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INTRODUCTION
Ceramic dishes have been known since the earliest times. 

Tableware was used in the Cretan, Greek, Etruscan and 
Roman civilizations, so the history of tableware begins with 
these civilizations. Pottery, faience, stoneware, porcelain, 
glass and other products were made. It was their shape that 
constituted the practical and artistic value of these dishes, 
apart from ornaments and decorations. Clay bowls, platters, 
plates, cups with handles were made. Over the years of the 
Middle Ages, the shapes of the dishes produced varied, 
as did the raw materials for their production. In the glass 
industry, the basic ingredient for kitchen utensils was tin-
lead. Porcelain appeared in Europe at the beginning of the 
18th century, and it had been known to the Chinese as early as 
the third century BC. The Phoenicians produced transparent 
glass containers. Mass production of ceramics in Europe 
began to develop in the 19th century. Models, templates and 
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A method of mathematical modelling of shape was proposed for 
the design of biodegradable vessels (plates, cups, platters). In 
order to describe the shape of the contour lines of the vessels, 
a third-degree polynomial was used, known as the Bézier 
curve. The model also used parametric cylinder equations. 
The rotational surfaces of the vessel components (external 
and internal surfaces of the vessel sidewalls, external and 
internal surfaces of the bottom of the vessel and the surface 
connecting the sidewalls) were described using equations. The 
individual components of the vessel surface were scaled. The 
3D models of the vessels were created after putting together 
their mathematically described rotational surfaces.
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Zaproponowano metodę matematycznego modelowania 
kształtu na użytek projektowania naczyń biodegradowalnych 
(talerzy, kubków, półmisków). Do opisu kształtu linii konturo-
wych naczyń zastosowano wielomian trzeciego stopnia, znany 
pod nazwą krzywej Béziera. W modelu zastosowano również 
parametryczne równania cylindra. Opisano za pomocą rów-
nań obrotowe powierzchnie składowych elementów naczynia 
(powierzchnie zewnętrzną i wewnętrzną ścianek bocznych na-
czynia, powierzchnie zewnętrzną i wewnętrzną dna naczynia 
oraz powierzchnię łączącą ścianki boczne). Dokonano ska-
lowania poszczególnych składowych powierzchni naczynia. 
Modele 3D brył naczyń powstały po złożeniu opisanych mate-
matycznie powierzchni obrotowych.
Słowa	kluczowe: naczynia, kształt, modele 3D, modelowanie 
matematyczne.

