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1. INTRODUCTION

The method of lines is a semidiscrete numerical method. The idea is to discretize the
spatial variable and reduce the given equation to a system of ordinary differential
equations. The derivatives with respect to the space variable x are approximated by
the finite difference quotients

0 Nu(t,x+h)7u(t7x7h)

%U(t,l') ~ 2h )

0? u(t,z + h) —2u(t,z) + u(t,x — h)
@U(t,l’) ~ h2 s

where h > 0 is the discretization step. The most important property of the scheme
is convergence. It means that the solution of the difference scheme approximates the
solution of the corresponding differential equation and the approximation improves
as the grid spacing h tends to zero.
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The method of lines was widely used to discretize deterministic partial differential
equations of various types. J. Bebernes, R. Ely and C. Boulder in [1] studied partial
differential equations of parabolic type of the form

ou

i Au = de" + ((y — 1)/@019)5/6“0?

J. Kauthen in [14] implemented MOL for the parabolic equation
t

2 i
g?:g—l—z;alg;f—l—/b(x,t,s,u)ds, O<z<l,0<t<T.
= 0

It was also applied to the numerical solution of nonlinear Burgers’-type equations [12]

ou 58U ou 5 §
- - = — — <z< > 0.
T + au 9 Vo2 B(l—u)(u’ =), a<z<b t>0

The deterministic Fisher-Kolmogorov-Petrovsky-Piscounov (FKPP) of the form
ou  9%u 9

— = uU—u
ot ox? +
appeared in [5] and [15]. It was first introduced in problems of genetics and then
appeared in much broader contexts like reaction-diffusion problems or travelling-wave
solutions.
The numerical method of lines was also applied to extended Boussinesq equations

on ou  Onu 83u_
T a—+a—+( a+1/3)c? a5 =0
@Jr on N ou N Pu
gt t s g O Giant

with some constants ¢, a, g (see [10]) or generalized Kuramoto-Sivashinsky equation

ou  ou_  Ou  Ou Ol
ot " Yor THor2 T o8 T gt

in [11]. A class of abstract differential equations is solved by MOL in [19]. The method
of lines for delay differential equations of the form

ou
ot

=0, a<zxz<b,t>0

= f(t,u(t),u(t—7)), t=>0, u(t) =), -r<t<0

can be found in [16]. Applications of MOL to nonlinear nonlocal differential equations

S Au(t) = F(tu(t),w), € (0,7], h(u) = 6, on [,

are shown in [3]. The stability of MOL is shown in [21].
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Discretization schemes for parabolic SPDE’s driven by white noise have been
considered by several authors. J.B. Walsh in [24] studies finite element methods for
parabolic SPDE’s

oU 92U .

EZ@JFf(U)BJF!J(U)» (w,t) € 0,L] x Ry,
U(LL',O) = ua(x)’ S [OaL]a
U(0,t) = U(L,) = 0, t>0.

I. Gyongy [7] studies the strong convergence in the uniform norm over the space
variable for a finite-difference scheme with a regular mesh on [0, 1] for the parabolic
SPDE
0u 0?
—u=—— + flt t
i = gz T mu Tolt g

with Dirichlet boundary conditions. A. Réssler, M. Seaid and M. Zahri in [22] proposed
the method of lines for stochastic initial boundary-value problems with additive noise

B

ou n Of (u) 0u

ot " or o2

=o(z)((t,z), (t,z)€ (0,T] x D,

where D is a bounded spatial domain and ((¢,z) is a random noise assumed to be
either time-dependent or space-dependent with amplitude o. In practice, the random
process ((t, z) is Gaussian with zero mean and statistically homogeneous with covari-
ance (((t,z)((s,z')) = 2B(x — 2')d6(t — s) where B(x) is a smooth function and ¢
is the Dirac function. An application of the stochastic parabolic PDE is a stochastic
generalization of the FKPP equation with time dependent white noise of the form
(see [17])

ou 0%u .

