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The study deals with the effects of spherical aberration on the Airy distribution of two overlapping
point images of equal- or unequal-intensities separated by the distances less than the Rayleigh
angular limit of resolution investigated. Aberration considered in this work is the primary spherical
aberration. By employing the quadratic amplitude apodization across the aperture, the high reso-
lution is achieved in the form of resolving the two-point images, which is higher than that of the
unapodized ones. In this investigation, the apodization mask applied to the aperture and the cor-
responding intensity distributions of two-point images have been studied numerically.
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1. Introduction

An image-forming system in the presence of the optical aberrations has become very
important in many potential applications. The manufacturing of the optical imaging
instrument and the environment in which it operates can play a vital role in the reduc-
tion of the aberrations. Aberration leads to defects in the imaging wave front of the
optical system. Certainly the effects of the aberrations on the performance of the optical
system can be controlled by the apodization technique. The apodization is achieved
by altering the shape or size of the optical elements integrated in the optical system.
The process of the amplitude apodization deliberately modifies the light transmittance
of the optical system. This technique significantly changes the amplitude impulse re-
sponse and the imaging characteristics of the optical system under any degree of the
coherence of the illumination. For aberrated optical systems under different consider-
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ations, by employing the apodization, its resolving power is significantly improved.
There are a number of systematic studies reported in the recent past in which the res-
olution of the two point objects or the point object was investigated under the influence
of different types of optical aberrations and the apodization. In these studies, the optical
system performance was characterized by the amplitude or phase mask pupils. Usually
the pupil function with the apodization was very effective in the elimination of the side-
lobes and the sharpening of the central spot in the field distribution and also useful to
resolve the two overlapping point sources separated by the distance which is more or
less than the Rayleigh’s angular limit of resolution. ASAKURA et al. [1, 2] investigated
the resolution of two unequally bright point sources under the incoherent light illumi-
nation by means of the Sparrow criterion. MILLS and THOMPSON [3] made a systematic
study on the effect of aberrations and apodization on the amplitude impulse response
of the coherent optical systems. HAZRA et al. [4–6] introduced methods of compensat-
ing the aberrations and the atmospheric turbulence effect on the performance of the op-
tical system. BISWAS and BOIVIN [7, 8] investigated the influence of the spherical and
astigmatism aberrations on the efficiency of the optimizing apodized optical systems.
SAGAR et al. [9] studied the effect of the defocusing and the shaded aperture on the
Sparrow limits of the two bright points with widely varying intensities and continued
their work [10] on the defocusing aberration influence on the two-line resolution of
the coherent optical system with Hanning amplitude filters. RATNAM et al. [11] inves-
tigated the maxima and minima of the diffracted point image with the MACA and
CMACA aperture systems. More studies in this trend [12–24] were mainly focused on
the altering of the aperture into the suitable form which was employed to modify the
transmittance of the optical system in a direction to improve the resolution. All these
studies are the motivation for the current investigation.

In the present work, in addition to the amplitude apodization applied to the circular
aperture in the form of the amplitude parabolic filters of the superresolving type, we in-
vestigated the effect of aberrations on the two equal and unequal intensity point sources
separated by the small distances less than that of the limit of resolution. The effects of
the degree of the coherence and the intensity ratio of the two-point sources are also
analyzed for different amounts of the primary spherical aberration. These studies are
very potential in different image forming systems. However, the resolution of the two
overlapping point images was primarily considered in the fields of astronomy, confocal
microscopy, and spectroscopic observations. In other words: imaging of the far-distant
objects where the amplitude shade was applied across the objective lens of the telescope,
detection of the closely associated spectral points by employing the shaded plate at the
entrance of the spectrometer aperture and resolving the two closely located point struc-
tures of the biological specimen with the objective lens of the suitable shade.

2. Theory

Following the scalar-wave diffraction theory, the intensity distribution in the image
plane is the Fourier transform of the light distribution across the circular pupil function
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in the object plane. The composite image intensity distribution of overlapping point
images formed by the apodized optical imaging system is given by [25–27]

(1)

where 2B = V0 is the distance separation between two point sources, c is the intensity
ratio of the sources, γ(V0) is the real part of the complex degree of the coherence of illu-
mination, V is the dimensionless diffraction variable, A(V + B) and A(V – B) are the am-
plitude impulse responses of the optical imaging system corresponding to the two point
sources. The two points are located at the distance of V0 /2 on either side of the optical axis.