various moulds were widely used. The glass industry has been 
known in Polish lands since the 15th and 16th centuries, and 
flourished in 1960–1980. In recent years, the production of 
glassware has mainly been directed to the creation of attractive 
designs and shapes. The use of modern design methods and 
production technologies was an important factor that affected 
the development of manufacturers of dishes [1, 7, 61]. The 
needs and expectations of customers are an actuating factor 
for the company’s operations [8, 12]. According to Zabrocki 
and Cordice’s research in the field of gastronomy services 
[63], English consumers pay particular attention to the form 
of dishes. According to Gheribi [11], gastronomy services are 
among important forms of the service activity. The patterns 
on manufactured dishes are protected by industrial patents [1, 
58, 59]. Contemporary development of tourism [35] forces 
entrepreneurs to produce vessels of high quality. Over 150,000 
items from the wide range of stoneware vessels manufactured 
in only one factory in Poland [7, 38, 61] are characterized by  
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a large variety of shapes, patterns and decorations. These goals 
are achievable because modern computer techniques are used 
to support design decisions. The plate bowl, protected by the 
invention law, is equipped with a cast ornament in the form of 
flowers with leafs, which is distributed over the entire surface 
[58, 59]. The dynamic development of computer programs to 
support numerical calculations, e.g. Matlab, Mathcad, Maple, 
Mathematica, enables mathematical modelling of the surface 
of objects, including dishes used in gastronomy. Computer 
aided design, particularly process simulation and animation, is 
the basic tool of a modern designer. Geometric models forming 
2D and 3D lines are visualized using methods classified as 
computer graphics. Searching for new shapes of the lines in 
the modelled vessels’, particularly solids representing vessel 
shapes, have a great cognitive value, especially for numerical 
testing of many working processes, e.g. packaging, storage [6, 
56, 60]. The shapes of the dishes are dictated by the current 
fashion and aesthetic tastes of customers. The shapes used in 
the vessels are usually irregular, which is why they cannot 
be represented by regular geometric forms, such as: sphere, 
ellipsoid, cylinder, cube, etc., [4]. In the initial phase of vessel 
design, especially when developing many concepts, solids 
presented in a discrete form are of great importance. The 
connected points of the modelled discrete surface form a grid 
which is a set of connected oblique triangles. Surface models 
represent the coordinates of points, segments and curves 
in 2D and 3D systems, with which the shapes of modelled 
objects are defined, along with the attributes assigned to 
them. According to Prusakowski et al. [48], when modelling 
3D objects that are complex in shape, it is preferable to use 
curvilinear representation, due to the use of a small number 
of parameters. Vessel shapes can be represented by Bézier 
curves and surfaces [27, 28] during mathematical modelling. 
Bézier curves and surfaces are used in computer aided design 
(CAD), such as: CorelDRAW, Adobe Illustrator, Solid Edge, 
Solid Works, Catia and others [19, 24, 37,49]. The creator 
of polynomial curves was Pierre Bézier, a French engineer 
and mathematician [16, 49, 50]. The implementation of the 
3D object design using CAD systems in digital space is 
applicable to static and dynamic analyses, from the simplest of 
transformations to complex animations [10, 22]. Mieszkalski 
[36] proposed the use of Bézier curves to model the shape of 
biological objects, characterized by a variety of unique shapes. 
A method of transforming Bézier curves into B-spline curves 
for surface measurements used in numerically controlled 
machine tools was proposed by Kawalec and Magdziak [26]. 
Another method that enables the visualization of the line 
of solid penetration in a projection on a selected plane was 
proposed by Dworecki et al. [9]. Reclik and Koc [53] recognize 
the need to develop a module for off-line programming of 
industrial robots based on spatial B-spline curves. The use of 
spline functions in parametric notation as well as the proper 
selection of boundary conditions and approximation functions 
[31, 32, 33, 34] increase the accuracy of mapping objects with 
large distortions. The set of parametric curves is used to model 
the objects that vary in shape [64]. Biegelbauer and Vincze 
[3] developed a method for detecting laser-scanned 3D objects 
by adjusting the formula of a special curve. The proposed 
method can be used in the automation of the detection of 
object shapes occurring in the real environment and can be 
helpful in detecting product damage on production lines, and 

even in detecting deformation [55]. This method is used to 
describe volumetric models during the gripping operation of 
robot manipulators with grips [25]. The adjustment occurs 
when the coordinates of the points are known from the 3D 
model and belong to the parts involved in the work process. 
Ramamoorthi and Arvo [52] proposed an innovative approach 
to creating models from images of real objects using data from 
various acquisition techniques. In modelling vessels, Cálin-
Şerban Bárbat [5] presents interesting surface shapes in his 
work.

As a result of diverse human activities, problems emerge 
that are related to environmental protection [13, 17, 65]. It 
is common practice nowadays to use plastics that biodegrade 
over a very long time in the production of packaging and 
disposable dishes. Most of the plastics used for packaging is 
made of synthetic polymers, mainly derivatives of crude oil 
processing. In the food industry, plastics such as polystyrene 
(PS), polypropylene (PP), polyethylene (PE), polyester (PET) 
are used to a large extent. Biological (natural) plastics may be 
competitive to classic petroleum-based plastics [30, 39, 66, 
67]. Biodegradable materials are subject to decomposition 
into components naturally occurring in nature – therefore they 
do not remain in the environment for many years, and their 
decomposition occurs similarly to that of organic matter.

