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Adam Kowalewski*

Optimization of Distributed Hyperbolic Systems
with Multiple Time Delays Given in the Integral Form**

1. Introduction

Various optimization problems associated with the optimal control of distributed para-
meter systems with time delays appearing in the boundary conditions have been studied
recently by Wang (1975) Knowles (1978), Kowalewski (1993a, b, 1995, 1998, 2000) and
Kowalewski and Duda (1992).

In Knowles (1978), the time optimal control problem of linear parabolic systems with
the Neumann boundary conditions involving constant time delays was considered.

These equations constitute in a linear approximation, a universal mathematical model
for many diffusion processes in which time-delayed feedback signals are introduced at the
boundary of a system’s spatial domain. For example, in the area of plasma control (Wang
(1975)), it is of interest to confine a plasma in a given bounded spatial domain C by introdu-
cing a finite electric potential barrier or a “magnetic mirror” sorrounding €. For a collision-
dominated plasma, its particle density is describable by a parabolic equation. Due to particle
inertia and finiteness of electric potential or the magnetic -mirror field strength, the particle
reflection at the domain boundary is not instantaneous. Consequently, the particle flux at the
boundary of Q at any time depends on the flux of particles which escaped earlier and reflec-
ted back into € at a later time. This leads to the boundary conditions involving time delays.

Using the results of Wang (1975), the existence of a unique solution of such parabolic
systems were discussed. A characterization of the optimal control in terms of the adjoint
system was given. Consequently, this characterization was used to derive specific properties
of the optimal control (bangbangness, uniqueness, etc.). These results were also extended to
certain cases of nonlinear control without convexity and to certain fixed-time problems.

Consequently, in Kowalewski (1993a, b, 1995, 1998) and Kowalewski and Duda (1992)
linear quadratic problems for hyperbolic and parabolic systems with time delays given in the
different form (constant time delays, time-varying delays, etc.) were presented.
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In particular, in Kowalewski (2000) various fixed-time control problems for distribu-
ted hyperbolic systems with time delays appearing in the integral form both in the state
equations and in the Neumann boundary conditions were also considered. Such systems
constitute a more complex case of distributed parameter systems with time delays given in
the integral form.

In this paper, we consider optimal control problems for linear hyperbolic systems in
which different multiple time delays appear in the integral form both in the state equations
and in the boundary conditions.

Sufficient conditions for the existence of a unique solution of such hyperbolic
equations with the Neumann boundary condition involving multiple time delays given
in the integral form are proved. The performance functionals have the quadratic form.
The time horizon is fixed. Finally, we impose some constraints on the distributed and boun-
dary controls. Necessary and sufficient conditions of optimality with the quadratic per-
formance functionals and constrained controls are derived for the Neumann problem. The
optimal boundary control is obtained in the feedback form. Making use of the Schwartz’s
Kernel Theorem (Schwartz 1950), the representation of the optimal feedback boundary
control is given.

2. Distributed control of a hyperbolic delay system

2.1. Existence and uniqueness of solutions: f'e HO’I(Q)

Consider now the distributed-parameter system described by the following hyperbolic
delay equation.

2 m b
%*A(I)YJFEIY(xJ—hi)dhi =f, xeQte(0,7) 2.1)
! i=lgq,
y(x, 1)y =®y(x, 1), xeQ,i’e[-A,0) (2.2)
y(x,0)=yo(x), xeQ (2.3)
dy
E(x’ 0)=y;(x), xeQ (24
1 ds
dy
== [ y(x,t—ky)dk, +v, xeT,te(0,T) (2.5)
anA s=lc,

y(x, )y=V¥o(x, 1), xeT,i’e[-A,0) (2.6)
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where: Q c R" — a bounded, open set with boundary T, which is a C* — manifold of dimen-
sion (n—1). Locally, Q is totally on one side of I".

y=Ey, 6 f), f=fn D), v=vx, o)
Q=0x(0,T), Q=Qx[0,T], Qy=Qx[-A,0), T=Tx(0,T), ZTy=Ix[-A,0)

h;, kg are time delays (deviating arguments) such that #; € (a;, b)) and k; € (c,, d,) where
O<ai<ay<..<a, 0<b<by<..<b,fori=1,..,m
and0<cy<cy<..<¢, O<d;<dy<..<dfors=1,..,1

@y, ¥, are initial functions defined on Q, and X, respectively,
daf
A =max{b,,, d;}.

