denotes the set of all square-summable,
complex sequences and C™(resp.Z’) denotes the cartesian product of n- copies of
the complex number field C (resp. of the set of all nonnegative integers Z, ). For
2= (21,1 Zn, Zni1,-..) € 12 and a := (aq,...,0,,0,...) € T, we use following
standard notation

n

o0
2] := Z|Zi|2,za =2 zi al =gl ),
i=1

ZQ

N

a+pB:= (a1 + 01,00+ Bn...), |OL|ZZO[7;, ea(2) =
=1

Now we recall Bargmann’s definition of his Hilbert space B, of an infinite order
[2]. Denote by [?(T) the set of all square-summable sequences indexed by the set T.

1) The detailed proof of these facts can be found in [22].
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For any sequence (f) := (fa)aeT € [?(T) we define the function f: > — C as
follows:

[(2) =Y facals), z€l (1)

acT
This definition is correct [21] and the correspondence (f) — f is linear injection and
we may denote its image by B.,. Namely

Beo = {f: (f) € P(T)}.

On B, we transfer the Hilbert space structure from [?(T) defining

oo LU (@)

Then the map [?(T) > (f) — f € By is isometric and in consequence (B, (*;,*)oo),
is a Hilbert space. The set {ey: @ € T} is an orthonormal basis of By, [21]. All
functions from B, are entire as functions from 12 to C, [21]. By is a Hilbert space
with reproducing kernel

K(w,z) :=exp(w, z) for w,z¢el? (2)
and the following reproducing formula is fulfilled:

For the others properties of the Hilbert space B, we refer the readers in [20, 21, 22,
23]. Concepts related to infinite-dimensional holomorphy can be found in [7].

3. GENERALIZED CREATION AND ANNIHILATION OPERATORS IN B,,, By

In this Section we recall the definitions and fundamental properties of generalized
creation and annihilation operators in the direction a € 12 [21] as follows:

D(AY) == {f € B: (- a)f(-) € B} (4)
o) = lz— i z a

D(A]):={f € Bx: ( d)\f( +)\))\_O>EBOC} (5)

(Aff)z = (za)f(2), [eD(A}),zel’ (6)

(A D)z = o [+ Mg, DAz el (7)

Using the orthonormal basis {eg: 3 € T} and the coefficients fz of (f), we obtain
the following characterizations:
2

fe€D(AY) if and only if Y | > fs—s,ai-VBi| <o
BET |ieN
where 0; = (0,...,0,1,0,0,...) € T and a = (aj,as,...) 8)

and fg_s, :=01if 8; =0.
I € (g, then ALf = T (£ fs i) oo

BET \ieN
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2
f e D(A,) if and only if < 00

BET (9)
If feD(A;), then A, f= > (Z fa4e,0i - Vb + 1) egs.

BET \ieN

> fatesai/Bi +1

i€N

For other properties of the generalized creation and annihilation operators we refer
the readers to [21] and [23].

These are natural extensions of the analogously defined creation and annihilation
operators AF, A. in the direction a € C™. On has replace By, by By, (> by C"
in (4)—(7). Also (8), (9) are the corresponding characterizations in terms of the
coefficients in B,,.

We are using the same symbols AT, A~ in both cases (n < oo and n = o) to
avoid additional subscripts, but their distinction can be made by checking to which
of spaces C™ (resp. [?) does their directional vector ,a” belong.

At the end of this section let us note, that using the same method as in the
proof of Lemma 6 in [21], it is not difficult to show that

LIN{eq: o € T} is a core of A . (10)

4. GENERALIZED CREATION AND ANNIHILATION OPERATORS IN B
AS INDUCTIVE LIMITS

Let us recall the notion of inductive limit of Hilbert spaces. Suppose we are given a
sequence of Hilbert spaces Hy, k € N. We say that Hilbert space H is an inductive
limit of the Hj, if there are isometries 7! : Hy — Hj(k < 1) and 7y: H, — H such
that the following conditions are satisfied:

(i) ¥ is the identity on Hy,

(i) Y = ot if k<1< m,
(iii) ye =0y if k<1,

(iv) H =\ ~pHj (the closed linear span of |J vz Hg).
k=1

Let us consider a sequence of closable operators L, defined on dense domain
D,, C H,, with densely defined adjoints L} with domain D. Janas in [10] proved
the following statement:

