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Criterions for the stability of the convex combination
of polynomials**

1. Introduction

Let p; and p, be two complex and of the same degree polynomials

P1(8) = 0,,8™ + 0, 8" L 0us 0l = 04,(s — X1 )(s — X)) .. (S —X,,),

(D
Do) = Bys" + Byys” o+ Bus + By = Buls —y)(s — 1) . (51,

where o, 20, B,#0, oy Bje C,k=0,1,..,n,1=0,1, ..., nand let C(p,, p,) be the convex
combination of these polynomials

Cp1, p2) = {8py(s) + (1-8) py(s) : e [0, 1]}

We say that polynomial p;(s) is Hurwitz (resp. Schur) stable if Re(x;) <0 (k = 1,2, ..., n)
(resp. [yl <1 (k = 1,2, .., n)).

We call the convex combination C(p, p,) Hurwitz (resp. Schur) stable if every polyno-
mial p(s) € C(py, pp) is Hurwitz (resp. Schur) stable.

According to paper [2], in 1985 a necessary and sufficient condition for Hurwitz stabi-
lity of the set C(p;, p,) was proved, for real polynomials p(s), p,(s). In 1989 in paper [3],
anecessary and sufficient condition for Hurwitz and Schur stability of the set C(py, p,) was
given, for complex polynomials p;(s), py(s).

In this work we introduce a new necessary and sufficient condition for Hurwitz and
Schur stability of the set C(p;, p,), where polynomials p,(s), p,(s) are complex and of the
same degree. We then generalize some results from [2] and complement some of [3].

* Faculty of Applied Mathematics, AGH University of Science and Technology, Cra-
cow, Poland; e-mail: surma@wms.mat.agh.edu.pl
** 2000 Mathematics Subject Classification: 93D09, 15A63.

87



88 Ewelina Zalot

2. A necessary and sufficient condition
for the stability of convex combination of polynomials

To polynomials (1), we assign the matrix

o, O, 1 O, o .. 0y 0

0 o oy % % n  TOWS
o O Oy ]

ee es ee n e ee 1 O

4 rows
0 B, Bt o e

1B, Bua By - o O |

It is obvious that R(p;, pr) € C?" @ and the elements of the matrix R(p;, p,) do not
depend on s. It has been proved in [1] that:

n n
detR(py, py) = ()" "D 2B TTTT G = 30)- 3)
k=11=1

We will use the following notation:

P, ={p(s} : p(s)=ot,s" + o, 15" ", .. Loys+ 0 0,20, 0,6 CVEk=0,1,..,n},
fi(s)= (a,(,l) + ib,(,l) )s" + (“y(,l_)l + ib,(ll_)1 )s"‘l +.o+ (al(l) + ibl(l) )s + (a(()l) + ib(()l) ) 4)
fr(s) = (a,(,z) +ib? )s" + (“y(,z_)l +ib?) )s"‘l Fot (al(z) +ib? )s + (a(()z) +ib{? )
where:

a +ib) 20,0 +ib® #0,a¥) +69 e C(k=1,2, j=0,1,..,m),
H, ={p(s)€ B, : p(s) =0, (s =x)(s = X3) ... (s =, ), Re(x ) <0 (k =1, 2, ..., n)},

S, ={p(s)e P, : p(s) =, (s —x )(s—x3) ... (s—x, ) | x [<1(k =1, 2, ..., n)},

C(fi> f2)={8fi(s)+(1-8) f,(s): 8 [0, 1]}
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Any polynomial f5(s) € C(f}, f>) is of the form:

f5)= 3 (ag ) +ibg ®)s"
where -

a; (8)+iby (8) = (3a + (1-8)a(®) +i(3b(" +(1-8)b?)
for 5 e [0, 1] and

f5G)seg = () fs(9)5ey = Fi():

Let (a, + ib,)s" + (a, | +ib, )s" '+ ...+ (a; + ib))s + (ag + iby) = p(s) € P,
We will use the following notation:

s

s =5 for seC,
p (=s")=p(-s),

M(s, p) =§|:p(s)+p' (=s ):| =ag +ibs +¢12s2 +ib3s3 +...,

N(s, p) =%|:p(s)—p* (—s*):l =ib +a1s+ib2s2 +a3s3 +...

There, obviously, is p(s) = M(s, p) + N(s, p). The following theorem is true.
Theorem 1 ([3])

The polynomial (a,,+ ib,)s" + (a, | +ib, )"+ ...+ (a; +iby)s + (ag + iby) = p(s) € P,
is Hurwitz stable (p(s) € H,) if and only if:
1. anan_l + bnbn—l > 0,

2. the zeros of M(s, p) and N(s, p) are simple, lie on the imaginary axis of the s—plane and
the zeros of M(s, p) alternate with the zeros of N(s, p).