The operator A(f) is given by

A P YAC )
Aty = ,-,,Zzl ™ [a,,<x,t> >, ] 27)

and the functions a;i(x, f) satisfy the following condition in Q = Qx(0, T)

n n

z aij(x’t)(piq)j Zaz(plz’ (X>0, V(x, t)EQ, (piER
i,j=1 i= (2.8)

G = 4ji, Vi
where: a;(x, t) — real C” functions defined on Q (closure of Q).

The equations (2.1)—~(2.6) constitute the Neumann problem. The left-hand side of the
Neumann boundary condition (2.5) is written in the following form

. = Z a;j (x, 1) cos(n, x,-)% =q(x,t), xeT,te(0,T) (2.9)

anA i,j=1 j

dy . .. . . .
where: v is a normal derivative at I, directed towards the exterior of Q, cos(n, x;) is an

. 1A . . .
i-th direction cosine of n, n-being the normal at I" exterior to €.

dS
q(x,t)= i J y(x, t—ky)dk, +v(x, t) (2.10)

s=1 Cy

First we shall prove the existence of a unique solution of the mixed initial-boundary
value problem (2.1)—(2.6). We shall consider the case where the control f belongs to

H"'(0).
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For this purpose, for any pair of real numbers r, s = 0, we introduce the Sobolev space
H"(Q) (Lions and Magenes 1972: Vol. 2, p. 6) defined by

af
H"™(Q)=H (0. T:H" ()" H* (0.T:H" ()
which is a Hilbert space normed by (2.11)

1/2

2 2
HrQ) dtt "f”HS(O, THY(Q)

T
[l
0

where H*(0, T; H 0(Q)) denotes the Sobolev space of order s of functions defined on (0,7)
and taking values in H 0(Q).

Consequently, some properties and central theorems for the functions y € H"*(Q) are
given in Lions and Magenes (1972) and Kowalewski (1998).

For simplicity, we introduce the following notations:

E] = ((]— 1)}\1,]7\1), Q] = QX E]’ 2] = FX E] for] = O, 1, ceey K, 7\, = min{a1, Cl}

The existence of a unique solution for the mixed initial-boundary value problem (2.1)-
(2.6) on the cylinder Q can be proved using a constructive method, i.e. solving at first equ-
ations (2.1)—(2.6) on the subcylinder Q; and in turn on Q,, etc. until the procedure covers
the whole cylinder Q. In this way, the solution in the previous step determines the next one.

Consequently, using the Theorem 4 of Kowalewski (1998) one may prove the follo-
wing result.

Theorem 2.1. Let y,, y; , ®y, ¥y, v and f be given with y, € HZ(Q), y; € H3/2(Q),
@, e H**(Qy), ¥y € H'*A(2), ve H'*(2), f € H*\(Q) and the compatibility relations

ay—o(x,O)qu(x,O) onT (2.12)
My

Ay, o o 0

2 (x, 0)+] | - ,0)=—q;(x,0 r 2.13
o, ) (at[am]]yo(x )=5, 4(x0) on (2.13)

are satisfied.
Then, there exists a unique solution y € HZ’Z(Q) for the time delay hyperbolic equation
(2.1)~(2.6) with y(-, jA) € HX(Q) and y'(, jA) € H*(Q) forj=1, ..., K.

The idea of the proof of Theorem 2.1 is the same as in the case of Theorem 1 in Kowa-
lewski (2000).
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2.2. Optimal distributed control

We shall formulate the optimal control problem in the context of case where
feH 0’1(Q). Let us denote by U = H 0’1(Q) the space of controls. The time horizon T is fixed
in our problem. The the cost function is given by

1) =y [|y(e 15 £)=zg dvde 425 | £]00 © (2.14)
0

where: A; > 0 and A; + A, > 0; z, is a given element in LX(Q).