The image amplitude impulse response functions of point images are given by

(2)

Here J0 is the Bessel function of first kind and zero order, u is the radial coordinate in
the pupil plane, which is also defined as the normalized distance of a general point on
the exit pupil of the optical system varying from 0 to 1. In the present work, we em-
ployed the quadratic amplitude filter across the exit of the circular pupil function, then
Eq. (2) can be written as 

(3)

Here, g(u) = u2 is the parabolic amplitude apodizer, employed across the circular ap-
erture in the exit pupil plane of the apodized optical system. The amplitude transmit-
tance of the parabolic filter is a function of the dimensionless variable u, thus, the
transmittance increases from the center to the periphery of the aperture. It is illustrated
in Fig. 1 in more detail. The resultant amplitude impulse response of the parabolic am-
plitude apodizer across the pupil function is given as follows:

(4)

The aberration considered in this study is represented by the spherical wave front
Φ(u, θ ), given by

(5)

In optical microscopy [28], the term used by the primary spherical aberration is

(6)
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However, we should note that Eq. (6) is actual for the microscopy-optical systems
where NA is very high. In our investigations, we rather regard a paraxial-optical sys-
tem, so NA is small (for free space <<1) and we can rewrite the approximations used

(7)

After redesignation: 

u = ρ and  (8)

we obtained Eq. (5) instead of Eq. (6). Here φs is the amount of the primary spherical
aberration. The image-plane field distribution arising from the two-point sources is
proportional to the Fourier transform of the field distribution across the exit pupil mask
of the aberrated optical system. The amplitude transmittance of the apodized optical
system with the primary spherical aberration can be written as

(9)

To estimate the possibility of compensating the spherical aberration by amplitude
quadratic apodization, we calculate modulation transfer function (MTFs) (Fig. 2). As
seen from Fig. 2, the introduction of the quadratic amplitude filter provides higher spatial
frequency under the Rayleigh limit, which means that the resolution limit is improved.
In the presence of spherical aberration, the filter also provides some improvement.
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Fig. 1. The amplitude transmittance of the pupil mask: the amplitude distribution across the circular
pupil (a), and the amplitude transmittance of the pupil varies with the radial coordinate u (b).
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Note that the apodized point spread function (PSF) can provide superresolution due
to the growth of the sidelobes. This is not good for the classical imaging system when
we use common/usual pictures. However, this can help solve the problem of resolving
two points [1–3].

The total image intensity distribution of overlapping two point sources under dif-
ferent considerations and the primary spherical aberration have been obtained by sub-
stituting Eq. (9) in the general expression Eq. (1). 

3. Results and discussion

The results of investigations on the two-point intensity distributions of the optical sys-
tem with a superresolving amplitude filter have been studied from Eq. (1). An iterative
method of numerical integration has been developed and applied to compute the results
in the application of the two-dimensional amplitude mask. The computed intensity dis-
tributions with the amplitude shaded circular aperture show that the two point images
are well resolved and the resolving power of the apodized optical system is highly im-
proved, better than that of the Airy PSF distributions. 

Figure 3a gives the irradiance distribution of two point objects with equal intensi-
ties, separated by the limits V0 lower than that of the Rayleigh angular limit (3.832 =
= 1.22λ/Daperture diameter) for the Airy pupil. When the two point objects are separated
by a distance of V0 = 3.0, a dip of intensity in the profile curve is almost equal to zero,
i.e. two point sources are unresolved. The resolution and the dip on the intensity dis-
tributions is found only when the limit V0 is higher than V0 = 3.0. In the presence of
the parabolic amplitude filter, the Airy intensity distribution is modified and it has been
shown in Fig. 3b. As the distance of the separation V0 between the two point images
increases, the position of the central dip moves toward the low intensity maximum.
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Fig. 2. MTF for conventional system (solid line), aberrated system with φs = 2π (dotted line), apodized
system (dashed line), and aberrated and simultaneously apodized system (dash-dot line).
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Hence, the images of closely located two point sources are well resolved. In the case
of the V0 = 3.0, the dip position on the profile curve is clearly visible, i.e. by employing
the shaded aperture, the resolution of two equal irradiance Gaussian image points is
improved and achieves the super-two-point resolution. It is clear in Fig. 3 that for the
measurable separation (V0 = 4.0) of two point images which is bigger than the inco-
herent Rayleigh limit, the intensity distribution in the Airy case due to the two point
sources is tailored into the high resolution component by the apodized pupil.

