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The Resultants and Discriminants
of Real Polynomials and Quasipolynomials

1. Introduction

We shall start with the notion of the resultant

Theorem 1

Let M(s) and L(s) be polynomials with real coefficients

M (s)=ays" +ays"! +..+a, (ag#0)
(1)
L(s)=bys" +b;s" +..4b, (by #0)

The determinant (2) of order m + n is said to be the Sylvester determinant or resultant.

ag a - a,q a, 0 0 0
0 ao e an_2 an_l an 0 0
. m rows
0 0 ag a  a a,1 a
RM,L)= 2
( ) by b b, b, 0 - 0 0 @
0 b b, b,1 b, 0 0 0 rows
0 0 bO bl b2 bm—l bm

Relationships between the zeroing of the resultant and the existence of common zeros
of the polynomials M and L are the most important issues considered in the paper.
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2. Discriminants of the polynomials

A special case of the resultant is the discriminant.
Consider the polynomial

M(s) = aps" +ais" ' +...+a, (ay#0) 3)

And its derivative with respect to the variable ,,s”

@(s) =naos"_1 +(n—1)ays" 2 +ota, 4)
s
The discriminant of these polynomials for n > 2 is:
n(n-1)
1
DIM(s)|=(-) 2 —R [M (5), L) (sﬂ ®)
ag ds

We take also into account that polynomial (3) can be written in the form
M(s) = ag(s—s7)(5-52) . (5-5,) (6)

where s; — are the roots of M(s).

Using (3), (4) and (5) we can write

1 a, O 0 n—1
|0 G @ v A O
DM)=(-1) 2 ag P (7
n (n-1) q ay_q 0
 nay Qyy| (1

3610 2611 ay

Example
Let be M(s)= aos3+ as® + aps + as.
Then
1 al az a3 0
0 ao al az a3
_ _ 22 3 3 2 2
DM)=(-1)|3 2a a, 0 O0|=afay —4a, a5 —4aga; +18aya aya; —27aja3.
0
0

0 3610 2611 ay
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For the product of the discriminants we have a formula [1]
DIM, L] = D[M] DIL][R(M, L)}’ ®)
The following generalization of (8) is possible
n n 1Ln 5
D|TIM, |=T1D01)-TT[RMM )] ©
k-1 k-1 >
If we put My(s) = s —sy,
1 —S;
then D[M;] =1and R[M;, M ;]= 1 =s;—5;.
_s .
j
Using (9) we obtain that
n 1,}1 5
D[] (s—s;) =H(si—sj) (10)
k-1 i>j
Taking into account the relation (6) we have
1 @ a, 0 0 n—1
Ln n(n—l) 0 aO al e an e 0
D=T](s;=s5;)" =(-1) 2 ag ay | - (11)
i>j n (n-1a o ayy - 0
nay a,4| (n
We know also that Vandermond’s determinant is equal
1 1 1 n—1
sl s2 e sn
Ln
Vst 55 o ose | =[1Gs—s)) - (12)
: : : i>j
sln—l g—l S::_l n
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From (11) and (12) we obtain the important relation
D=V? (13)

In control theory we meet also other resultants [2].
Let us consider the characteristic equation

M(s)=0 (14)

We put s = o + jo in (14) after reordering we obtain two equations for the real and
imaginary parts of the equation (14)

P(w)=ReM (0.+ jm)
(15)
Q@) =ImM(o+ jo)
where the coefficients of the polynomials P(®) and Q(®) depend on ,,or”
P)= Y (1) Ay (@) (16)
0<2i<n
Q@)= Y (D Ay(wo™! (17
1<2i+1<n
We obtain
Theorem 2
If
n
M(s) ZdOH(S—Si) ag #0,
i=0
then
+1 oy ;
RIP, Q1= a3 (-1) D 0o T [ g% (18)
2 k=1 2
It is possible [2] to obtain simpler formulae
RIP, Q)= ajM (s)R{ (o) (19)
where
2
n(n-1) n
RE(@)=|ag™2 2 T (a-oy) (20)
i, k=1
i<k

s; +5
and oy = ’zk.
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It is worth noting that the free term of the polynomial R;(a) is identical with the Hur-
witz determinant A,_;. From this we conclude that

' n(n-1) n
Apa=ag (=) 2 T (si +5¢) @h

i,k=1

i<k

which represents the well known Orlando formula.
Following this way with polynomials U(o) and V(o) having coefficients dependent on ,,”,
where

U()=ReM(jo+a)
(22)
V(o) = ImM(ju)+oa)}
we have
U(o) = % [(BO (®)+Co(w))+ (B () + Cy (®)t) +...+ (B, (0) + C,, () ) " ] (23)