Using the formula (2.11), the second term on the right-hand side of (3.1) can be written as

T
171010, =2 ({ (F50, (6 0) 2 )t +

r 5 (2.15)
+I<3f(x,t)’3f(x,t)> dr= | 2_3_2 7| faxar
0 ot ot LZ(Q) 0 ot
Moreover, f(x, 0) = f(x, T) =0,x € Q.
Finally, we assume the following constraint on controls:
fe UQad is a closed, convex subset of U (2.16)

Let y(x, t; f) denote the solution of (2.1)—~(2.6) at (x, f) corresponding to a given control
f € Uad'

We note from the Theorem 2.1 that for any f € U,,, the cost function (2.14) is well-
defined since y(f) € HZ’Z(Q) c LZ(Q). The solving of the stated optimal control problem is
equivalent to a seeking an f € U, such that I(fy) < I(f) Vf e UQad'

The starting point for our considerations will be the following theorem which can be
found in (Lions 1971: p. 10):

Theorem 2.2. Assume that the function f — I(f) is strictly convex, differentiable such
that I(f) — +oo as |[f || = +eo, f € U, (the last hypothesis may be omitted if U ,; is bounded).
Then, the unique element f;, in UQad satisfying I(fy) = infy . Up I(f) is characterized by

ad

I(fo)f-fo) 20 Vfe Ug,, (2.17)

For the above control problem, from the Theorem 2.2, it follows that for A, > 0 a uni-
que optimal control f exists; moreover f; is characterized by the condition (2.17).

Using the form of the performance functional (2.14), we may express (2.17) in the
following form

M [ (o) =20 ) () = ¥(fo)) i +
¢ (2.18)
Ao (for F = fo)yor g 20 VfeUg,
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To simplity (2.18), we introduce the adjoint equation and for every f e UQad we define
the adjoint variable p = p(f) = p(x, t; f) as the solution of the following equation

9? p(f)+A(t)p(f)+2jp(x t+h; fdh =

i1y (2.19)

zkl(y(f)—zd) xeQ,te (0,T—-A)

m T—t
9 p(f)+A(t)p(f)+Z f p(x, t+h; fHdh; =

i=1 g, (2.20)
=M(0(f)-zg) x€eQte(T-AT-N)

2
? p(f PSP aeyp(f) =t (y(f)-24) xeQie@-MT)  (221)
pe, T;H=0 xe Q (2.22)
P, T, =0 xe Q (2.23)
ap(f )

(x,0)= 2_[p(xt+ks,f)dk xeT,te(0,T-A) (224

_]C

p(f) LT
L t)=Y, [ plxt+kg; f)dky, xeT,te(T-AT-L) (2.25)

arlA s=1 ¢,
ap(f)( =0 xel,te(T-AT) (2.26)
My
where
ap(f) p(f)

t) Zal] (x, t)cos(n, x;)

ij=1 J

(x, 1)

Using the Theorem 2.1, the following result can be proved.

Lemma 2.1. Let assumptions of Theorem 2.1 be satisfied. Then, for given z; € LZ(Q)
and any f € H° ’I(Q), there exists a unique solution p(f) € H 2’Z(Q) for (2.19)—(2.26).
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Using the adjoint equation (2.19)—(2.26), we simplify the first component of the left-
hand side of (2.18). Consequently, after transformations we get

M [ (7(fo)=2a) ()= y(fo))dxdt = [ p(fo)(f = fo)dxdr  (2:27)
o 0

Using the formula (2.15) and substituting (2.27) into (2.18) gives

2
'f|:p(f0)+k2(2—;—2}f0](f—fo)dxdt20 VueUg (2.28)
0

Theorem 2.3. For the problem (2.1)—(2.6) with the performance functional (2.14) with
z, € LZ(Q) and A\, > 0 and with constraints on controls (2.16), there exists a unique optimal
control fy which satisfies the condition (2.28).

