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The quantity of structural intensity was introduced with the
purpose of description of acoustic phenomena with the ap-
plication of vector fields. It has found the exceptional appli-
cation in investigations of vibration energy flow in deform-
able elastic bodies. Structural intensity represents the aver-
aged in time net mechanical energy flow through the unit
area perpendicular to the direction of flow [4]. Analysis is
conducted for the thin-walled elements. Analysis in deeper
parts of constructional element is out of practical meaning.
Analysis of spatial distribution of structural intensity vector
fields enables determination and location of paths, sources
and sinks of energy of vibrations in mechanical systems. It
gives the particular information on the streams of energy
flow much advantageous than the other methods used earli-
er to such kind of analysis.

Development of the structural intensity applications was
noted in the beginning of nineties when have appeared
works showing the methods of numerical calculation [3, 6].
The fundamental dependencies were based on assumption
of one or two dimensional structure as beam or plate and the

modal model. The possibility of analysis of structural inten-
sity is very promising due to the prospects of use of elabo-
rated finite element models of mechanical structures. Prac-
tical numerical examination of vibration energy flow in
complex structures haven’t been solved satisfactory till
now. The main problems are found in necessity of conside-
ration of complex boundary conditions and complexity of
the analyzed real structures.
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For steady state of vibration the surface structural intensity
can be evaluated as the complex quantity [2]:

( ) ( ) ( )kl vl k kS I jJσ ω = ω + ω� (1)

where:
ω = 2πf – angular frequency,

f – frequency of vibrations,
( )kl vlSσ ω� – cross spectrum function of complex com-

ponents of stress and particle velocity.
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In practical cases there is analyzed only the real part of
structural intensity called active intensity. Only the real part
is responsible for the energy transfer. The imaginary part is
connected with the standing waves and represents the energy
conservation in the system. Instantaneous value of real part
of structural intensity ik(t) is time dependent vector quantity
equal to the change of energy density in the infinitively small
volume [6]. Its k-th component is given by the equation:

( ) ( ) ( ),k kl li t t v t= σ    l = 1, 2, 3 (2)

where:
vl(t) – l-th component of velocity vector,

σkl(t) – kl-th component of stress tensor.

Averaged in time value of (2) represents the net energy
flow in mechanical structure [6]

( )k kI i t= (3)

in the direction of k-th coordinate of rectangular frame of re-
ference corresponding to analyzed constructional element.

Components of structural intensity vector are calculated
for the beams, plates and shells as the functions of va-
riables: bending and twisting moments, shear forces, linear
and angular displacements.
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Vibrations of thin plates are dominated by the bending and
longitudinal waves. For longitudinal waves displacements
do not vary with the depth of the plate. In case of bending
vibrations there are added up displacements caused by the
shear forces, bending and twisting moments. Structural in-
tensity for a plate subjected to all kind of loads is the result
of sum of three components. For the bending motion of the
plate displacements are related to the in-plane displace-
ments as follows:

,
2 2

z z
x y

h u h u
u u

x y

∂ ∂= = −
∂ ∂

(4)

In the numerical calculations by the means of finite ele-
ment method the structural intensity is related to the neutral
middle plane of plate. In general case the plate is subjected
to the bending, tension and twisting motions.

* * * * *
0 0 0

* * * * *
0 0 0

Im
2

Im
2

x x xy x x y xy x

y y yx y y x yx y

I N u N v Q w M M
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ω ⎡ ⎤= + + + θ − θ⎣ ⎦

ω ⎡ ⎤= + + − θ + θ⎣ ⎦

�� � � �

� � �

�� � � �

� � �

(5)

where:
,x yN N� � – tension forces,

xy yxN N=� � – internal forces,

,x yQ Q� � – shear forces,

xy yxM M=� � – torques,

,x yM M� � – bending moments.

There are assumed small deformations which enable the
superposition of independent displacements for flat finite
element of plate or shell type.
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Complex displacements and stresses needed for structural
intensity evaluation can be obtained by the modal approach.
Software used in computation with FE method uses the real
stiffness and mass matrices. As a result are obtained the real
displacements and stresses. Procedure of structural intensi-
ty calculation is based on complex response of the structure
with the modal representation. Damping is considered in
two forms. Structural internal damping is taken as modal
damping. The additional damping, placed in known loca-
tion is treated as external loading

{ } { }R S X⎡ ⎤= − ⎣ ⎦
�� � (6)

where:
S⎡ ⎤⎣ ⎦
� – additional stiffness matrix,

{ }X� – displacement vector.