Mitrus et al. [39, 40] conducted research whose results 
helped to determine the effect of extrusion process parameters 
on selected physical properties of modified potato starch. In 
agricultural and food processing, the extrusion technique is 
used, similar to the thermoplastic extrusion technique used in 
the plastics industry [40, 45]. On the basis of their research, 
Kucharek and Janas [29] obtained polysaccharide gel and 
edible foil intended for use in the food packaging industry. 
Basiak and Lenart believe that edible starch coatings based 
on both proteins and polysaccharides can be used to produce 
packaging that extend the durability of some food products [2, 
46]. The main process in the transformation of thermoplastic 
starch is the pressure-thermal process [42]. Mościcki et al. 
[41, 44, 51] claim that an increase in elasticity and strength of 
thermoplastic starch can be achieved by using plasticizers in 
the form of glycerine, propylene glycol, glucose, sorbitol and 
additives such as emulsifiers, cellulose or pectin. Biomaterials 
can also be used in 3D printing methods [23, 43].

There have been unsuccessful attempts to produce plates 
and disposable packaging from waste materials from fruit and 
vegetable processing, as well as beet pulp, banana and orange 
peels, and potato peels. Wheat bran proved to be a good 
material for making disposable dishes. Dishes made from 
bran behave like traditional dishes do not affect flavours or 
smells and can be used for cold and warm dishes and drinks. 
Dishes made from bran will be biodegradable after just about 
3 months [http://www.ekonsument.pl/news-show-377.php]. 
They also have additional advantages: they are functional, 
aesthetic, they can have different sizes and shapes. Dishes 
from bran can be used in restaurants, in small gastronomy, 
as well as in cafes and tea shops. Most importantly – they 
are edible; they can be food for both humans and animals. If 
they get into the soil, then the soil microorganisms will have 
eventually made compost from them. Biodegradable materials 
can be used for the production of e.g. plates, knives, cups for 
cold and warm drinks, trays, moulds and all other kinds of 
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packaging. The material for the production of biodegradable 
moulds as well as dishes and packaging is specified in Patent 
No. 195130 [62]. According to this patent, wheat bran trays 
are produced and available on the Polish market (Fig. 1) 
without any additives harmful to health, which are single-use 
packaging, biodegradable and useful for composting.

    
Fig.	1.		 Examples	 of	 currently	 produced	 wheat	 bran	

dishes,	according	to	the	idea	of	J.	Wysocki	[21].
Rys.	1.	 Przykładowe	 naczynia	 z	 otrąb	 pszennych	 obec-

nie	produkowane	według	pomysłu	J.	Wysockiego	
[21].	

Saurce: Own study
Źródło: Opracowanie własne

In order to produce a suitable shape of a biodegradable 
vessel made of wheat bran, a mould is needed in which the 
applied mass is compressed [21]. An example of such a mould 
is shown in Figure 2.

Fig.	2.		 The	mould	for	a	divided	tray	[21].
Rys.	2.	 Forma	dzielonej	tacki	[21].
Saurce: Own study 
Źródło: Opracowanie własne

Research is being carried out in many scientific centres 
(e.g. Szczecin, Warsaw) on edible protective coatings applied 
directly to the surface of chopped vegetables and fruits.

From a strategic point of view, in the effective 
implementation of biodegradable materials, the great challenge 
is to inspire graphic and industrial designers to create projects 
that guarantee the achievement of intended goals, and, above 
all, to develop the desire to search for original concepts for the 
creation of new products.

Shape description techniques are mainly implemented 
on the basis of 2D contour models or simplified 3D models, 
e.g. sphere, ellipsoid [18], which leads to the loss of shape 
data. The shape model developed analytically or with the 
help of 3D scanners contains much more information, 
which can lead to better and more precise design decisions. 