3. Boundary control of a hyperbolic delay system

3.1. Existence and uniqueness of solutions: v € LZ(E)

Consider now the distributed-parameter system described by the following hyperbolic
delay equation

2 m b
2—;+A(t)y+zj‘y(x,t—hi)dhi:f xeQ,te (0,T) (3.1)
t i=lg,
Y, 1) =Dy(x, 1) xe Q,t'e [-A, 0) (3.2)
y(x, 0) =yy(x) xe Q (3.3)
Y(x, 0)=y/x) xe Q (3.4)
d 1 ds
= [y t-k)dk; +Gv xeT,1€(0.T) (3.5)
anA s=l¢,
Yoo, )y =Yyx, ) xeTl,te[-A 0) (3.6)

where: € has the same properties as in the problem (2.1)—(2.6)
Yy, t;v), f=fix ), v=vx, 1), Q=Qx(0,7)

Q=Qx[0,T], Qy=Qx[-A,0), T=Tx(0,T), Z,=TXx[-A,0)
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h;, kg — are time delays (deviating arguments) such that i; € (a;, b;) and k, € (c,, dy), h; and k;
have the same properties asfin problem (2.1)—~2.6), @, ¥, — are initial functions defined on

Q, and X, respectively, A =max{b,,,d;}, G —is a linear continuous operator on Lz(Z) into
(H”? 252(2)) with v € LX(Z) and Gv € H? =29%(%).

The operator A(¢) is given by the formula (2.7).
The equations (3.1)—(3.6) constitute the Neumann problem. The left-hand side of the
Neumann boundary condition (3.5) can be written in the following form

P e 1) xelre(0,T) (.7)
Ny
where
[ 4
q(,0)=Y, [ y(x, t=ky)dk; +Gv(x, 1) xeT,te (0,T), ky e (cy,dy) (3.8)
s=1 Cy

We shall prove the existence of a unique solution of the mixed initial-boundary value
problem (3.1)—(3.6) defined by transposition, i.e.

(y,u”+Au)=L@u) Vue X' (Q) (3.9)
where
Lw)= <l, u> +<q, u> +<y[, u(0)> —<y0, u'(0)> (3.10)
and
m bi
I=| f =Y [ y(x, t=h)dh; (3.11)
i=lq,
g 0

and Xl(Q) is the space described by the solutions u of the adjoint problem (3.7) in Kowa-
lewski (2000).
Using the Theorem 4 of Kowalewski (2000) the following theorem can be proved.

Theorem 3.1. Let y, y;, @y, ¥y, v and f be given with
o€ EVX(Q), yy € E92Q), Dy e H Q)
¥y e H P24 %), v e L(Z) and fe Z77(Q).

Then, there exists a unique solution y e D;rDZ (Q) for the problem (3.1)—(3.6) defined
t
by transposition (3.9). Moreover, y(:, jA) € 3_3/2(9) and y'(-, jA) € E_S/Z(Q) forj=1,.., K.
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The sketch of the proof of Theorem 3.1 is similar as in the case of Theorem 5 in Kowa-
lewski (2000).

3.2. Optimal boundary control

Now we shall formulate the optimal control problem in the context of the case where v
€ LZ(Z). Let us denote by U = LZ(Z) the space of controls. The time horizon T is fixed in our
problem. The cost function is given by

I(V) = 7\‘1 "y(V) —Z4 "?-[’1:’2(Q) + 7\‘2 <NV, V>L2(2) (312)

where: A; > 0 and A+, > 0; z, is a given element in H"*(Q), and N is a positive linear
operator on LZ(Z) into LZ(Z).
Finally, we assume the following constraint on controls

velUy (3.13)

where: Us y is a closed, convex subset of U.
a

Let y(x, t; v) denote the solution of (3.1)—(3.6) at (x, f) corresponding to a given control
ve UZ We note from Theorem 3.1 that for any ve U S the performance functional

(3.12) is well-defined since ye D - D2 (O)cH 12 (0). The solving of the formulated
optimal control problem is equlvalent to seeking a vyeU T such that I(vy) < I(v)
VveUs .