There was assumed excitation by the sinusoidal force in
form { } .j tF e ω

�  The equation of motion of structure includ-
ing two models of damping is [3]

[ ]{ } [ ]{ } { } { }2
� � � � � � �+ = +� � � � (7)

where [M] and [K] are the real mass and stiffness matrices.

The complex response of the structure is obtained from
the calculations of eigenvalues. This is done with the post-
processor program operating on values obtained from finite
element software in purpose to compute the complex modal
response in modal coordinates. The internal proportional
damping is considered by use of complex eigenfrequencies.

The real values of matrix 2
0

⎡ ⎤ω⎣ ⎦  are replaced with the values
including modal loss factor ηi for the i-th mode and complex

eigenfrequencies are equal to ( )2 2
0 01 .i i ijω = + η ω�

Values of structural intensity by the definition (2) depend
on particle velocity and stress. As the result of calculations
one can get the displacements in nodes and stresses in the
point inside the finite element. In the process of calculations
they values are need to be found in the same points. Because
the accuracy of stress calculations is less than for displace-
ments, the values of structure response are taken in points of
highest accuracy for stress. Displacements in theses points
are counted with the help of shape function for finite ele-
ment from related to them relative displacements of ele-
ment. Shape function matrix is in general case related to the
local system of coordinates for finite element. Vector of
modal displacements have to be defined in the same coordi-
nate system. Displacements inside finite element are also
related to the local system of coordinates. Procedure appli-
cation allows to find the vector containing the proper dis-
placements of element centroides for given eigenvalue.
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Complex displacements and stresses both related to the ele-
ment centroide necessary for evaluation of structural inten-
sity are calculated by modal superposition. Obtained as the
calculation result the values of structural intensity are of
complex nature and expressed in the local coordinate sys-
tem connected with the finite element and need to be trans-
formed into the general system of coordinates connected
with the analyzed structure.

%�������	&�������'�������((�
�$����

For the purpose of structural intensity usability verification
in application to the identification of the constructional ele-
ment’s joints the numerical experiment was performed. The
model chosen for analysis was three dimensional structure
of simply supported ribbed rectangular plate. The plate has
mechanical properties as structural steel and dimensions of
1.5 m in width and 3 m in length with thickness of 10–2 m.
The finite element method model was prepared using the
NASTRAN software. Plate was divided into 4608 the same
square shell elements of QUAD4 type. The excitation force
and damping force were introduced to the model. The har-
monic excitation force was attached to the plate in place
indicated on figures by the star. The damping force propor-
tional to the velocity of vibration was attached to the plate in
place indicated on figures by the triangle. The magnitude of
damping force was set to 103 N. The direction of its action
was chosen perpendicularly to the plane of plate. There was
chosen the model of simply supported plate. The only feasi-
ble motion was the rotation around the edges of the plate.

There were eliminated the translation motions in any direc-
tion edges of plate. Such model was in accordance with the
most technical cases of plate element mounting in practice.

%������ ��� �)*����������)� 

The calculation has been done for 100 first mode shapes. In
cases of low number of mode shapes there were observed
significant changes in distribution of vectors for the same
density of net of elements. The positions of excitation and
damping forces attachments were clearly shown by the
structural intensity vectors distribution. It was assumed that
for the number greater than 60 mode shapes the numerical
model of plate is exact and in a proper way represents the
vibration energy flow in the system. The magnitude of
structural intensity vectors decease with increase of number
of finite elements. This inclined to the conclusion that in
energy flow analysis it is not sufficient to observe only the
intensity vectors. The better measure of energy flow seamed
to be the total energy flow through the closed area around
the places of excitation and damping or through the whole
width of the plate. For that reason the method of summation
of structural intensity vector magnitude along the path sur-
rounding the source or through the whole cross section of
the element should be applied. Significant changes were ob-
served for the area around the excitation and sink. This is
due to the changes of stress values in the region of point
force attachment. For the other cross sections there were
observed only slight change in total energy values. The ob-
tained results of calculations done for ribbed rectangular
plate are shown on Figures 1–5.
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The main target of the analysis of the rectangular plate
with ribs was the testing the distribution of structural inten-
sity vectors especially in the regions of ribs attachment.

For the comparison of results there is presented distribu-
tion of intensity vectors for plane rectangular plate of the
same dimensions. Obtained distribution of intensity vectors
for ribbed plate is significantly different form result got for
plate without ribs. Distributions of intensity vectors in pla-
ces near by the places of excitation and damping are similar
for both cases of plates. The positions of excitation and
damping forces attachments were clearly shown. However
in all cases the distribution of intensity vectors in the middle
part has similar shape. The distribution of vectors has

shown distinctly the direction of energy flow from the exci-
tation to the damper. For the plates there were observed the
vortices of vectors field in the region far from excitation and
damping.