Figure 4a illustrates the image intensity distribution of two point sources with un-
equal intensities, separated by the distances shorter than that of the Rayleigh angular
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Fig. 3. The image intensity distribution of two equal-irradiance (c = 1) point sources separated by the
limits V0 (3.0 → 4.0) under the incoherent illumination (γ = 0) formed by: the Airy pupil (a), and the
apodized pupil (b). 
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Fig. 4. The irradiance distribution of two unequal-irradiance point sources (c = 0.2) of the optical system
under the incoherent light illumination formed by: the Airy pupil (a), and the apodized pupil (b).
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limit through the unapodized pupil. The two images are not resolved, but the resolution
is little improved for the higher value of V0. For the V0 = 4, the dip on the composite
intensity profile of the two point sources is clearly visible whereas in the case of the
amplitude apodized optical system, the resolution is higher than that of the unapodized
one. Figure 4b shows that the two point images are resolved, due to the clear presence
of the dip on the resultant intensity distribution of the two point objects. It is observed
that as the V0 increases, the position of the dip shifts toward the center of the resultant
intensity profile and finally obtains low intensity maximum. This shift in the resultant
intensity profile is due to the movement of the principal maxima of the two points away
from each other. 

3.1. Spherical aberration 

The primary spherical aberration has the functional form Φ = exp[–iφs(u
4/4)] which

is a radially variant aberration and its fourth power dependence is associated with the
radial coordinate u of the aperture. It is due to the deviation of the spherical wave front
from its ideal shape. The presence of the primary spherical aberration is the origin of
changes in the image-plane optical field distribution, such as a decrease in the Strehl
ratio, increase in the first-sidelobe energy, and shift in the position of the first minima.
However, the amount of change in the field distribution depends on the value of the
spherical aberration. In the presence of the primary spherical aberration, the image
intensity distribution of the optical system when the amplitude apodizer is employed
is shown in Fig. 5.

Figure 5a shows the image intensity distribution of two equal-irradiance point
sources separated by the limits lower than the Rayleigh limit under the incoherent illu-
mination (γ = 0) through an unapodized optical system. For any given value of the
spherical aberration (φs = 0 → 2π), the object points separated by a distance of V0 = 3.0
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Fig. 5. Spherical aberration φs effect on the image intensity distribution of two equal intensity (c = 1) point
images separated by the distances V0 = 3.0 and 3.5 for the unapodized pupil (a), and the apodized pupil (b). 
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are not resolvable, due to the fact that the resultant peak came from overlapping of the
central peaks of both point sources, but for V0 = 3.5, the two point images are resolved,
i.e. the presence of the central dip on the profile curves is clearly visible. However,
Fig. 5b illustrates the composite image intensity distribution for the two point sources
of the apodized optical system. The two point images are resolved perfectly, much bet-
ter than those of the unapodized ones. As the value of V0 increases from 3.0 to 3.5, the
resolution of the optical system also increases.

By employing the parabolic amplitude filter, the intensity of the central dip on the
resultant profile of the two images increases and obtains the low intensity maximum,
relatively with that of the Airy case. In the presence of amplitude apodization, the in-
tensity of the central dip on the image intensity distribution of the aberrated optical
system is higher than that of the central dip intensity on the resultant image field dis-
tribution of the unapodized optical system with the spherical aberration φs. For the
apodized pupil, there exists a shift in the position of the first minima which has taken
place towards the principal maxima of the resultant field distribution. 

Figure 6 illustrates that in the presence of the spherical aberration φs, as the degree
of the coherence γ increases from 0 to 1 in steps of 0.5, the resolution of overlapping
point images decreases. For γ = 0, the two-point images separated by a distance V0 = 3.5
through an apodized optical system are found with the high resolution. Figure 6a shows
that in the presence of partial spherical aberration (φs = π) for c = 0.2 and 1, as γ increases,
the intensity of the central dip on the intensity distribution decreases and vanishes,
whereas for φs = 2π the intensity of the dip decreases with the values of γ but the position
of the dip is clearly found in all considerations with finite intensity which is shown in
Fig. 6b. It emphasizes that in the presence of high spherical aberration (φs = 2π), the am-
plitude in the apodized optical system results in the performance based on resolving
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Fig. 6. The image intensity distribution of the two equal (c = 1) and unequal (c = 0.2) intensity point im-
ages separated by the distance V0 = 3.5 under the different degree of the coherence of the illumination γ
for the spherical aberration φs = π (a), and φs = 2π (b).
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the two equal- or unequal-irradiance point sources under any degree of the coherence
of illumination.