Then, from Theorem 2.2 (replacing f by v), it follows that for A, > 0 a unique optimal
control v, exists, moreover v is characterized by

M (A (V) = 24)s Y(V) = Y(V0)>H—1,—2(Q) +
(3.14)

+7\.2<NVO,V—V0> >0 Vve Uzad

L*(3)

where: A, is a canonical isomorphism of H"%(Q) onto H, (1)% ()

To simplify (3.14) we introduce the adjoint equation and for every ve U x> We defi-
ne the adjoint variable p = p(v) = p(x, ¢; v) as the solution of the following equation

m b

+A(t)p(v)+2jp(x t+h;v)dh =
i=lg, (3.15)

9*p(v)
ot?

=MA (y(vg)—z4) x€Q,te(0,T—A)
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2°p(v) e
=+ AOPM+Y, [ plx i+l v)dh; =
ot i=1 g, (3.16)

=MA (Y(v9)—z4) x€Qte(T—-AT-N)

2
aapgv)-i-A(t)p(v)zklAl (y(v)—z5) x€Qte(T-AT) (3.17)
t

pix, T;v)=0 xe Q (3.18)

P, T;v)=0 xe Q (3.19)

1 dg
_aap(w 0=, | plot+kivdk, xeT,te (0,T-4)  (3.20)
Ma

s=1 Cy

Ip(v) LT

(0=, [ plx,t+kg;v)dk, xeT,te(T-A,T-L) (3.21)
anA s=1 ¢
PO (¢ =0 xeT,reT-AT) (3.22)
any

where

op(v) S op(v)

(x, )= a;; (x, t)cos(n, x;) (x,0)
aT]A i,]%] 4 ! ax]

Then, p(v) is defined by transposition, i.e.

” _ -1

(p.y"+4y)=M(y) VyeD .©Q (3.23)

where

M(y)=(p"+Ap, y)+(p,1)=(p,q)—(p(0), y; ) +(p'(O), o)

and y satisfies (3.1)—(3.6).

Lemma 3.1. Let assumptions of Theorem 3.1 be satisfied. Then for given
z;e H 1’_Z(Q) and any v € LZ(Z), there exists a unique solution p(v) € HS’S(Q) c ES’S(Q) to
the problem (3.15)—(3.22), defined by transposition (3.23).
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Using the adjoint equation (3.15)—(3.22), we transform the first component of the left-
hand side of (3.14). Consequently, after transformations we get

M (A (Y(v0) = 24)s Y(v)— )’(VO)>H-L—2(Q) =

) (3.24)
= <P(x7 5 v), G(V—V0)>H75/2575/2(2) = <G p,vV—1 >L2(2)
Substituting (3.24) into (3.14) gives
G* p(vg) + MyNvg, v— > >0 YveU 3.25
< p(vo)+ANvg, v—vp 2 veUs (3.25)

The foregoing result is now summarized.

Theorem 3.2. For the problem (3.1)—(3.6) with the cost function (3.12) with
z;e H 1’_2(Q) and A, > 0 and with constraints on controls (3.13) there exists a unique
optimal control vy which satisfies maximum condition (3.25).

We can also consider analogous optimal control problem with the cost function gi-
ven by

~ 2
IWv)=\ “y(v)|Z -zz, “ +ho (N, V>L2(Z) (3.26)

Hg5/25-5/2 )

where: Zz, is a given element in H~ S2gs) 2(Zl); we assume the space H SN2z 2(Zl) such that
—5/22-5/2
y(v)|2 e H' 7272 (2).
Then the optimal control v is characterized by

M <A2(Y(V0)‘z -25.), 0y _y(VO)‘z>H75/2=75/2(2) +
- 3.27)
+A; (Nvg, V_V0>L2(Z) 20 VveUs
where: A, a canonical isomorphism of A SN2z 2(Z) into H?=° 2(Z).
The adjoint equation has the form
82 m bi
g(ZVO)"'A(t)p(VO)+Z J p(x,t+h,vg)dh =0 xe Q,te (0,T-A) (3.28)
t i=lg,
9*p(v) o Tt _ o
. +AOPpWo)+Y, [ plt+h,vg)dh; =0 xeQte(T-AT-1) (3.29)
t

i=1 al.
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2
%ma)p(%) =0 xeQteT-\T) (3.30)
t
px, T;v)=0 xe Q (3.31)
P, T;v)=0 xe Q 3.32)