—=D— B

= Do uf () + g(w)
for u = u(t, x), (t,x) € [0,00) x R. The parameter D > 0 controls the diffusion and
i > 0 can be interpreted as a growth rate. Another model of the stochastic FKPP of
the form

ou  p? ou 1 L

with one-dimensional time-dependent white noise B, asmall parameter 0 < p < 1 and
noise strenght ¢ > 0, can be found in Elworthy, Zhao and Gaines (see [4]). Stochastic
FKPP with space-time white noise was considered by Doering, Mueller and Smereka
in [2]. They deduced some properties of the solution for the equation of the form

ou 0?u
i D@ + yu(l — u) + en/u(l — u)n(t, ),

for 0 < u < 1, where 7n(t, z) is a Gaussian white noise in space and time.
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The aim of this paper is to discuss the stability of the space discretization for the
initial value problem for the stochastic partial differential equation which arise from
the FKPP model

t 0 oo
0 0? .
au(t,x) - Wu(t,x) =u(t,z) [1— /u(s,x)ds Jr/ / K(t,s,y)u(t+s,y)dydsB;

0 —7r —00

driven by time dependent white noise. Note that the nonlocal coefficient of B, is
independent of x. We study the following generalization of the above modified FKPP

equation
2

0
au(t,.%') - wu(tx) = f(t7xa u(t,z)) + g(tau(t,O))B‘

It is crucial for the given function g to be independent of z, that is why we use the
Hale operator at a fixed point (¢, 0), which does not depend on z. The function g can
be for example of the form

1
g(ta u(t,O)) =g\t /U(O, y)dy )
0

o}

g(t,ue0)) =g t,/e’yzu(t,y)dy

— 00

or

0 oo
g(t,u(t,o)):/ / K(t,s,y)u(t + s,y)dyds.

—7r —0oQ

In [23] Seidler quotes an example of a stochastic heat equation with a drift of the
form 5 52
a—?(t,x) = aT;;(t’””) + p(u(t,z)) + B (1.1)
Thus our model is an extension of (1.1). Lord in [20] tests numerically a
reaction-diffusion Allen-Cahn equation from mathematical physics with noise of the
form
ou 0 [ad®u
ot ot [ Ox?
We admit that time-dependent white noise causes much different qualitative effects
than space-time white noise. The space-time white noise generates huge theoretical
problems in unbounded domains and the results of this paper could not be extended
to that case. Especially, the results from the work of Gyongy [8] could not be extended
to the unbounded case. Even Malliavin calculus and abstract white noise expansion
do not seem to be sufficient to estimate the case with space-time white noise. We
discretize derivatives with respect to the space variable and study the representation of
the solution of the obtained infinite system of stochastic integral equations of Volterra

+U—U3:| +Bt, ’LL(O) = UugQ-.



Method of lines for parabolic stochastic functional partial differential equations 447

type. The integral representation of the solution by Green’s functions, derived in our
paper, is useful for a priori estimates and error analysis. The effectiveness of that
representation results from MOL analysis in [18] based on the maximum principle.
There is no classical maximum principle for stochastic PDE’s but we use Doob’s
martingale inequality to estimate the classical Itd integral. The technique used in this
paper could not be extended to the case, where the function g depends on a spatial
variable because this leads to Volterra-Itod integrals which are no longer martingales.

We have limited ourselves to one spatial dimension and the uniform mesh, al-
though all the results remain true if we replace 1-D with R™ and the regular mesh
with an irregular one. The results can be easily generalized to the multidimensional
case. This work is the first step towards studying the convergence of the method
of lines for more general models with space-time and functional dependence of the
function g = g(t, z, u ). This model leads to the stochastic convolution of the form

"Gt s, z,u dB, which causes other technical problems.
fo 9 9y Ly p

2. FORMULATION OF THE PROBLEM

Suppose r > 0, T' > 0. Let (Bt)te[o,T] be the standard Brownian motion defined on a
complete probability space (2, F, P) and JF; its natural filtration. Let £ = [0,7] x R,
Ey =[-r0] xR, Er = [-r,T] x R and let Cg, denote the space of all continuous
and Fy-adapted processes w : Er — L?() with the finite norm,

Hu)||2 =FE sup |w2(t~, x)| | < o0.
—r<t<T,z€R

Then, for any ¢ € [0,T], we define the Hale type operator (see [9])
U(t,z)(T,0) =u(t + 1,2+ 0) for (1,0) € Ep.