Statement J. Let the following conditions be fulfilled:
71?+1Dn C Dn+1 and ’)/ZJFID:L - D:;—l-lv ne Na (11)

for any € > 0 there exists ng(e) € N such that for every m > n > ng(e) and any
¢ € Dy, Y € D} we have the inequalities

[(Lmyn' = m Ln)oll < (@] + | Lmyy" @Il + [[Lnoll) (12)
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and
(L' = Y L)Yl < e(l[9l] + Lol + 1 Lntpl]).- (13)
Then for any n € N, ¢, € Dy, o, € D} there exist the following limits

lim v Ly édn and  lim ~, LY 0, (14)

Consequently, on the domains Do := |J YnDhn, DX = U 7D}, on can define
neN neN
operators

Loot := lim 4, Loy "¢, for ¢p =, 0,6 € Do and

. (15)
Aoo¢ = lim ’Vijn%Twn for 4, = Vn (URUNS D;o

These operators turn out to be closable, densely defined and satisfying A, C LZ,.

It is not difficult to show that B,, = B, ® Bj, where n = k + [, and that B, is
an inductive limit of By, with v ¢ := ¢ @ 1,,_m, W := 1Y ®1, where 1,,_,,, € Bp_p,
1eBand 1, ,(z)=1forall z€ C* ™ and 1(z) = 1 for all z € [°.

Let next Pi: 1> — C* denote the projections onto the first k coordinates:
Pi(z1,22,...) == (21, -, 2k)-

Now we show that the operators AT and A are inductive limits of the families

of operators {A?‘Pka) : k € N} and {A(_Pka) : k € N} respectively, where a € 2. Let
in the sequel: a € [, L, := A?Pka)’ Ly = Ay Di= D(AEFPW)), Dy = D(Ap, )

Hj, := By, H := By, and 7]}, v, are defined as above.
Theorem 4.1. The following conditions are fulfilled:

"D, C Dpy1, n €N, (16)
YWDy c DLy, meN, (17)

Lo = Af, (18)
A (19)

Ao =A; = L7,

where A, Loo are defined as in Statement J and A, Lo denote the closures of A
and Lo, Tesp.
Proof. To verify (16), let us take ¢ € D,,.
s
Then ¢(z) = Y, ¢p2= and
BEZT vl

B
Te(z) =¢@1(z) = > v

BEZY
From the other side we have:

ez) =Y (Wd)a

ZOC
agZ '

Jal

because of ~,'¢ € H,,.
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So it must be

and (20)
(YM$)a =0 if a2, +...4a2 >0.
Now with help of the above property we obtain:

2
n+1

Yo Do On )as V| =

aEZiJrl j=1

n

Z Z W 0)a =0 Ej\/oTjZ + Z |(’Y;L+l¢)a—6jan+1 =

wezntl |i=1 "
=0 e
2
n
=Y Do ¢s-5,aVB| + Y lbs@anil’ <
BeZ |j=1 gezn
n 2
S Z Zgbﬁ_éjﬁ\/ﬂi] + Z |¢?}| . |an+1|2 =
BEZT |j=1 gezn
2
n
= > Do ds-a, VB 101 lansal.
BeZn |j=1

From this and the condition (8) we have: j2*1(D,,) C D,1. This finishes the proof
of (16). Similarly, we have for ) € D}, n € N the equalities:

n’

2

-

n+1

D2 ) g @iV F

n

Z (77l+1¢)a+5 Q5 + 1

aGZTfl i=1 QEZ:JA i=1
AQp41=0
n 2
= E E w,@+6iai\/m
pezn |i=1

So from the above and the condition (9) it follows that the statement (17) is true,
too.