Comparing obtained for the rectangular plates results of
calculations presented here as the distribution of structural
intensity vectors over the area of plate one can notice that
there is no similarity with the distribution of displacements
for each mode shape. This conclusion results from the fact
that mode shapes are connected to the standing waves
formed in the plate. In the system with small internal damp-
ing there is not observed the energy flow or at least it is very
low. The effect of energy flow between the structure ele-
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ments is observed only for systems with high internal damp-
ing caused e.g. by the local abrupt changes of properties or
localized damping force.

	���	������	��

Presented method of structural intensity vector calculation
enables its evaluation for chosen frequency range and mode
shapes [6]. Derived dependencies connect the structural in-
tensity with linear and angular displacements, forces and
moments exerted to the structures like beams, plates and
shells. The calculations are done with the application of
complex modal parameters counted by the use of the nu-
merical modal analysis based on finite element method.

Distribution of intensity vectors for rectangular plate
with two perpendicular plates allows for conclusions:
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The distribution of structural intensity vectors gives the
qualitative characteristic of vibration energy transportation
in mechanical systems. Introduction of an additional mea-
sure in form of integral of magnitude structural intensity
vector component perpendicular to the certain closed sur-
face e.g. element cross section enables the quantitative as-
sessment of energy transfer paths and its balance in the
structure.

The main disadvantage of the method is its poor conver-
gence. The number of modes which are used in calculation
process should be properly chosen and is much bigger than
for standard modal analysis. In case of analysed plates the
number of mode shapes should be grater than 60. The
abrupt changes of stress which occur in points close to the
excitation or discontinuities of structure can not be well de-
scribed by the limited number of lower modes. This makes
the main problem of calculation method exactitude.

The method of analysis of structural intensity distribu-
tion enables the investigation in the regions of high concen-
tration of vibration energy flow which consequently is ex-
posed to the risk of damage or is propagating the sound
waves to the environment. It can be also considered as the
identification of the regions for application of additional
damping in purpose of lowering of vibration level and re-
sulting noise radiation.

��*������ 

D�E ������
�
 ��
!��F���
"��
#���G
�

"�H
�����������	����
�	�����
��
�
���������������������������������	������	�	�������������	��
#����
$�
%G��I

&�
��G�
'��
���(�
)�
�J�
��B�*��*�
*++��
*KB,L

D*E !��F���
"�H
�	��������
�	����	������
��
�������	����������
)�
�
�J��
 ��
����
��
)

����
����
���
 �
-��
����
'
�G��
&./
*++�

D,E !��F���
"�H
�	��������
�	����	����������	�	�	�	�����������������
�����
%
���

��G��
��
'�����
	���
��L�
)�
�J��
 ���
 ���
�
�
�
.�����
���
%�����
��
'����
�����
�
0�����M
#&1
*++*

DLE 2�����
��!�H
��	�	  	���� �������������������	�������	�������������� 
 �	!�������"	�������������������	���#
"�
�	
%����

��
$���

����
34�
�KN��
*+3B**N

D4E .
����
5�H
$� ��	��	��	����� ��������� �����	������ �	�  ��!��B	�	���	
������	����������	��������������	�%$� ��	��	�� ����������� �����������
	�	����  ���� ��� ���������	����������	�&#
#��-�
�������
6�������
�
��
�����������
��
!���������
!���������
�KK�

D7E .
����
5��
#
���
.�H
'������������ � ����������� ���	������ ����	���
����	���������	��������	���������������������������C(�#
#����
�	

��
�����
��
�
!��	�
��
��
����
�
������O����
%�����
�KK+�
*+3B*�L

D3E .
����
5��
 #
���
.�H
)�  ����	� 	�	�	����	�����  ��� ������������ � 
��������������	�������������������	���������#

"�
�	
%����

��
$��
��

����
�7L
8�9�
�KK,�
*KBL,

DNE .
����
5�H
("���������� ���������������	������������	���	����������	����
��������������#
#����
�	

��
��
�������
�KK3�
����
*�
�KK3�
734B73N

DKE  ����
��
0�.�H
*�������������	����������������������������	���#
"�
�	

��
&����
��
�
%����
�
�	
&�����
�
N7
8�9�
�KK��
�7�4B�7**

D�+E P�
P�-��
5��
/�#��
 
��
:�:��
5�
!�H
��	�	�	���� ���������������
���  	�	������	��� ������	���������	�#
����� 
����
%
���
�����
����
L*�
*++L�
K3KBKKL



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


