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A Weighted-Sum Mixed Integer Program
for Bi-Objective Dynamic Portfolio Optimization

1. Introduction

The optimal security selection is a classical portfolio problem since the seminal work
of Markowitz [1]. In the standard approach, the decision maker selects the securities in
such a way that the portfolio expectation is maximized, under the constraint that risk (va-
riance) must be kept under a fixed threshold [2]. The problem consists in picking the best
amount of securities, with the aim of maximizing future returns. It is a typical multivariate
problem: the only way to improve future returns is to increase the risk level that the decision
maker is disposed to accept [3].

The portfolio selection problem is usually considered as a bi-criteria optimization
problem where a reasonable trade-off between expected rate of return and risk is sought.

In the classical Markowitz model future returns are random variables that can be con-
trolled by the two parameters: a portfolio’s efficiency calculated by the expectation, and
a risk, which is measured with the variance. The classical problem is formulated as a qua-
dratic program with continuous variables and some side constraints.

While the original Markowitz model forms a quadratic programming problem, many
attempts have been made to linearize the portfolio optimization procedure [4—10]. The lin-
ear program solvability is very important for applications to real-life financial and other
decisions where the constructed portfolios have to meet numerous side constraints. Exam-
ples of them are minimum transaction lots, transaction costs or mutual funds characteristics
etc. The introduction of these features leads to mixed integer program problems.

This paper presents a bi-criterion extension of the Markowitz portfolio optimization
model, in which the variance has been replaced with the Value-at-Risk (VaR). The VaR is
a quantile of the return distribution function [5].

The advantage of using VaR measure in portfolio optimization is that this value of risk
is independent of any distribution hypothesis. It concern only downside risk, namely the
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risk of loss. This index measures the loss in question in a certain way. Finally VaR is valid
for all types of securities and therefore either involve the various valuation models or be
independent of these models [11].

This portfolio optimization problem is formulated as a bi-objective mixed integer pro-
gram. The portfolio selection problem considered is based on a dynamic model of invest-
ment, in which the investor buys and sells securities in successive investment periods. The
problem objective is to dynamically allocate the wealth on different securities to optimize
the weighted difference of the portfolio expected return and the probability that the return is
not less than a required level.

The results of some computational experiments with the mixed integer programming
approach modeled on a real data from the Warsaw Stock Exchange are reported. The input
dataset consist of time series of the daily quotation of returns of securities from the Warsaw
Stock Exchange.

2. Problem formulation

Let n be the number of securities available in the market with historical quotations in #
investment periods, each consisting of £ historical periods.

Let r;; be the random variable representing the future daily return of security j in histor-
ical time period i.

The portfolio optimization problem with Value-at-Risk constraint is formulated as the
classic Markowitz approach, but with Value-at-Risk instead of variance as a risk measure.

The decision maker fixes the lower bound r*** for successful returns — any investments
whose Value-at-Risk is less than "% will be not acceptable.

Let 7™ be the minimum return that can be observed in the market, for example the
biggest possible loss of money invested in portfolio. In the worst case it is the whole amount
of capital, so for instance it can be equal —100% [2, 12].

The bi-objective dynamic portfolio optimization model with Value-at-Risk is NP-hard
problem even when future returns are described by discrete uniform distributions [13].

The five types of variables for each successive investment period are introduced in the
model: a continuous wealth allocation variable that represents the percentage of wealth allo-
cated to each security, a continuous wealth allocation variable for buying amount of each
security, a continuous wealth allocation variable for selling amount of each security, a bina-
ry selection variable that prevents the choice of portfolios whose VaR is below the fixed
threshold and a binary selection variable for selecting each security to the portfolio.

In the approach proposed in this paper, the portfolio optimization problem is formulat-
ed as weighting dynamic bi-objective mixed integer program, which allows commercially
available software (e.g. AMPL/CPLEX [14]) to be applied for solving medium size, yet
practical instances.