Figure 7a illustrates the image intensity distribution of two point images with dif-
ferent intensity ratios separated by the distance V0 = 3.7 under the coherent light illu-
mination through the unapodized system. In the presence of high spherical aberration
φs = 2π, the resultant intensity distribution is produced from the closest approach of
the diffraction patterns of the two points. In this case, the two points are not resolved
from the intensity distribution profile in the image plane. For the aberrated optical system
with the parabolic amplitude apodizer, the resultant intensity curves are shown in Fig. 7b.

The curves show a distinct dip in the middle of two principal maxima, i.e. the dip
is clearly noticed with the finite intensity in between the diffraction patterns of the two
points. Thus the two point images are distinguished from one another and they are just
resolved for higher degrees of intensity ratio. So the apodizer is effective, while the
resolution of the apodized intensity distribution of two nearest point images is much
better than the unapodized case.

3.2. Resolution of two equal intensity object points 
under various conditions of coherence 

In this section, the effect of the degree of coherence is investigated. In Fig. 8, the value
V0 = 3.6, is the distance separation lower than that for the incoherent Rayleigh limit
(3.832). In the presence of the aberration-free Airy pupil, the two-point sources are
resolved for the values of γ varying from –1 to 0.3, as is clearly presented by the distinct
dips in the resultant intensity distribution. As γ increases from 0.3 to 1.0, the dip in the
middle of the composite image intensity distribution vanishes. Hence the two points
are not resolved, whereas by employing the quadratic amplitude apodization across the
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circular aperture, the two principal maxima in the resultant intensity curve move away
as the degree of coherence increases from 0 to +0.5.

Figure 8b illustrates that as γ is decreasing from 0 to –1, the limit of resolution is
reaching the infinite value under the conditions of antiphase coherence. Hence, the
two-points in phase opposition are well resolved. In this case, the measured dip inten-
sities are lower, compared to those of the Airy case. It has been found that the two-point
resolution under the partially coherent illuminance is excellent, which is manifested
by the presence of a distinct dip in the composite intensity distribution of two object
points with equal intensities. For high coherence conditions of illuminance, with no
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Fig. 8. Distribution of two-equal intensity point sources for various values of γ from –1.0 to +1.0 in steps
of 0.1 for V0 = 3.6 for Airy pupil (a), and apodized pupil (b). 
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indication of a dip in the resultant intensity curve, the points are said to be unresolved.
A similar set of curves for V0 = 3.6 in the presence of high spherical aberration, has
been shown in Fig. 9. For the aberrated Airy pupil, two-point sources are resolved in
the limit of degree of coherence γ varying from –1.0 to +0.3. Here it is observed that
the resolution decreases as the degree of coherence increases, as is evidenced by the
curves which are essentially becoming flat and the dip in the composite intensity dis-
tribution almost vanishes. As γ increases, the diffraction pattern of the individual point
objects results in the intensity distribution without any dip.

Another set of curves with the distance separation V0 = 3.6 is displayed in Fig. 9b.
By employing the spherical aberration (φs = 2π) in apodized circular pupils, the two
points are resolved for all the coherence conditions. As is proved by the presence of the
distinct dips, the two point sources are well resolved for all values of  γ. In this case, the
resolving power of the apodized optical system is said to be excellent in the anti-phase
and in-phase coherence region. As the degree of coherence increases, the principal max-
ima in the distribution shift are closer to each other which results in the small measured
separation. It has been observed that in the presence of high spherical aberration, the
apodized system proved to be very effective and accurate in resolving the two point
sources for all conditions of illumination. 

4. Conclusion

It has been found that the efficiency of the two-point imaging of the aberrated optical
systems with the quadratic amplitude apodization filters depends upon the degree of
the coherence of light illumination γ. It is concluded that in the presence of the primary
spherical aberration, the resolution of the two point sources separated by the distance
smaller than the Rayleigh limit under the coherent light illumination (γ =1) has been
increased by the proposed apodizer. As it is proved by the clear presence of a dip in
the intensity distributions, the point images are well resolved for all the values of the
intensity ratio of the sources c. Under the presence of the spherical aberration, as the
illumination approaches to the incoherent limit, the principal maxima in the resultant
image intensity distribution move away from each other generating a clear separation
which is measured with high accuracy. It is emphasized that in this paper the resolution
of the two-point imaging of the apodized optical system is considerably improved in
comparison to that of the unapodized one. Note that the apodized PSF can provide
superresolution due to the growth of the sidelobes. This is not good for the classical
imaging system when we use common/usual pictures. However, this can help solve
the problem of resolving two points [1–3]. For aberration that is not circularly sym-
metric, i.e. coma, astigmatism, the resulting Airy intensity distribution due to the two
-point sources will be analyzed with apodized systems at a focus in the next paper.
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