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ORTHGONALITY OF HERMITE POLYNOMIALS SYSTEM

Abstract

Introduction and aim: The paper presents some Hermite polynomials, gatiality condition
for Hermite polynomials, recurrence formula andedéntial equation for Hermite polynomials.
The aim of the discussion was to give some proafrtffogonality of Hermite polynomial system.
Material and methods Selected material based on some knowledge abewumité polynomials
which has been obtained from the right literaturbe proof of the theorem describing the
orthogonality of Hermite polynomials has been etabex using a deduction method.

Results: Has been shown some proof of the theorem descrii@gorthogonality of Hermite
polynomials. It has been shown an example of odhality testing a pair of two arbitrary
Hermite polynomials.

Conclusions: In the paper has been shown the proof for theoréne system of Hermite
polynomials is orthogonal in the intervabg, +o0) with the weighting functionp(z) = exp¢z?).

Keywords: The system of Hermite polynomials, theorem of Hegmpolynomials orthogonality,
proof.
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ORTOGONALNGSC UKEADU WIELOMIANOW HERMITE’A

Streszczenie

Wstp i cel: W pracy przedstawiono wielomiany Hermite’a, warunelogonalndgci dla ukfadu
tych wielomiandw, funkejtworzcg oraz réwnanie réniczkowe dla wielomianéw Hermite’a.
Celem rozwzar byto przeprowadzenie dowodu twierdzenia o ortofjumai uktadow wielomia-
néw Hermite’a.

Materiat i metody:Materiat stanowity wybrane wiadonw o wielomianach Hermite’a uzyskane
z literatury przedmiotu. W przeprowadzonym doworagosowano metpdedukcji.

Wyniki: Pokazano dowdd twierdzenia o ortogondtiaiktadéw wielomianéw Hermite'a. Poda-
no przyktad badania ortogonals@ pary dwoch dowolnych wielomianéw Hermite’a.
Whniosek: W pracy przeprowadzono dowdd twierdzenia: Uktaglamianow Hermite’a jest orto-
gonalny w przedziale—o,+ ) z wag p(z) = exptZ).

Stowa kluczoweUktad wielomianow Hermite’a, twierdzenie o ortogbvaci uktadu wielomia-
néw Hermite’a, dowod.

(Otrzymano: 15.06.2015; Zrecenzowano: 20.06.20H8kEeptowano: 25.06.2016)
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1. Analytical functions and orthogonal systems
Definition 1

The function f(z) of the complex variable specifieda certain region D is called an
analytic function in this area, where each pointh@ domain D has the first derivative of
function f(z) [2].

Definition 2

Two functions f (z) and g(z) defined in the intdr¢@ b are called orthogonal functions in
this interval with the weight function p(z) wheteetintegral of the product of three functions
p(z), f(z) and g(z) is equal to zero [2]:

[p@)f(2)9(2)dz= 0 (1)

Consider the a system of functiong(f#)} specified in the intervala, b and integrable in
it, then as we know are also integrable some ptsdoicthese functions taken together with
the weight function p(z) as a third factor.

Definition 3.

If the functions of given system are pair wise ogbinal with weight function p(z), then
the system is called orthogonal system of funct{@hs
Definition 4.

The system functions {fz)}, where n = 0, 1, 2, ... is called an orthodosystem with
weight function p(z) in the rande, b, if for each m# n is true the following equality [1],[2]:

[p@),(2)g, (2)dz= C 2)

where p(z) is a predetermined non-negative fundtam is independent from the indicators m
and n known as a weight function.

2. Hermite polynomials

Definition 5.

Hermite polynomials k(z) for the value of a variable z are determinedhgyformula [1]:

d" expz?)
dz"

Let us compute a several Hermite polynomials arnitewdown the general formula for the
polynomial H,.1(z). A few Hermite polynomials calculated directly fraime definition (3) is
as follows:

H.(2)=(-1)" exp@°) for n=10,12,.... (3)

d’exp(-z?)
0

Ho(2) = (-1)° exp’) =exp@®)exp(-z°) =1, (4)
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Orthogonality of Hermite polynomials system

d"exp(z°) _
dz*
d*exp(z%)
2

H,(2) = (-1)" exp@®) —exp@’)(-22)exp(z°) = 2z, (5)

H,(2) = (-2)* exp(°) = eXIO(ZZ)%[(—ZZ) exp(-z*)] =

= exp®)[(-2) exp-2z®) +(-2z)(-2z) exp(-z*)] = 4z* - 2,

(6)

d® exp(z?)
dz?

=(-D eXIO(ZZ)%[(—Z) exp(-2°) +(-22)(-2z) exp(-z°)] =

H;(2) = (-1)’ exp(’) =(-1) e><|O(Zz)%[(—22) exp(-z°)] =

g (7)
= 2€X|0(22)E[exp(—22) +(=22") exp(-z°)] =

= 2exp@E®)[(-2z) exp(-z*) + (-42) exp(-2°) + (-22°)(-2z) exp(-Z*)] =
= 2exp@E*)[(—6z) exp(-z°) + 4z° exp(-z°)] = 8° -12z,

H.(2)=(D* eXp(Zz)dA%ZE_ZZ) = e><|0(22)dd—;[(—ZZ) exp(z°)] =

= eXp(Zz);—;[(—Z) exp(-z*) + (-2z)(-22) exp(-z*)] =

=(-2) eXp(ZZ):;;[eXp(—Zz) +(-22°)exp(z°)] =

=(-2) eXIO(ZZ)d%[(—ZZ) exp(z°) + (-42)exp(-z°) + (-22°)(-22) exp(z°)] = (8)
=(=2) e><|0(22)d%[(—62) exp(-z°) + 4z° exp(-z*)] =