Our proof of (18) and (19) will be based on Statement .J, whose assumption
(11) has just been verified. Now we show that the assumption (12) is also true. Let
¢ € Dy, n, m € N, n < m. Then from the conditions (20) and (8) we obtain:

2

Z Z Oc 0; al\/CTZ‘| €a — Z lz ﬂ’ﬁ&-“i\/@] eg | ® 1y n| =

aczp Li=1 pezn Li=1
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- > [Z (') a—s, a\/cY] ea +

¥
Apt1=...=Qm=0

. 3 ()i, T ] o =
j=ntl a €z
ai+1+...+afn:1
O&j =1

(2)

- > [i: 7/)/3—6,;%‘\/@] e

pezry Li=1

(3
2

= Y2 > @sm e || = Do D losllalP =1el” Y la,l,

j=n+1peZn j=n+18€Zn j=n+1

where the expressions (1) and (3) cancel and i,(3) := (61,...,0n,0,...,0) € Z7.
But a € [?, so for any € > 0 there exists ng(e) such that for every m > n > ng(e)

2 :
> laj|” < €% and as consequence we obtain:
j=n+1

I(Lmyn' = Ln)oll < e€-[l6ll ¢ € Dn.
Let now ¢ € D}. Then from the conditions (20) and (9) we obtain:

(Lt =y Lp)ell® =

= > [Z(’Yﬁnwawi “i\/aiﬂ] eoa—| Y [Zwﬁ+61ai\/ﬁi+1] eg | @ Lnn|| =

aeZ Li=1

pezr Li=1
2
n n
= > [Z () ags, GV + 1] ea = Y [Zwmaiaivﬁﬂrl es|| =
acz i=1 pezn Li=1
Upp1=...=Qpm,=0

=0.
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So really, the assumption (12) is fulfilled. Now we can use Statement J and we obtain
that the conditions (14) and (15) are true in our situation described at the beginning
of Section 4. It is plain that v, D,, C D(A}) and v,D; C D(A,) for every n € N.
So we have

Do, C D(AT) and DX c D(A,).

Next we note:

Loon(z) = n}gnoo Y Lim Y On(2) =
= lim ([ Pr) 0] 2 =
= limoo (¢ Prnaymyn én() @ 1) z =

m—

= lim (P2, Ppa)m) dn(Pnz) =

m—0o0

<Zv a>7n¢n(z)a ¢n e€eD,, nc N,

because of the facts, that B,,, Bs, are the Hilbert spaces with reproducing kernels
(so, the evaluation functions on these spaces are continuous) and the observations:

<PmZ7Pma>m - <Z,CL> and Tn ¢n( mz) —>’Yn¢n( ) if m — oo.

The above allows us to write: Lo, C AJ.

Let M := LIN{e,: a € T}. Then we have M C Do, N D*, and A*|p C Lo C
C Lo C A}, where Af|r denotes a restriction of the operator AF to the linear
space M and L., denotes a closure of the operator L., (from the Statement J it
follows that L is closable). But M is a core of AT [21]. So we have:

At = Af|m C Lo C AF

and at last L., = AS. This finishes the proof of the condition (18).
Similarly as above we obtain:

Astb(z) = lim_ me* bnl2) =

= lim

m— o0 d)\ryn djn( m?+ )\Pma)lA 0=

l/f (P Z+AP a)|)\ O*Vn wn(PnZ“i’APna)h:O:
d
= avnwn(z +Aa)[a=0 for 1, € DY and neN,
because of % [N ) ®9()] azr, = (%f()\, |r=x0) ®g(+) and the other same reasons

as by the calculation at the preceding page.
From this it immediately follows that

A7 |m C A C A C AL
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But M is core of A, (see the condition (10)). Thus

A =Ag|lm C A C A,

and finally Ao, = A, which finishes the proof of (19) and of our all Theorem. [

Janas in [10] showed that an inductive limit of normal operators is a normal
operator under assumption describing the behavior of bounded vectors of operators
from the inductive sequence. He obtained also hyponormality (cohyponormality) for
the decreasing sequence of appropriate tensor products of hyponormal (cohyponor-
mal) operators under some normalization assumption. In [21] it is shown that the
generalized creation operators A} are subnormal. Our Theorem shows us an example
of a sequence of comparatively simple subnormal operators, which has also subnor-
mal inductive limit, having minimal normal extensions on L?(u,) such, that their
inductive limit, although subnormal, has no straightforward normal extension on
L2-space ([21], see also [17]).
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