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One of the typical problems arising in the control of dynamical systems is the lack of
complete state measurement. Moreover, in some situations, the system output is not mea-
sured continuously but only at chosen moments. Many such situations (continuous dynam-
ical systems with discrete output, but not necessarily discrete control) can be found in prac-
tical applications. Most typical examples are available in chemical industry (processes of
polymerization, continuously stirred chemical reactors), temperature and heating control
problems, mechatronic systems using cameras for measurement, etc. The problem arises
in any situation when continuous measurement of the system outputs is either impossible
or impractical. The author’s previous works ([1–3, 5, 10]) the estimation of continuous
state from sampled output was considered and several different methods were introduced,
both for linear and nonlinear systems. This problem – Continuous State Estimation from
Discrete Output Measurements (CSEDOM) can be formulated as follows. We consider
a dynamical system:

( ) ( ( ), ( ))x t f x t u t=� (1)

where ( ) nx t ∈�  is a system state, and ( ) ru t ∈�  is a control signal. We will assume that
u(t) is continuous for all t. We consider an output of system (1)

( ) ( ( ))y t h x t= (2)

and that it is available only for 0 1 2{ , , , ...},t t t t∈  for clarity we will assume that output
values are scalar and ti = ih where h > 0 is a fixed value (a discretisation step).
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The goal of CSEDOM is to estimate the values of state x(t) with an estimate ˆ( )x t  for
[ , 1]i it t t∈ +  using the information regarding the output for t ≤ ti and the control for  t ≤ ti+1.

Such problem can be solved with an algorithm (see for example [5])

�0 9:;<�1���2	$�;9
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The concept of this algorithm is relatively simple – see Figure 1. However the main
problem is the choice of the estimation method used in the correction step. In this paper, an
approximate approach will be considered, description of which will follow. Other approach-
es such as a discrete Luenberger observer, exact discrete estimation and least squares discrete
estimation were introduced in [10] and their comparison with interpolation based approximate
methods was considered in [4].

�� �	��	�''���#�����	��	�&�	�%��	��	1$;<��	-	�	.#�%������	��	��''�*�%	,�	�	��##������0
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Remark 1

It should be noted, that the strengths of this approach are especially visible, when the
measurements are available rarely (output sampling frequency is low). Such situations arise
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in the examples listed in the beginning. Otherwise either discretisation of the system or even
ignoring the output discrete character could lead to better results.

Remark 2

The control signal u(t) is assumed to be continuous for all t. This assumption was ma-
de for the simplicity of the following approximate estimation algorithm presentation. Algo-
rithm can easily handle control discontinuities however in that situation the approximation
nodes choice would be influenced by the discontinuities location. The method for choosing
appropriate nodes is purely algorithmic, and does not influence the main idea of the intro-
duced method, which is the main focus of this paper.

Remark 3

Linear systems are considered in this paper, so (1) will take a following form:

( ) ( ) ( )x t Ax t Bu t= +�

and (2) will become

y(t) = Cx(t).

!�"����#���	
�
�	���	���

In previous works ([1–3]), the concept of approximate continuous state estimation was
presented. The main idea was to use well-known continuous state estimation methods, but
instead of applying them to the system output, which is available only on discrete time
instances, they would be used with a continuous function approximating the output. The
obvious merit of this approach is that there is no need for discrete system model which for
high order linear systems can be difficult to obtain.

One of such methods is an asymptotic observer

ˆ ˆ ˆ( ) ( ) ( ) ( ( ) )x t Ax t Bu t G y t Cx= + + −� (3)

where G is chosen in such way that the error of estimation

ˆ( ) ( )e t x t x= − (4)

will behave as follows

( ) 0 whene t t→ → ∞ (5)

It should be noted that (5) is equivalent to Reλ(A – GC) < 0.
The main idea of approximate estimation is to choose a window of output samples and

create ŷ  that approximates y over this window. Then use it in (3) to find an approximate
state estimate. The choice of such approximation is however a difficult matter.
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It is obvious, that to approximate the discrete output with a continuous function, at
least few output samples have to be used. In author’s previous works ([1, 3]) the third order
polynomial interpolation was used. Benefits of such choice are multiple. Approximation is
very regular, simple to compute and can be used in analytical computations (for example for
an analytical solution of approximate min L2 approximation which was consi-dered in au-
thor’s previous works). Moreover, only 4 output samples are required.