The polynomial f5(s) € C(fi, f>), that is:

Ja(s) = M(s, fo) + N(s, f5) (&)

where:
MG, f5) = 5| s+ f3 (5] =M (s, 1) +A-OM (s, £)

NG fo) =3[ 5O~ 5 )] =G +a-9NGs 1) ©

Vée[0,1].
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Matrix (2) formed with the coefficients of M(s, f5), N(s, f5) will be denoted by R( £, /5, ).
It is obvious that R( f, /5, O) € CCm*Em ang every element of this matrix is a linear combi-
nation of coefficients of polynomials f], f>. Let us denote:

R(/)=R(i fo:8)sys RUD=R(fis fr Dy

and:
A(®) =detR(fy, f5,0), A1) =detR(f}), A(0)=detR(f>).
The following theorem was proved for the family C( £}, f5).
Theorem 2 ([3])
If f1(9).fo(s) € H, and
0,(8)a, 1(8) + b, (8)b, () >0 Vde (0.1) ©)
then the convex combination C(f,, f5) is Hurwitz stable (C(f,, ) € H,) if and only if A(8) # 0
forall 6 € [0, 1].
Now we shall prove a theorem which is complementary to Theorem 2.

Theorem 3

If £1(5), f>(s) € H, and coefficients of any polynomial fg(s) € C( f1,>) satisfy inequality
(7), then the following conditions are equivalent:

() C(hs fr)cHy,
(i) A®)=0 Vée (0,1),
(i) Ay R( /)R fo)) & (—00,0) Vk=1,2,..., 2n,
where Ay (R(fl)R_l( ) k=1,2,.., 2n are eigenvalues of the matrix R(fl)R_l(fz).

Proof
In this proof the reasoning developed in paper [2] will be applied.

(1) = (ii) It follows from Theorem 2.
(il) = (iii)) Let A(d) #0 Vo e (0, 1).
From (5) 1 (6) it follows that:

R(f1, /2, 8) = 8R(f}) + (1-8R(f), 8 € (0, 1). (®)
The assumption A(8) #0 ¥V € (0, 1) and condition (8) imply:

A(®) = det(SR( ;) + (1 — S)R(f)) # 0, V5 € (0, 1).
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Since the polynomial f5(s) is stable, R_l( />) exists because of (3) and Theorem 1, which
says that A(0) # 0. Using some of properties of matrix determinants, we conclude that:

det(BR(/HR(f) + (1= %0,

and the last condition implies
6-1 -1
det TI—R(fl)R >) |[#0, Vde(0,1).

From this relation we infer that the eigenvalues A (R( f; )R_1 (f2)e (—oe,0) fork=1,
2, ..., 2n, which finishes the proof of the implication (ii) = (iii).
(iii) = (i) We assume that A, (R( fl)R_l(fz))e (=0,0) k=(1,2, ...,2n). Hence

det[%I—R( FORY( ) )¢ 0, Vde (0,1),
and then
AB) = det(8R(f) +(1—-8)R(f>)) #0, Vde (0,1) )

Conditions (7) 1 (9) imply the stability of the family C( f}, f,) via Theorem 2. O

Similar results can be achieved in the case of a convex combination of two complex
Schur stable polynomials.

Let (a, + ib,)s" + (a, | +ib, 1)s" "+ ...+ (a; + iby)s + (ag + iby) = p(s) € P,.

We accept further notation:
P =G,
D5, P) = 5p(5)+5" " ()] = Slay +a, +ilby —b, )+
+(ay +a,_y +i(b —b,)))s +..+(a, +ay +i(b, —by)sT",
Dy, 1) =3 1p(9)=5"p' (6 N = 310 —a, +iCby +5,) +
+(ay —a,y +i(by +b, )5 +..+(a, —ag +i(b, +by)s 1",

for s # 0. Obviously, p(s) = D(s, p) + D,(s, p). For the polynomial p(s) € P, the Theorem 4
is true.
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Theorem 4 ([3])
The polynomial (a, + ib,)s" + (a, | +ib, )" '+ ...+ (a, + ib))s + (ag + iby) = p(s) € P,
is Schur stable (p(s) € S,) if and only if:
1. |(ag + ibg)/(a, + ib,)| <1,
2. the zeros of Dy(s, p) and Dy(s, p) are simple, lie on the circus |s| =1 and the zeros of
D(s, p) alternate with the zeros of D,(s, p).