The problem formulation is presented below.
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Table 1
Notation

Indices
historical time period i, i=1,...,m (i.e. day)

j = security j, j=1,...,n
k = historical successive investment period k, k=1,....¢ (i.e. year, quarter or month, etc)
Input parameters
h = number of historical quotations in each successive investment period
p; = probability assigned to the occurrence of past realization i
hij = observed return of security j in historical time period i
7M. = minimum return observed in the market
rVaR = return Value-at-Risk
v = accepted number of securities in portfolio in each successive investment period
B1, B2 = weights in the objective function
Variables

X = percentage of capital invested in successive investment period k in security j
x?]’:y = percentage of capital invested in successive investment period k for bought security j
xj,f” = percentage of capital invested in successive investment period k for sold security j
Yik = 1, if return of portfolio in historical time period i of successive investment period k is

not less than VR

0, otherwise
OL}:”R = probability that return of investment is not less than 7Y% in successive investment

period k
Zjk = 1, if in successive investment period k capital is invested in stock j

0, otherwise

Maximize
t kh n VaR
ava
DB D pi X [FBaok ey
k=1 i=(k-Dh+1  j=1
subject to

n
Min
¥ =
j=1

yik SE—————, i=(k-Dh+1,...kh, k=1, (@)
L rVaR_rMm

kh

S pi(l-yg) oV R k=1, ®)

i=(k—1)h+1
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The objective (1) represents the weighted difference of the portfolio expected return
and the probability that the return is not less than a required level. Constraints (2) and (3)
prevent the choice of portfolios whose VaR is below the fixed threshold. Every time expect-

YaR 'then yir must be equal to 0 and 1 —y; = 1 in constraint (3).

ed portfolio return is below r
Therefore, all probabilities of events i whose returns are below the VaR threshold was

summed up. If the result is greater than o™ then the portfolio is not feasible.

Y Xjp =1, k=Lt @)

h
j=lenE pir>0
i=1

Constraint (4) requires that in each investment period all capital must be allocated on
different securities with positive expected return.

h
b .
X =xj, j=Lean Y ping >0 )
sell =0 . (6)
xj =0, j=1..,n
bu /) .
Xjk =Xjpg+X; y—xji , j=le,n, k=2,..t (7)

Constraints (5), (6) and (7) are responsible for a dynamic balance among

Xk x?;:y R j,i” for each successive investment period k.

Zij 2v, k=1,.,t ®

Constraint (8) ensures that the number of stocks in optimal portfolio must be greater
than or equal to the accepted number of assets in the selected portfolio.

kh

> p,z xj >=r"® k=11 9)

i=(k-)h+1  j=I

VaR

Constraint (9) imposes the minimum portfolio expected return equal ™ that the deci-

sion maker is prepared to accept for each successive investment period k.

Xjg $zjgs J=Lesn: Y pini >0, k=11t (10)
i=(k—1)h+1

I;,I:y<z]k, j=L..,n: 2 Pilij >0, k=1,.. (11)
i=(k—1)h+1

S <zy, jElean, k=1t (12)
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Constraints (10), (11) and (12) are responsible for relations between variables

b ell
Xjo X5 x5 and z.

2j kh

1—ijk, j=1..,n: Z DPilij >0, k=1..,t (13)
00 i=(k—)h+1

2. kh
Jjk b .

ﬁ_szy, j=L..,n: z pilij >0, k=1,..,t (14)

i=(k—1)h+1

Constraints (13) and (14) ensure the addition to portfolio and buying of some amount
of security j in successive investment period &.

0<ay™® <1, k=1,..1 (15)

Constraint (15) defines continuous variable OLZHR — probability that return of invest-
ment is not less than r"*® of successive investment period k.

kh
X 20, j=lo,n: Y pr >0, k=1t (16)

j
i=(k—-1)h+1

Constraint (16) defines continuous variable x;, — percentage of capital invested in suc-
cessive investment period k in security j. In addition, this formula eliminates securities with
a non-positive expected return.

xlj?,‘c‘yzo, j=1..,n: % pit >0, k=11 (17)
i=(k—1)h+1

20, j=loan, k=l (18)

yie €401}, i=(k-Dh+1,.kh, k=1,.,1 (19)

2 €01}, j=leun, k=l (20)

Finally, constraints (17), (18), (19) and (20) define variables xlj).,?y , xj,ec” and zj and
also for eliminates securities with a non-positive expected return.