Unfortunately, classical polynomial interpolation also has its flaws. First of all, it is
difficult or even impossible to use previously obtained polynomials on the new measure-
ment window. As it can be seen in the Figure 2, polynomial interpolation, effective with
outputs of aperiodic systems (or at least systems which continuous output contains only low
frequencies), completely fails completely with strongly oscillatory systems. More details
regarding application of polynomial interpolation in CSEDOM are in [1].
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A standard method of a more advanced interpolation are cubic splines [6]. They also
provides good regularity and is more flexible to handle higher output frequencies. Spline
implementations are widely available (for example in MATLAB).

Splines however, require more output samples than standard interpolation, to provide
any of their benefits. There has to be a compromise in the measurement window lenght
between an accuracy and simplicity (and speed) of computation.

It should be also noted that interpolation methods are sensitive to disturbances. Inter-
polation of output samples that are measured with an error, would cause the interpolating
function to be far from the system output.
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In this paper, we introduce a new method with the working name output collocations
(because it was inspired by collocation methods for solving differential equations, see for
example [7]).

What is most important, is that this algorithm is directly tied with a CSEDOM pro-
blem and the algorithm presented in the introduction. Moreover the algorithm presented
here has arbitrarily chosen parameters. These parameters however can be easily changed to
improve the methods effectiveness in certain cases.

One of the disadvantages of interpolating polynomials (in Lagrange sense [12]) was
that they did not use the information that the system output is a function of a differential
equation solution. Moreover, the form of this equation did not influence the shape of inter-
polation polynomial. One should see, that with (1) (its linear version) we can present
a formula for the output derivative:

( ) ( ( ) ( ))y t Cx C Ax t Bu t′ = = +� (6)

If we would knew the derivative, we could formulate some kind of Hermite interpola-
tion problem. The difficulty is that the derivative of (6) requires the knowledge of ?x(t),
knowledge which by itself is the goal of CSEDOM problem. We can, however, use the
estimate ˆ( )?x t  that was computed from the last iteration of main algorithm. The cost of it is
the introduction of estimation error into the approximation process.

To sum up, we can introduce additional information regarding the approximated func-
tion – its derivative – but at the same time introducing the estimation error. Moreover, it
should be noted that the output measurements would be usually biased with some kind of
disturbance, in other words they would differ from the actual output. We can conclude then,
that interpolation is not the best approach, to approximate the output.

In addition to that, we should consider what kind of regularity we require from the
approximated output. Its continuity would usually be enough. It is necessary, because
only then continuous estimation methods on the entire approximation window can lead to
meaningful results. On the other hand, we would require a rather large amount of flexibility
in construction of such approximation. Such flexibility at the cost of lower regularity is
provided by splines.

We consider an approximation of output that:
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Listed conditions form a constrained quadratic programming problem. The following
theorem can be proven.
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Theorem 1

Let system (1) output samples y(tj) are known for j = 0, 1, 2, 3 and the output deriva-
tives ˆ ( )y t′ are estimated for k = 0, 1/2, 1, … 3. Then there exists an approximating function
on the interval [t0, t3] that:
& ��	
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Also such function is unique.

Proof

For the proof we will formulate the output collocation method as a constrained qua-
dratic programming problem and we will show that it is convex.

Because three polynomials will be needed, their coefficients will be denoted as ai
where i = 1, 2, … 12. We asume that output samples are available for tj where j = 0, 1, 2, 3
and output derivatives (computed with use of (6) and information from previous iteration)
will be denoted as ˆ ( )y t′  with k = 0, 1/2, 1, … 3.