9p(vo) Lo
0 (x,0)= 2 _[ p(x, t+kg;vy)dk, +
aT1A s=1 Cy (3'33)

+7\'1A2(y(v())|2 - sz )(x> t) X€e F> te (07 T- A)

9p(vo) L
(x, )= 2 _[ p(x, t+kg;vy)dkg +
o, . (3.34)

-i—?»]Az(y(vO)|Z —zz, )x, 1) xel,te(T-AT-M)

dp(vp)

. (x5, ) =M A (y()ls — 25, )(x, 1) xeT,te (T-AT) (3.35)
A

Using the Theorem 3.1, one may prove the following result.

Lemma 3.2. Let assumptions of Theorem 3.1 be satisfied. Then for given
-5/2
zs €H —/2F Y (£) and any v € LZ(Z), there exists a unique solution p(v) € H 3’3(Q) c
= (Q) to the problem (3.28)—(3.35) defined by transposition (3.23).

In this case the condition (3.27) can be also rewritten in the form (3.25). The following
theorem is now satisfied.

Theorem 3.3. For the mixed initial-boundary value problem (3.1)—(3.6) with the cost
-5/2
function given by (3.26) with zs € H -5/ (%) and A, > 0 and with constraints on

controls (3.13), there exists a unique optimal control v, which satisfies maximum condition
(3.25).

The optimality conditions derived above (Theorems 2.3, 3.2 and 3.3) do not provide
any analytical formulae for the optimal control. Thus, we turn from the exact determining of
the optimal control and we have to use approximation methods.

In the case of performance functionals (2.14), (3.12) and (3.26) with A; >0 and A, = 0,
the optimal control problem reduces to the minimizing of the functional on a closed and
convex subset in a Hilbert space. Then, the optimization problem is equivalent to a quadra-
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tic programming one which can be solved be the use of the well-known algorithms e.g.
Gilbert’s (1966).

Consider now the particular case where U o =1? (Z). Thus the maximum condition
(3.25) is satisfied when

vo = A3 N TIGT p(vy) (3.36)
If N is the identity operator on LZ(Z), then from the Lemmas 3.1 and 3.2 and Theorem

3 of Kowalewski (1998) it follows that vy € L*(Z).

3.3. Optimal feedback boundary control

Making use of the results of Lions (1971), we shall express the optimal control (3.36)
in the feedback form.
For this purpose we consider the following set of equations with € € (0, 7):

az m bi
EL Ay +Y |yt —h)dh; = f(x,1)
ot i=lg,
fort—h; =€
82y m b (3.37)
87+A(t)y+zjq>£(x,t—h,-)dh,- = f(x,0)
i=1 a;
fort—h; <e
[(x, 1) € QX (&, T), h;e(a;,b;)
( 82 m bi
—f +A@OP+Y, [ P, t+h)dh = Ay ==MAszg
ot i=lg,
for (x,t)e Qx(e,T—A)
azp m T—t
at—2+A(t)p+ Y | PG t+hy)dh =M Agy = MAgzg (3.38)
i=1 g,

for (x,1)e QX(T —A,T—1)

2
2_5+A(t)p “daAry =-MAzg for (x, )€ Qx(T-A, T)
t
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with boundary conditions

1 ds
Y [ ye,t—kg)dk, ~2,N~'G"p fort—k, >

s=1 Cg

dy (=11 4 (3.39)
My Y [ Welxt—k)dk, ~MN"'G"p fort—k <e

s=1 Cg

|(x,0)e T'x(e,T)