Let B; denote the formal derivative of a one-dimensional Brownian motion B;. We
consider the following initial value problem for stochastic functional partial differential
equations

0 o2 .
au(ta (E) - @u(t,x) = f(tamvu(t,x)) + g(t»u(t,o))Bt for (t,.’E) € Ea (21)
u(t, z) = p(t, x) for (t,z) € Ey,

where

p:Ey—=R, f:ExC(EyR)—=R, ¢:[0,7]xC(Eyp,R) =R (2.2)
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and C(Ep, R) denotes the space of all continuous functions v : Ey — R. Mild solutions
of (2.1) are continuous and satisfy the integral equation

ult, ) = / Gu( — y)uo(y)dy+

R
¢ ¢ (2.3)
+//ths(x_y)f(sayvu(s,y))dey+/g(57u(s,0))stv
R

0 0

where the last integer is of the Itd type and Gi(x — y) is the Green function or
fundamental solution of the homogenous heat equation %7; = gig. Suppose that the

function f is continuous and satisfies the Lipschitz condition with respect to the third
(functional) variable, so there exists a constant L; > 0 such that

|f(t,x,v) - f(tvxal_}” < Ll sSup |v(5,y) - E(S»y” (Ll)
(s,y)€Eo
and
|f(t,2,0)] < C (B1)

for all ¢, z, v with some constant C;. Suppose that the function g is continuous and
satisfies the Lipschitz condition with respect to the second (functional) variable, so
there exists a constant Ly > 0 such that

lg(t,v) — g(t,0)] < Ly sup |v(s,y) — (s, y)] (L2)
(s,9)€Eo
and
9(t,0)] < C2 (B2)

for all t,v with some constant Cs.
The above conditions imply the existence and uniqueness for the Cauchy prob-
lem (2.1).

3. STABILITY OF THE METHOD OF LINES

Problem (2.1) is discretized in the spatial variable as follows. We introduce a uniform
mesh on R with the discretization step h > 0. We will denote by J, the piecewise
linear interpolating operator (see [13]).

d wlHD () — 20O () + =1 (1)
L@y —
s n2
= F(t b, () epsy) + 9t (Jnw) o) Be for t € 0,77, i € 2,31

u(t) = oD () fori € Z, t € [-r,0].
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For processes W = (w");cz on [0, T] define

Wiy =E

sup sup [w® (D)2, 0<t<T.
0<t<t i€Z

For processes W = (w");cz on [, T] define

W =E lsup sup Iw(i)(f)lﬂ , 0<t<T.

i€7 _r<i<t

An integral representation of solutions of (3.1) is introduced in the following lemma.

Lemma 3.1. Let F), G € C([0,T], L*()) be uniformly bounded. Any bounded con-
tinous solution v = [v;];ez of the system

d VD (1) — 200 () + 0= 1(1)
Z o@D =
i’ 0

for t€[0,T),i€Z

= FO(t) + G(t) B

(3.2)

has the representation

VO (t) = ezt Z = <h2> ( .>U(1n+2j)(0)_|_
n=0

J=0

. ~ o : (3.3)
_1_/6—%2(75—5) Zﬁ <tf:28> (Z)F(i_"Jij)(s)ds—i—/G(s)dBS.
0 n=0 : 0 0

Jj=

Lemma 3.2. Let F) G € C([0,T], L*()) be uniformly bounded. Any bounded con-
tinuous solution v = [v;)icz of (3.2) satisfies the estimates

t t
loll3, < 3lloll3, + 3t / |FJ2,ds + 12 / IGI12ds.
0 0

Proof. From Lemma 3.1 we get

- —\J
n=0 7=0 [t]
t (oo} 1 n n
2 (t—s) t—s n Py
+ /e n? E n'( 2 ) <j>F( D(s)ds|| +
0 n=0 7=0

1l

[t]
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Note that
_2y > 1 t "l n
o aale) X 0) - (3'4>
n=0 7=0
Then
2, e’} 1 ¢ n n n ( 2) 2
2 -5 e i—n+27 _
Al =|le"n Zn! <h2> Z k)v (0) y =

© n .1 t~ n n 2
<o (225 () (1)) =i
<t \ ;20 =0

r 2

t
2 i e= 1 (T—s\" & ; ;
AZ(t)=E sup sup /e*ﬁ(t”) Z o ( h28> Z <n) FO=m+20) (5)ds| | <
="10