V()= 2—1] [(Bo (@)+Co (@) + (B (@) = C; (@)0t) + ...+ (B, (@) = C, (w)) o ] @4

where
By (@) =—m®
k((’))—ﬁ (jo)
k=0,1,...n (25)
_ 1w
C@) =M (o

represent (k)-th derivatives with respect to (®).
We can state

Theorem 3

If M(s)=a0ﬁ(s—si),

i=0
then the resultant

n(n-1)

RU,V]=a3"(—4) 2 ]‘[ [u)—si __s"] (26)
k=1 2j

L
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It is also possible to obtain a simpler formula because

n(n—1)
RU,V]=ay(-1) 2 o'R,(B) (27
p=w’
where
n(n-1)
Ry[Bl=ag""'4 2 TT B-Biw) (28)
i k=1
i<k
s.—s; I
dB, =—| 22k .
an Blk [ 5 }
Finally we have
n(n-1) n o s 2
RZ[U,V]=a§"(—4) 2 o' ] o’ +( L 5 k) (29)
i k=1
i<

The free term R,(B) is identical to Meerov determinant T'», ; which is given in the
criterion of aperiodic stability.
On the basis of the theorem 3 we obtain an analogue of the Orlando formula

no(si—sp ¥
2 i %k
an_l=ao"H(’2 ] (30)
i,k=1
i<k

which for aq=11s also connected with the well known Vandermonde determinant.

1 a a,,0 0 n—1
0 Y a a
2 1 n
=T = 31
Vi 201 = n(n—1)ay a,1 0 (1)
0 o On(n-Da; - a,4| n

We conclude that the obtained resultants allow us to unify the study of different kinds
of stability of linear stationary dynamie systems. In particular the determinant A, ; determi-
ned by (21) represents the limit of the oscillatory stability and the determinant I",,_; (formu-
la (30)) the limit of the aperiodic stability.
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3. Resultansts of quasipolynomialsl)

Let us consider the differential equation which describes a linear, stationary dynamic
system with constant parameters ay, ..., 4,

n n—1
A O T S SO T (32)
" "1 dt

We assume that not all initial conditions are equal to zero, ie

x(i_l)(O) =¢;#0 forsome i=12,..,n

The solution of equation (32) takes the form

()= A, (33)
k=1

where s, are different roots of the characteristic equation
aps" +ay" " + . +a, s +a,=0 (34)

We will also use the derivatives of x(7)

n
PDey=Y stae™ p=1,2,.,n-1 (35)
k#1

It is not possible to use discriminants directly, because we cannot eliminate ,,n” expo-
nential terms from two equations (33) and (35) forp=1.

The additional equations we obtain by an appropriate change of only one initial condi-
tion from ¢, to c;

We adjust the value cT in such a way that both x(¢,) and x*(to) are equal to zero. All the
values of other derivatives are the same.

Remark

In the case of the triple roots we can use de L’Hospital theorem.

" quasipolynomials it is the expression of the form ags® + a;s%-1 +... + a, s*1 + a, where {o,}
denote real or complex numbers
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Theorem 4

It is proved in [4] that the resultant of the equations (33) and (35) forp =1, 2, ..., n—1 is

equal to

n—2
)
R=1_ZI_T_Sj)[(cl—cl*):l (czz—cl*c3) n>2

i,j=1
i<j
or in an equivalent form

an—Z en( 2 '
R= "’/ [(01—01*)" (02—01*03)]

(36)

(37

where V' is Vandermonde’s determinant whose square is equal according to (31), the deter-

minant responsible for aperiodicity.
The resultant is equal to zero if

2

)
Cl = =
)

Example

Consider the differential equation of the 3rd order

d>x d*x
—+a—+—+azx=0
dr’ dr*>  dt

with initial conditions:

x(0)=¢,
1(0)=c,,
¥(0) =c3.

The solution of this equation is x(t) = A;e® + A,e™ + A3e®™ or in detail

(1) =

3 — (85 +83)cy +5,530; it 4 6 — (81 +83)c5 +5155¢ o5

(1= 5)(s; = 83) (52 =51)(s2 = 53)

N 3= (8] +55)co +515,0 o5
(53 =51)(83 =$2)

+

(38



The Resultants and Discriminants of Real Polynomials and Quasipolynomials 175

where s; # s, are the roots of the characteristic equation

53+ a1s2 +ays " ay=0.

We can write that for the extremum at the point ¢, it is required
Af e 4 A;eszm + A; M€ =0,
slAf N szAseszte + s3A; e =0,

SlAleS]te + SzAzeszte + S3A3eS3t(:‘ =0.

Where A, Ay, A; denote the coefficients with the new condition x (0) = ¢f, and

others remain the same.

The resultant of this equation is

R=|sA] s,A; s3A3]=0.
S]Al 52A2 S3A3

After calculation we obtain

$15, S \2 .
= 17273 |:(cl*) c—cf (c§+clc3)+clc§}=0.
(51 =52)(s52 —53)(s83 —51)

s

From this we obtain that ¢; = —or o =q.
!
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