[ 1 d,
Y, | plx, t+kg)dk,  for (x,1)e Tx(e, T —A)

s=1 ¢,
a—p(x, =417 (3.40)
My > | pr.t+kg)dk, for (x,0)e TX(T~A,T~1)

s=1 ¢,

10 for (x,1)e TX(T —A,T)

and with the following conditions

>y(x, €) = ye (%) xe Q
Y (x, €)= yp(x) xeQ
(3.41)
p(x,T)=0 xe Q
| p’(x,T)=0 xeQ

where: y, € Cnd 2(Q) and y'y € = 2(Q), Ve € Hl(Q), @, and ¥, are given function defined

on Q x [e—A, ¢g)and T x [e — A, ¢€) respectively, that is @, € H "> (Q x [e — A, €)) and
¥, e HP292 (T x [e- A, g)).
We shall consider problem (3.37)—(3.41) subject to (3.1) for ¢ € (g, T) and Uza . Lz(Z).
The performance functional is given by

T
I () = M |y() = 24 [}-12 ey 2] [ (W ddr (3.42)
el

Then the problem (3.37)—(3.41) with A, > 0 has a unique optimal control in the form
(3.36). Also it is easy to verify that (3.37)—(3.41) has a unique solution

{0, p} € H'2(Qx (e, ) x EX(Q x (&, 7).
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Proposition 3.1. Let {y, p} be solution of (3.37)—(3.41) with € = 0. We define G, the
system ”state” at time €, by the triplet (y(-, €), g, VY¢), where

(1) fort’e E, =[-A,0)N[e—A,€)
(1) = . (3.43)
fori’e [e-A, e)-E,

Wo(, 1) fort’e E, =[-A, 0)N[e—A,€)
Y (,t)= ) (3.44)
fort’e[e-A, €)—E;

Then, for all triplets e < t in (0, T),

p(, 1) =P(t, €)0g + (-, 1) (3.45)
where P(t, €) and r(-, t) are determined by the following procedure:
First we solve the set of equations
a2 m %

A(t)oH—Z_[oc(xt h)dh; =0 fort—h; >¢

i=lq,

32 m b (3.46)
+ A0+ Y, [ De(x,t—hy)dh; =0 fort—h; <

_](l

[(x,1)e Qx(e,T)

?+A(t)B+ZIB(x t+h)dh; — M A0 =0

_161
for (x,1)e Q% (s, T -A)

a B m T—t
+A(t)B+2 [ BCx, t+h)dhy =2 A0 =0 (3.47)

_1a

for (x,t)e Qx(T—-A, T —1)

2
a—E+A(t)B—7»1A10c=O for (x, t)e QX(T -\, T)
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with boundary conditions

[ ds
Y [ o, t—ky)dky ~23'NTIG™B fort—k 2 e

s=lc,

Jo
—(x,0)=1 1 4, . (3.48)
My Y [ Welx.t—k)dky~25'NT'G'B fort—k, <e

s=1 cs

|(x,0)e T'x(e,T)

[ 1 d,
Y, [ Blx, t+kg)dk,  for (x,)e Tx(e, T -A)
s=1 ¢,
P ()= L T (3.49)
an - Y | Blx,t+k)dk, for (x,£)e TX(T —A,T—1L)
s=1 Cs
10 for (x,1)e TX(T =A,T)

and with the following conditions
ox, &) = y(x, €) xe Q

o (x,8)=y(x,e) xeQ

(3.50)
B(x,T)=0 xeQ
B'(x,T)=0 xeQ
then
P(t, €)c, = B(, 1) (3.51)
Next we solve the set of equations
>82K m bi
— AWK+ Y, [ K(x, 1= ly)dhy = u(x, 1)
at l=1 al.
fort—h; 2¢
3.52
9K (3:52)
—2+A(t)K=u(x, t) fort—h; <e
ot
| (x, 1) e Q% (g, T)
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( 826 m bi
—SHA@OS+Y, [ 8(x, t+hy)dhy — Ak =Dy Az
ot i=lg,
for (x, 1) e Qx(g, T —A)
828 m T—t
al‘—2+A(t)6+z J‘ 5(x,t+hl~)dhl~ —7\.]A1K=—7\.]A12d (353)
i=1 a;
for (x,1)e Qx(T—=A, T —1)
%3
a_2+A(t)6_7\’1A1K=_7\’1A12d for (X, t)e QX(T-;\,, T)
t

with boundary conditions

1 dg
Y, [ w(x, t—kg)dk, —A5'NT'G*S fort—k, 2 e
s=1 Cg
aa—K(x, f) = (3.54)
A -35'N71G*5 fort—k <€
|(x,)e T'x(g, T)