From Doob’s martingale inequality and It6 isometry we get

2 L 2 f
] §4EH/G(s)st } §4/HG||[251 ds.
0 0

From the fact that (a + b+ ¢)? < 3a? + 3b% + 3¢? we get the expected estimation of
the form

A2 E[sup [ ctsas,

<t

t t
Iolfy < 3l + 3¢ [ 1F1yds+12 [ IGIEyds. 0
0 0

Theorem 3.3 (Existence and Uniqueness). Assume that continuous functions f, g
satisfy the Lipschitz conditions (L1), (L2) and boundedness conditions (B1), (B2) with

some positive constants L1, Lo, Cy,Co . Then there exists a unique solution to (3.1).
Proof. To prove the existence we define the sequence (u,,)men, where u,, = (u%)),;ez
with the initial process

u () = oD (1) for te[-r0), icZ,
u () =p(0)  for t€[0,T), icZ
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and the recurrence SDE

1 i i—1
d () (1) - 7(12111)( t) — 2“7(7?+1(t) + uirzlﬂ) (t)
auerl h2 -

= f(tv h -, (Jhum)(t,h~i)) + g(tv (Jhum)(t,O))Bt for te [OaT]a 1E€Z
with the initial condition

W) =@ (t) for te[-r0),icZ

We will show that (u,,) is a Cauchy sequence in the Banach space. Let Al (t) =
u'? (t) — uSJB( t). For m = 0 we have

m+1
LINTCI Al 1) — 280 (1) + Al V()
dt—° h? B

= f(t,h i, (Jnuo) . ni)) + 9t (Jato)(r.0)) B
for t€0,T], i€Z.

From Lemma 3.2 we get

t t
lAwl? < 3 / 1 Folnl2,ds + 12 / lgoll2,ds,
0 0

where

(fo)n = f(t, h- 1, Jn(uo)(t,n1))

and
9o = g(t, Jn(uo)(t,0))-

The estimation of (fo)y, is of the form

[(fo)nllfg =E | sup |f(5,h-1 (Jauni)o)*| =
l€Z,5<s
=E | sup [f(5h 1, (Jhuc, ))0)—f(é,h-l,O)—l—f(é,h-l,O)21 <

l€Z,5<s
<2 lE[l sup [f(5h- L (ntgea)o) = S5 h-LOP + |5, b- l,O)Iﬂ :
€/,58<s
From the Lipschitz and linear growth assumptions we get

I(fo)nlly < 2E < 2L2|lug|% + 2C2.

sup (Lf' sup  ((Jntt) o,n1) ol +Cl>
€

Z,3<s vE[—r,s]
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The estimation of gy is of the form
ool = [sup oG, (o) s =
5<s

_E [sup 1905, (Jn(10)) s.0)) — 9(5:0) + 9, o>|2] <

s<s

(3.5)

<oE [sggg 1965, (Jn(u0)).0)) — (5, o>|2] L oE [s;g 190G, on?} <

<2 Lofluoll3 +2C3.

Hence

t t
8wl < [ @Lluol? +20)bds +2 [ 2 Lalluoll2 + 263 bas.
0 0

We now make the inductive assumption for any m > 0 and prove it for m + 1.

i+1 1 i—1
Dy () = At () = 280, 0 () + Au (1)
de— h? -

= f(t, h- i, (Jn(wm)) ,niy) — F& R ds (T (Um—1)) (t,pi))+
+ g(t, (Jh(um))(t,o)) —g(t, (Jh(um_l))(t’o)) for te€[0,T),i€Z

From Lemma 3.2 we get the estimation

t t
[PATNeY s 3/II(Afm)hII[25] +12/\|Agm||[25]d87
0 0

where
(Afm)n = [t h i, (Jn(wm)) @,py) = F(& R4 (Tp(Um—1)) (¢,h-3))

and
Agm = g(tv (Jh(um))(t,O)) - g(tv (Jh(um—l))(t,o))'
We estimate (Af,)n and (Agp)n. By the Lipschitz conditions (L1) and (L2), we get
the estimations
[(Afm)rlls) = 1 (s, bty (Tn(um)) (s,n0)) = (85 B s (T (uim—1)) (s,pe0) )l s <
< LiEsupi€Z sup_ |(In(um)) 5,h-0) = (Jn(Um—1))sna)| <
—r<s<
< LlHAum”s-
Analogously we prove that