Let f1(s), f>(s) be polynomials defined in (4) and f5(s) € C(f, f3). We can write the
polynomial f5(s) in the form:

fS(S) = DI(SU{S) + DZ(SU{S)a

where:

DG f3) =5 156 +5" £ (Y =80, (5. /) +A=8)Dy 5. 1)

Dy f3) =3 f5(5) 5" £, (5" D=8 (5. f))+ A=) . fy)

Vs e [0, 1].

Let us build matrix (2) with the coefficients of polynomials D;(s, f5), D,(s, f5), which
we denote by Ry(f], />, 8). As it was in Hurwitz’s stability case, this matrix is of order 2n and

its elements depend on & € [0, 1]. Let us denote:
Rs(f)=Rg(fi> f2: )5 » Rs(f2)=Rg(fis 2. )5y

and:
Ag(8) =detRg(f, 2,8), 8€[0,1], Ag(l)=detRg(f;), Ag(0)=detRg(f5).

The Theorem 5 is true.

Theorem 5 ([3])
If polynomials f,(s) and f(s) are in S, and

|(ag(8) + iby(8))/(a,(d) +ib,(B) <1, V&€ (0, 1) (10)
then the family C(fi, f5) is Schur stable (C(f1, f5) < S,) if and only if the determinant
Ag(®) #0 forall & € [0, 1].

Now we shall prove a theorem which is complementary to Theorem 5.

Theorem 6
If f1(8), /5(8) € S, and coefficients of any polynomial f5(s) € C(f1,/>) satisfy inequality
(10) then the following conditions are equivalent:
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(1) C(f1> o) €Sy
(i) Ag(B) £ 0 Vde (0,1),

(iii) 1 Rg (SR (fo)) & (=0, 0) VA =12,...,2n,

where M (Rg( fl)RS_l( L) k=12,..,2n are eigenvalues of the matrix Rg( fi )RS_1 (fr)-
Proof of this Theorem is analogous to proof of Theorem 3. It is enough to notice that
Rg(f1, /2, 8) = 8R( /1) + (1 = 8)R( /), 8 € (0, 1)

and to use Theorems 4 and 5.

Example 1

Let us consider two complex Hurwitz polynomials:
fi) ==’ +Q2-2D)s+@2=2))=(1—i)s+1—i)s+1+i),
()= (1+i)s>+ (3 +3i)s + (2 +2i) = (1 + i)(s + 2)(s + 1),
and the convex combination of these polynomials:
C(f1-2) = {8/i(s) + (1 = 8)fx(s) : S & [0, 1]} =
= {f()=[1+i(1-28) 1" +
+[3-8+i(3-58)]s+[2+i(2—4d)]}.

The matrices R( 1), R( f>) are of the form:

1 2i 2 0 1 3 2 O
R() 1 21 2 R(f,) 01 3 2
= - 2 =2l 2770 3 2
- 2 2 0 i 3 21 0
and the matrix
-1 0 0 5
R(DR(p)=—1 0 1
! 227 6l0 s

5 0 0 1
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Since the characteristic polynomial of the matrix R( f}) R_l(fz) is of the form

2
@«M—RU»R*U»»{}2+§],

then kk(R(fl)R_l(fz)) ¢ (—o0,0) (k=1,2,3,4). Hence the family C(f,,f>) is Hurwitz stable
for all 6 € [0, 1].

Example 2
Consider the following two complex Schur stable polynomials:

4 1
=85> —Zis+2|1+=i |,
fi(s) S 3 is ( 31]
fo(s)=3s" —i
and the convex combination of these polynomials:
2 4. (5
C(fi, fr) ={f(s) =(-118+3)s —551s+25+1(§5—1), d¢e 0, 1]}

The matrices Ry(f1), Rg(f>) are of the form:

—3—11' 0 —3+1i 0
3 3
0 —3—11' 0 34—
3 3
RS(fl): 1 1 >
0 =S+—-i —=i 5+=i
3
=S54+-i ——=i S54=i 0

0 3+ 0 3—-i
0 3-i 0 3-i
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and the matrix

13 0 0 -3i

» 1o 13 -3i 0

Rg(f)Rs (f2)=-— :
6|i(3-i) 6i 22 —i(3+i)

6i  iB+i) i(3-i) 22

ForA=-2

det(M — Rg( /)Rg'(f2) =0,

therefore the family C( 11, f>) is not Schur stable. For & :% polynomial

—§[3s2 +2is+(—3+2i):| = fl(s)e C(fi» f2)
3

is not Schur stable.

3. Conclusion

In this work necessary and sufficient conditions for Hurwitz (Schur) stability of con-
vex combination of two complex polynomials of the same degree were proved and examp-
les were given to show the use of those theorems. Theorems 3 and 6, proved in this paper,
give answers for the question of stability of a convex combination of complex polynomials
of the same degree, faster than theorems known from paper [3].
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