Variables x;, are percentage of capital invested in security j in successive investment
period k.

The combination of continuous variables x j, xl;,':y , x;,‘;” and binary variables yy, zj
leads NP-hard mixed integer programming problem [13]. If the number of historical obser-
vations m is bounded by a constant, there are 2" ways of fixing the variables yy, z;, for each
successive investment period k.
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3. Computational results

In this section numerical examples and some computational results are presented to
illustrate possible applications of the proposed formulations of this multi-period optimiza-
tion model. The examples are modeled on a real data form the Warsaw Stock Exchange.

Suppose that n = 241 securities with historical quotations in ¢ = 12 investment periods,
each of & = 335 days, in total 4020 samples.

The eighteen years horizon from 30th Jan 1991 to 30th Jan 2009 — consist of m = 4020
historic daily quotations divided into ¢ = 12 investment periods (2 = 335 daily quotations
each), with the selection of n = 241 input securities for portfolio, quoted each day in the
historical horizon. Probability of realization for expected securities returns is the same for
each day and summed up for whole period to one.

The computational experiments have been performed using AMPL programming lan-
guage [13] and the CPLEX v.11 solver (with the default settings) on a laptop with Intel®
Core 2 Duo T9300 processor running at 2.5 GHz and with 4 GB RAM. Computational time
range is from a few seconds to minutes.

Tables 2—5 presents the solution results for bi-objective dynamic portfolio — weighting
approach.

Table 2
The solution results for bi-objective dynamic portfolio — weighting approach §; = 0.5, §, = 0.5

aVaR[k] 0.0231343 [0.00820896] 0.010199 [0.00845771] 0.00572139 | 0.00422886 | Betal=0.5 ]0.00696517] 00039801 | 00144279 [ 0019403 | 00115403
Porfolio Return
for each k 0.053146 | 0.026575 | 0.058673 | 0.032980 | 0.030467 | 0.043685 Beta2=(.5 0.033869 | 0.067509 | 0.129500 | 0.145564 | 0.093907
Security x[j,k] 1 2 3 4 5 6 Security x[j,k| 7 8 9 10 11
ALMA 0.881823 ALCHEMIA 0.980000 | 0.010000
DEBICA 1.000000 [ 0.010616 APATOR 0.998212 | 0.010000 | 0.010000 | 0.010000 | 0.010000
ECHO 0.989384 | 0.010000 ARTMAN
FORTISPL 0.987429 BIOTON 0.000732
IGROUP 0.044498 | BORYSZEW 0.989268 | 0.010000 | 0.010000
IRENA 0.330045 CEZ
KABLE 0.025117 ENERGOPOL 0.306427
LUBAWA 0.000409 HOOP
MOSTALEXP 0.000844 IGROUP 0.001788
MUZA 0.032448 | KOGENERA
NOVITA 0.593009 MUZA
PROCHNIK 0.974883 PONARFEH 0.683573
ZYWIEC 0.107333 | 0.012162 SKOTAN 0.970000
t*h ZYWIEC
rVar | -3 | [ | 100 | 12%335 quotations
MIP simplex iteration 594851 | | B-&-B 121671 CPU* 4814.69 Portfolio Return

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2.5 GHz
and with 4 GB RAM /CPLEX v.11

Table 3
The solution results for bi-objective dynamic portfolio — weighting approach 8, = 0.1, §, = 0.9
Betal=0.1 Beta2=0.9 rVar -3 rMin -100 t*h 12%335 | quotations
aVaR[K] 0.0186567 0 0.00074627] 0.00049751 0 0.00074627 | 0.000248756 Y 000049757 [OD0T7AT29 0
IOi olio Refurn
for each k 0.045833 | 0.007916 | 0.036182 | 0.014011 0.018161 0.036940 0.023467 0.059418 | 0.063943 | 0.086247 | 0.068235 | 0.005431
Portfolio [k] 1 2 3 4 5 6 7 8 9 10 11 12
MIP simplex iteration 1448237 B-&-B 113741 CPU* 8237.39 Portfolio Return 0.023518