We need to consider fitting of the measurements by the approximating function:

3 2
1 0 2 0 3 0 4 0

3 2
1 1 2 1 3 1 4 1

3 2
9 2 10 2 11 2 12 2

3 3
9 3 10 1 11 3 12 3

( ) 0

( ) 0

( ) 0

( ) 0

a t a t a t a y t

a t a t a t a y t

a t a t a t a y t

a t a t a t a y t

+ + + − =

+ + + − =

+ + + − =

+ + + − =

(7)

and fitting the derivatives:

2
1 0 2 0 3 0

2
1 1/ 2 2 1/ 2 3 1/ 2

2
1 1 2 1 3 1

2
5 1 6 1 7 1

2
5 3/ 2 6 3/ 2 7 3/ 2

2
5 2 6 2 7 2

2
9 2 10 2 11 2

2
9 5/ 2

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

ˆ3 2 ( ) 0

3 2

a t a t a y t

a t a t a y t

a t a t a y t

a t a t a y t

a t a t a y t

a t a t a y t

a t a t a y t

a t a

′+ + − =

′+ + − =

′+ + − =

′+ + − =

′+ + − =

′+ + − =

′+ + − =

+ 10 5 / 2 11 5/ 2

2
9 3 10 3 11 3

ˆ ( ) 0

ˆ3 2 ( ) 0

t a y t

a t a t a y t

′+ − =

′+ + − =

(8)
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Moreover, we will require continuity of the approximating function. It can be seen that
following constraints cannot be violated:

3 2 3 2
1 1 2 1 3 1 4 5 1 6 1 7 1 8

3 2 3 2
5 2 6 2 7 2 8 9 2 10 2 11 2 12

0

0

a t a t a t a a t a t a t a

a t a t a t a a t a t a t a

+ + + − − − − =

+ + + − − − − =
(9)

We want to fulfil (7) and (8) in a least squares sense. That is why we can represent
equations in (7) as minimisation problems (below an example for first equation of (7)):

2
[1..4] 1 0 [1..4] 0 1 0 [1..4] 0

[1..4]
min ( ) 2 ( ) ( ) ( )

a
a B t a y t c t a y t− +T (10)

where

6 5 4 3

5 4 3 2

1 4 3 2

3 2

( )

1

B

⎡ ⎤α α α α
⎢ ⎥
⎢ ⎥α α α α

α = ⎢ ⎥
⎢ ⎥α α α α
⎢ ⎥
α α α⎢ ⎥⎣ ⎦

(11)

and

3 2
1( ) [ 1]c α = α α α (12)

Equations in (8) are then represented in a similar way (first equation of (8)):

2
[1..4] 2 0 [1..4] 0 2 0 [1..4] 0

[1..4]
ˆmin ( ) 2 ( ) ( ) ( )

a
a B t a y t c t a y t′− +T (13)

where

4 3 2

3 2

2
2

9 6 3 0

6 4 2 0
( )

3 2 1 0

0 0 0 0

B

⎡ ⎤α α α
⎢ ⎥
⎢ ⎥α α αα = ⎢ ⎥
⎢ ⎥α α
⎢ ⎥
⎣ ⎦

(14)

and

2
2 ( ) [3 2 1 0]c α = α α (15)

All these minimisation problems as in (10) and (13) can be collected into (constant
parts are omitted):

min

. . 0

a
a a a

s t a

+

=

T
� �

�
(16)
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with

2 1 2 3/ 2 2 2

1 0 1 1 2 0 2 1/ 2 2 1

1 2 1 3 2 2 2 5 / 2 2 3

0 0

0 0 ( ) ( ) ( ) 0

0 0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

B

B t B t B t

B

B B t B t B t B t B t

B B t B t B t B t B t

∗

∗∗

∗

∗∗

⎡ ⎤
⎢ ⎥

= + +⎢ ⎥
⎢ ⎥
⎣ ⎦

= + + + +

= + + + +

� (17)

1 2 1 3 / 2 2 3 / 2 2 2 2

0 1 0 1 1 1 0 2 0 1/ 2 2 1/ 2 1 2 1

2 1 2 3 1 3 2 2 2 5 / 2 2 5 / 2 3 2 3

ˆ ˆ ˆ2 ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ( ) ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ( ) ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) (

C y t c t y t c t y t c t C

C y t c t y t c t y t c t y t c t y t c t

C y t c t y t c t y t c t y t c t y t c t

∗ ∗∗

∗

∗∗

⎡ ⎤′ ′ ′= − + +⎣ ⎦

′ ′ ′= + + + +

′ ′ ′= + + + +

�

)