H(Agm)H[s] < L2||Aum||[8]’
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consequently
3tL? + 12L3)™
| A, ||? < const.%.
m:

It follows that the partial sums
. k-1
w =g’ + 37 Auf)
m=0

are uniformly convergent on [0, T]. Denote the limit by u(¥)(t). Then u()(t) is a con-
tinuous process. Thus u(?)(t) is a solution of (3.1) on [0, T].
The proof of uniqueness is analogous to the one in [6]. O

Now we define the stability of MOL (3.1). Let processes qbgi), ¢ € C([0,T], L*())
be adapted and bounded and let Ay be deterministic on [—r, 0]. The perturbed system
related to (3.1) is of the form

d al D (t) — 2a@ (¢) + a1V (t)

%ﬂ(i) (t) — 2 =

= f(t,h i, (Jn) (1, 1i)) + 9, (Jntl) (1,0) Bet (3.6)
+ ¢\ (1) + ¢a(t) By for tel0,T),i¢€Z,

D (t) = oD (1) + Ap® (1) for i€Z,te[-r0],

where ¢\" and ¢y are the perturbations of the RHS of (3.1) and A (¢) is the
perturbation of the initial conditions. We say that the method of lines (3.1) is stable
if and only if

|l —uly -0 as h—0

provided that
lo1llt <e1—0 as h—0,
|p2lls < €2 =0 as h—0,
[Apllo<es—0 as h—0
on [0,7]. In the following theorem we show the stability of the method of lines (3.1).

Theorem 3.4. Assume that the functions f, g satisfy the assumptions of Theorem 3.3.
Then the method of lines (3.1) is stable.

Proof. Let u be the solution of (3.1) and @ be a solution of (3.6). Let z((t) =
™ (t) — u®(t). Then, from Lemma 3.1, 2() is of the form

i 2 > 1 t "l n i—n .
() =ty = (hQ) > (j)A(p( F2)(0)+
n=0 " j=0

n n ¢

t
2 gage= 1 [t—s N\ z(i—n+2j -
+/e o (¢ )Zn!< - ) Z(_)f}(b +2”(s)ds+/gh(s)st,
0 0

=0 M
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where 4 4
@) = F(t i, (@) @ny) = 6B, (nw) ) + 617 ()
and _
gn(s) = g(t, (Jhﬂ)(t,o)) —g(t, (Jhu)(t,())) + (bg)(S).

From Lemma 3.2 we get the estimation of the form
t t
lel2e < 310lE + 3¢ [ 1lyds +12 [ s
0 0

We estimate f;,. By the condition (L1), we get the estimation

~ 1
I nlls) < [2L3 - [12]12 + 2€7) 7 .

Clearly,

1Fally = E [up G (i) s ey) = £ R () ) + ¢§“<'s‘>ﬂ <

szE[ sup |£(5h- i, (In@)sny) — £(5: i, <Jhu><g,h.i>>|2} T

i€Z,5<s

+28 | s (oGP <202 el + 26

i€7,5<s

Now we estimate g. By the condition (L.2), we get

1nll < [2L3- 12117 +2€3] 2.
Clearly,
901y = B 500 oG, () ) = 965 (nadson) + 29| <
< 9K [gg 966, (hsan) — 965 (s +
+28 |sup a9 | < 213 212 + 26,

From the above estimations we get
t t
J2l < 3 +3¢ [ QLRaIZ +26) ds + 12 [ (21312 +263) .
0 0

Hence

t t
|2]I7 < 363 + 6L§t/ |2||2ds + 6€3t? + 2413 / [|2]|2ds + 24te3
0 0
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and

t
|12 < 362 + 634 + 2416 + (6L2 + 24L2) / 12]12ds.
0

From Gronwall’s Lemma

[2]I7 < (3€3 + 6€7t> + 24te3) ot(6L3t+24L3)

and for e — 0, e — 0, e3 — 0 we have ||z||; — 0 which finishes the proof of the
stability of the method of lines. O
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