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2.5 GHz
and with 4 GB RAM /CPLEX v.11
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Table 4
The solution results for bi-objective dynamic portfolio — weighting approach 3; = 0.7, 3, = 0.3

Betal=0.7 Beta2=0.3 rVar -3 rMin -100 t*h 12#335 | quotations
aVaR[k] 0.023383 | 0.008209 | 0.010199 | 0.010697 | 0.005970 | 0.005473 0.006965 | 0-003980 | 0.014428 [ ODISA03 | UDIZE87 [ 0-003980
[Porfolio Return
foreach k| 0.053346 | 0.026575 | 0.058673 | 0.034199 | 0.030752 | 0.044206 0.033869 0.067509 | 0.129500 | 0.145564 | 0.094309 | 0.011132

Portfolio K] 1 2 3 3 5 3 7 3 9 10 1 12
MIP simplex iteration 385955 B-&-B 108731 CPU* 3542.84 Portfolio Return 0.473133

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2.5 GHz
and with 4 GB RAM /CPLEX v.11

Table 5
The solution results for bi-objective dynamic portfolio — weighting approach ; = 0.9, B, = 0.1

Betal=0.9 Beta2=0.1 rVar -3 rMin -100 t*h 12*335 | quotations
aVaR[k] 0.023383 | 0.008209 | 0.010199 | 0.010697 | 0.006219 | 0.006716 0.007214 000229 | 0012428 | 0DI9403 | ODI5423 [ 04
[Porfolio Return
foreach k| 0.053346 | 0.026575 | 0.058673 | 0.034199 | 0.030818 | 0.044381 0.033952 0.067558 | 0.129500 | 0.145564 | 0.095297 | 0.011139
Portfolio [K] T 2 3 3 5 3 7 3 g 0 1 2
MIP simplex iteration 684253 B-&B 153279 CPU* 4552.58 Portfolio Return 0.644894

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2.5 GHz
and with 4 GB RAM /CPLEX v.11

Table 6 presents the comparison of computational time range for all bi-objective dy-
namic portfolios — weighting approach.

Table 6
Computational time range

B, B, MIP simplex B-&-B CPU*

1teration
0.5 0.5 594851 121671 4814.69
0.1 0.9 1448237 113741 8237.39
0.7 0.3 385955 108731 3542.84
0.9 0.1 684253 153279 4552.58

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2.5 GHz
and with 4 GB RAM /CPLEX v.11

Table 7 shows the size of adjusted problem (after presolving) for the bi-objective dy-
namic portfolio and weighting approach.

Table 7
Problem size after presolving
Number of constraints 12637
Number of binary variables 6674
Number of linear variables 8209

* CPU seconds for proving optimality on a laptop with Intel® Core 2 Duo T9300 processor running at 2,5 GHz
and with 4 GB RAM /CPLEX v.11
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In the tables, column “MIP simplex iteration” shows the number of mixed integer pro-
gramming simplex iterations until presented solution. Column “B-&-B” shows the number
of searched nodes in the branch and bound tree until presented solution. Column “CPU”
shows CPU seconds required for proving optimality on a laptop with Intel® Core 2 Duo
T9300 processor running at 2.5 GHz and with 4 GB RAM using the solver CPLEX v.11.

4. Conclusions

The presented extension of the quadratic Markowitz model, in which the variance has
been replaced with the Value-at-Risk leads to NP-hard mixed integer program problem.

The short-selling variables may take on non-negative values only due to the dynamic
balance constraint introduced.

The computational experiments modeled on a real data from the Warsaw Stock Ex-
change have indicated that the approach is capable of finding optimal solutions for medium
size problems in a reasonable computation time using commercially available software for
mixed integer programming.

The total computation time ranges from a few seconds to minutes or even hours de-
pending on the number of historical quotations in the optimization problem.
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