(18)

1 1 1 1

1 2 1 2

( ) ( ) 0

0 ( ) ( )

c t c t

c t c t

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

� (19)

It can be easily verified that matrices B1 and B2 are semi-positive definite and that the
matrix (17) is a linear combination with positive coefficients of semi-positive definite ma-
trices. This leads to the conclusion that � is semi-positive definite and that the minimisation
problem (16) is convex (see [11, 14]). �

Remark 4

It should be also noted that formulation (16) of the output collocation problem
provides a constructive method for its solution. It can be obtained through solving of the
following system of linear equations

0

a⎡ ⎤ −⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥μ⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎣ ⎦

T �� �

��
(20)

where μ is a vector of Lagrange multipliers associated with equality constraints. Because of
theorem 1, (18) has a unique solution.
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To implement the output collocation method for approximate continuous state estima-
tion, one should consider several aspects. First, it should be noted, that the continuous ob-
server (3) used with the approximating function ŷ  allows to obtain the state estimate at the
end of the measurement window used for approximation. However, for the next iteration
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and estimation of derivatives one needs an initial condition at the beginning of next window
(usually shifted by one sample). There are several ways to solve the problem:
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Another aspect that has to be considered is conditioning of the system (18). It is obvi-
ous that because the matrices in that system are time-dependent, conditioning of the system
gets worse as time passes. However, this can be avoided if the problem is solved from some
low values of t but then shifted in time domain. That approach helps avoiding the problems
with inverting the matrix of (18).
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For the tests of approximate estimation method we will consider two dynamical systems.
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The system described in Figure 3 is modelled by the standard 1-D heat equation (para-
bolic partial differential equation with Neumanns boundary conditions).

2
2

2

0 1

( , ) ( , )
( ) ( ),

( , ) ( , )
0,

z z

T t z T t z
b z u t

t z

T t z T t z

z z

−

= =

∂ ∂= π +
∂ ∂

∂ ∂= =
∂ ∂

with distributed control and observation. For numerical tests we will use its 7th order finite
dimensional approximation. For details on such approximations see [4, 9].
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Such system can be described by a second order differential equation (with a dimen-
sion 3).

( ) ( ) ( ),Ex t Ax t Bz t+ =�� ��

where:

0 0

0 0 ,

0 0

2 0

2 ,

0

.

m

E m

m

k k

A k k k

k k

m

B m

m

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

−⎡ ⎤
⎢ ⎥= − −⎢ ⎥
⎢ ⎥−⎣ ⎦

−⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

Systems of this kind were considered in [13].
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The systems mentioned above were both used for numerical tests of estimation algo-
rithm. On following figures (Figs. 4–8) for both systems the Euclidean norm of state estima-
tion error is presented along with the output approximation. All simulations were performed
for the output collocation method. For comparison, with the output approximation there
also is its spline interpolant.
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Algorithm of estimation was used with a second approach listed in section 2.3. System
(18) was solved in every main algorithm iteration with standard MATLAB methods. Be-
cause the nodes were uniformly distributed, the approximation time domain was imple-
mented easily through simple matrix multiplications.
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It should be also noted, that the apparent error cumulation visible in the Figure 7 is
actually a result of systems oscillatory nature.
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New method of output approximation for the CSEDOM problem was presented. Out-
put collocation method was presented and motivated.  It is promising, because of the possi-
bility of avoiding all of other methods the shortcomings. However, a large field for im-
provement is still viable.

First of all, the least squares problem in output collocation method should be analysed,
whether there should be weights for every minimised element. Also, problems of  methods
convergence and sensitivity should be discussed and formally analysed. Moreover, the fil-
tering of disturbances through approximation is an interesting possibility, which requires
further research. Finally, the nodes on which the derivative deviation is minimised should
be verified, whether the optimal choice of them exists (perhaps Chebyshev nodes).

To sum up: the newly introduced method shows large possibilities for applications of
approximate CSEDOM, without the flaws of standard interpolation routines.
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