[ 1 4,
Y, | 8Cx, t+k)dks  for (x,1)e Tx(e, T —A)
s=1 CS
8
—— (=g T (3.55)
My Y [ 8(x.t+k)dk, for (x,f)e TX(T A, T -1)
s=1 C
10 for (x,t)e I'x(T —A, T)

and with the following conditions

K(x, €) = y(x, €) xeQ
K(x, &)=y (x,e) xeQ

(3.56)
3(x,T)=0 xe Q

&(x,T)=0 xeQ
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then
re(x, 1) = 8(x, 1) (3.57)

Consequently, from Theorem 3 of Kowalewski (1998) and Lemma 3.1 p € X'(Q)
H>(Q) and & € X'(Q) ¢ H>*(Q) imply that B — By and & — 8|5 are linear continuous
mappings of HS’S(Q) — H>Y 2(Z) respectively.

Setting € = ¢ in (3.45) and substituting the result into (3.36) we obtain

(0 =-ANTG (P 0o +5(0)| . xeTte(©.T)  (3.58)

Let us assume that N is the identity operator on LZ(Z). Then, using of Schwartz’s Ker-
nel Theorem [Schwartz (1950)], it can be proved that the optimal feedback control (3.58)
can be expressed in the following form

vo(x, 1) = -A5'G* {f Ko(x, X', ) y(xX', t)dx’ +
Q

t
+ J JK1 (x, X', 1, YD, (x', t')dx'dr’ + (3.59)
t-AQ

t
+ | sz(x,x',t,t')‘l-’t(x',t')dth'+rt(x,t)} xel,te(0,T)
t—AT

where {K,, K;, K,} is the kernel of P(¢, ¢).

The explicit expressions for the kernels of the optimal feedback controls such as (3.59)
are generally quite complex. Consequently, this motivates the consideration of suboptimal
feedback controls with prescribed kernels having simple forms.

We can also consider analogous optimal feedback control problem with the performan-
ce functional (3.26) strictly defined at the boundary T

4. Final remarks

The results presented in the paper can be treated as a generalization of the results
obtained by Wang (1975) and Kowalewski (1993a, b, 2000) onto the case of distributed
hyperbolic systems with different multiple time delays appearing in the integral form both
in the state equations and in the Neumann boundary conditions.

We have considered a new type of time delays, namely different multiple time delays
given in the integral form both in the state equation and in the boundary condition.
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Sufficient conditions for the existence of a unique solution of such hyperbolic
equations with the Neumann boundary conditions were presented — Theorems 2.1 and 3.1.

The optimal distributed and boundary controls were characterized by the adjoint
equations — Lemmas 2.1, 3.1 and 3.2. By using this characterization, necessary and suffi-
cient conditions of optimality were proved for linear quadratic problems with the Neumann
boundary conditions — Theorems 2.3, 3.2 and 3.3.

The optimal control was obtained in the feedback form — the formula (3.36) and Propo-
sition 3.1. Making use of Schwartz’s Kernel Theorem (Schwartz 1950), the representation
of the optimal feedback control was given — the formula (3.59).

In this paper we have considered optimal control problems for time delay hyperbolic
systems with the Neumann boundary conditions.

We can also consider analogous optimization problems for such systems with the non-
homogeneous Dirichlet boundary conditions.

Consequently, we can consider a more complex case of distributed hyperbolic systems
with different multiple time delays given in the integral form both in the state equations and
in the boundary conditions such that #; € (0, b,) fori=1,..,mand k, € (0,d,) fors=1, ..., L

The ideas mentioned above will be developed in forthcoming papers.
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