=(=2) eXp(Zz)d%[(—@ exp(-z°) + (-62)(-22) exp(-z*) +122° exp(-2°) + 42’ (- 2z) exp(-2°)] =

=(-2) exp(zz)é[(—G) expz’) + 24z° exp(-z°) + (-8z*) exp(-z*)] =12- 48&* + 16z*,

[ T T T T T T

-1 2 dn_l 2
H..(2)=()""expE’) o exp(-z°), 9)
[ T T T T T T

and so on.
Theorem 1(About the generating function)

Function
w(z,t) = exp(2zt—t?) (10)

is the generating function for Hermite polynomidls, for small values oft| there is the
following series expansion [1]:

Hy(2) o

Wzt = exp@zt-t) = Y >

(11)
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Theorem 2(The second order differential equation for Hernptdynomials)
If Hn(z) are Hermite polynomials, then [1]:

dZZT +@n+1- 2)m(@) =0 (12)
where

m(z) = ex;{—z—;j H, @) (13)
forn=0,1,2, ....

3. Orthogonality of Hermite polynomials system

One of the properties of Hermite polynomials idrtieethogonality.

Theorem 3(Orthogonality of Hermite polynomials system) [1]

The system of Hermite polynomials is orthogonalthe interval {o,+) with weight
function p(z) = expfz?).

Proof

To demonstrate the orthogonality of the Hermiteypomials system should be show in
accordance with the formula (2) that:

j expz*)H, (2)H,, (z)dz=0 (14)
where m# n.
We use for proof equation (12) taking into accahetfollowing equality:
Z2
m, (2) = exp{—;} M, (2). (15)
The equation of m-th polynomial is multiplied by(@) and we get:
d’m ) B
m, (2) g S+ (2m+1-2z")m,, (z)m, (2) = 0. (16)
z
The equation of n-th polynomial is multiplied by,(m) and we get:
d’m ) B
m,, (z)d—2n +(2n+1-2*)m, (z)m, (2) = 0. (17)
z
So we subtract the obtained equations by sidegsheesecond from the first. Therefore:
2 2
M @S5 + @1+1-2)m, @m, @) - m, @) 52 - (2m+1-2)m, @m, () =0.  (18)
Z z
From where:
2 2
m,, (Z)% -m._(2) ddrrlm +2(n-m)m_(2)m,_ (2) =0. (19)
z Z

To the left side of the equation (19) we add andraagb the expressioﬁj% d;nm and
z dz

apply the connectivity and commutative propertyaaddition.
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We therefore:

d’m_ dm_ dm_| d’m_ dm, dm
m._(z nyZ 0 mi_Im (z m m |+ 2(n—-m)m_(z2)m_ (z2)=0. (20)
|:m()dzz iz dz | { n()d22 7 dz } ( m,, (2m, (2) =
Hence
i[mm(z)Ollrnn d[m (2) 4 }+2(n m)m._ ()m. (2) =0. (1)
dz dz | dz dz
From which it follows that:
@™, )M |4 20 - mm, @m, @)= 0. (22)
dz dz dz

Equation (22) we integrate in the range fremto +c and we obtain:

< d
T

00

}dz+2(n m)jm (2)m, (2)dz= dez (23)

Now we calculate the value of the expression béniet sign of the first derivative of the
integral equation (23). We use it with the funct{@s).

Thus we have:
dm dm

m " —m m —
m(2) = 2 (2) =

= _— zexp{—z—;jH N2+ exp(—z—;j—dHJZ(Z)}exp{—z—;me (2)+
|- zex;{—z—sz n(@)+ exr{—z—zj—de (Z)}ex;{—z—szn @)=
i 2 2 ) dz 2 (24)

dH @

=-zexp(-z*)H, (DH,, (2) +exp(-z*)H , (2) —==*

+2zexpz°)H, (2)H, (2) —expz*)H, (z)dH (Z)

dH @ dH, (z)}

{H @—-—-H,(@ exp-2°).

Therefore the first integral in the equation (28% hthe following form:

+00

R

—00

= lim j {_ m()dH n@) _y () (Z) exp(—zz)}dz+ (25)

a- =

dH (Z) (Z)

H()

b -
+ lim 1{ Hin(2) 20 (@)
bﬁ+modz

exp(—zz)} dz

From which it follows that:
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+00

f d{[ Hn (@) ()de(Z)}exp(—zz)}dF

)z

= im [Ho @ P -, () @ ey 22)

i [ @@y ()de(z)}exp(_Zz)bz (26)
- im {1080 ()de(o)} Hn @ 0@ Hn(a)"'H(;I“Z(E")}exp(—az)}+
*Jfﬂm{ A 0O 1, 0) O lexpi?) | i 02O 1, 0 (O)}}

Using the properties of the exponential functiop(ek we have that, when-a—« and
b - +c are the adequate factors tend to zero. Then wes hav

J d{ Hn @0 ()de(Z)}exp(—z%}dz:

= dz

= lim {{ m(O)OIH n© Hn(O)dFZnZ(O)}—O}+inm {o{ H, ) 3@ Z(0) H ((_-))OIHm(O)}= (27)
a--o — +oo

=Hrn @2 (O)de(o) @00y 0 -

Con5|der|ng the above results, and taking into aetequality (23) we get finally:

2(n—m) Imm (2m, (2)dz=0 for mzn. (28)

—00

Dividing both sides of the above equality (28) bg expression 2&im) # 0 we have that:

[Mm @My @dz=0 for m#n. (29)

—00

Taking into account the function (13) we totallytaib:

| expz%)Hm (2)Hp (2)dz=0 for m#n, (30)

That fact completes the proof of the theorem #8).
5. Conclusion

The system of Hermite polynomials is orthogonathia interval {o,+) with the weight
function p(z) = expfz?).
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