Polynomial curve notation was used to describe the cross-
sectional contours of biodegradable vessels. The described 
shapes of 3D biodegradable objects in digital space using 
computer graphics tools and differential geometry are then 
used for static and dynamic analyses in CAD systems, from 
the simplest transformations to complex animations.

According to Jakubicki [20], the emergence of new tools in 
the field of computer design causes a change of the entire work 
system in the production engineering of furniture and utensils 
for catering, hotels or restaurants. The introduction of virtual 
space into the design, in which you can model any objects, 
triggers a large potential of design possibilities, especially in 
connection with the Internet. Designers have at their disposal 
systems of computer-aided design and CAD calculations that 
enable the design of complex objects in 3D systems [14, 15, 
54]. Stolarewicz [57] believes that, despite the advantages of 
CAD systems, they are still labour-intensive, because they 
require a lot of data input in order to gain insight into the final 
effect. Computational algorithms and mathematical modelling 
in the process of creating new products constitute the basis of 
the design process. Mathematical models enable generation of 
various forms by introducing parameterization of the structure. 
Computational algorithms enable simulation and analysis of 
the impact of various factors on the shape of the object mould. 
In the modern design procedure, it is before building the 
prototype that a simulation and numerical research is carried 
out in the scope of correctness of construction, functionality, 
strength and parameterization of the structure [47, 54, 57]. 
The development of computer-aided calculation methods sets 
a modern trend in the modular system for the production of 
products and utensils used in catering, restaurant and hotel 
establishments.

THE	AIM	OF	THE	PAPER
The aim of the paper is to develop a method of mathematical 

modelling of the shape of selected biodegradable vessels, e.g. 
soup and dinner plates, low and tall cups and a platter.

List	of	important	symbols: N – number of meridians and 
parallels on a discrete spatial surface describing the shape of 
the vessel, i – number of rows in the matrix, j – number of 
columns in the matrix, j, J – angles of range variables [rad], r – 
radius of the vessel [mm], b – vessel height [mm], hd – vessel 
wall thickness [mm], a, b, c, d, aw, bw, cw, dw, m, p, f – shape 
control parameters.

THE	DESCRIPTION	OF	THE	METHOD
The method of mathematical modelling of shape for the 

purpose of designing biodegradable dishes (plates, cups, 
platters) consists in obtaining the component surfaces of the 
vessel by turning the curves of given shapes. The contour lines 
of the vessels are described using a third-degree polynomial 
(Bézier curve). The model also uses parametric cylinder 
equations. The equations describe the rotational surfaces of 
the vessel components, such as: the outer and inner surfaces of 
the side walls of the vessel, the outer and inner surfaces of the 
bottom of the vessel, and the surface connecting the side walls. 
The individual components of the vessel were scaled. The 3D 
models of the vessels were created after putting together their 
mathematically described rotational surfaces.
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MATHEMATICAL	MODEL	 
OF	THE	VESSEL	SHAPE

The number of meridians and parallels on the surface of 
the modelled vessel as well as the parameters for determining 
range variables are given in vector 1.

                               (1)

The angles for range variables that occur in the 
mathematical model describing the shape of the vessel’s body 
are given below:

N
i

i
π

ϕ
⋅⋅

=
2

                                 (2)

N
j

j =ϑ                                     (3)

The equation of the curve, which upon rotation describes 
the outer surface of the vessel, has the following form:

Ej = (1 – ϑj)
2 • a + ϑj (1 – ϑj)

2 • b + 
(ϑj)

2 • (1 – ϑj) • c + (ϑj)
2 • d               

(4)

The equations for the rotation of curve 4 have the form of:

                         (5)

                         (6)

Obtaining the given dimensions for the outer surface of 
the vessel model requires scaling of equations 5, 6. Matrix 
equations of coordinates describing (for a given shape) the 
basic dimensions of the model of the outer surface of the 
vessel have the following form:

            (7)

            (8)

                                (9)

The equation of the curve, which upon rotation describes 
the outer surface of the bottom of the vessel, has the following 
form:

E1j = (1 – ϑj)
2 + m • ϑj (1 – ϑj)

2 + p • 
(1 – ϑj)

2 • (ϑj) + (ϑj)
2 • f                   

(10)

The equations for the rotation of curve 10 have the form 
of:

                         (11)

                       (12)

In order to obtain the given dimensions of the vessel 
bottom compliant with the dimensions of the outer surface of 
the vessel model requires scaling of equations 11, 12. Matrix 
equations of coordinates describing the basic dimensions of 
the model of the outer surface of the bottom of the vessel have 
the following form:

      (13)

      (14)

                                   (15)

The equation of the curve, which upon rotation describes 
the inner surface of the vessel, has the following form:

Ewj = (1 – ϑj)
2 • aw + ϑj (1 – ϑj)

2 • bw + 
(ϑj)

2 • (1 – ϑj) • cw + (ϑj)
2 • dw          

(16)

The equations for the rotation of curve 16 have the form 
of:

                    (17)

                    (18)

After scaling of equations 17, 18, matrix equations 
of coordinates describing (for a given shape) the basic 
dimensions of the model of the inner surface of the vessel 
have the following form:

     (19)

     (20)

                        (21)

The inner surface of the bottom of the vessel is described 
by the following equations:

       (22)

       (23)

                                     (24)

The lateral surface connecting the outer and inner surfaces 
of the vessel is described by the equation of the cylinder:

X4ai,j = cosϑ4j                                (25)

Y4ai,j = sinϑ4j                                 (26)
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Where:

                             (27)

After scaling of equations 25, 26, matrix equations of 
coordinates describing (for a given shape) the basic dimensions 
of the model of the lateral surface connecting the outer and 
inner surfaces have the following form:

     (28)

      (29)

          (30)

After submitting the obtained matrices of coordinates 
of individual vessel elements and inputting the assumed 
dimensions and shape control parameters, a 3D model of the 
vessel shape is obtained.

EXAMPLE	SHAPES	OF	SELECTED	
VESSELS	GENERATED	ON	THE	BASIS	

OF	THE	MATHEMATICAL	VESSEL	
MODEL

The assumed basic dimensions and shape control 
parameters that occur in the mathematical model of the vessel 
shape required to generate a soup plate are written in matrix 
31:

      (31)

Figure 3 presents a mesh 3D model of a soup plate 
generated using a mathematical model of the shape of the 
vessel and the data contained in matrix 31.

Fig.	3.		 A	mesh	3D	model	of	the	shape	of	a	soup	plate:	X, 
Y	–	radius	length	[mm],	Z	–	height	[mm].

Rys.	3.	 Siatkowy	model	3D	kształtu	talerza	głębokiego:	X, 
Y	–	wymiar	promienia	[mm],	Z	–	wysokość	[mm].

Saurce: Own study 
Źródło: Opracowanie własne

The assumed basic dimensions and shape control 
parameters appearing in the mathematical model of the shape 
of the dish required to generate the shape of a dinner plate are 
written in matrix 32:

       (32)

Figure 4 presents a mesh 3D model of a dinner plate 
generated using a mathematical model of the shape of the dish 
and the data contained in matrix 32.

Fig.	4.		 A	mesh	3D	model	of	the	shape	of	a	dinner	plate:	X, 
Y	–	radius	length	[mm],	Z	–	height	[mm].

Rys.	4.	 Siatkowy	model	3D	kształtu	talerza	płaskiego:	X, 
Y	–	wymiar	promienia	[mm],	Z	–	wysokość	[mm].

Saurce: Own study 
Źródło: Opracowanie własne

The assumed basic dimensions and shape control 
parameters appearing in the mathematical model of the shape 
of the dish required to generate a low cup are written in matrix 
33:

        (33)

The assumed basic dimensions and shape control 
parameters appearing in the mathematical model of the shape 
of the dish required to generate a tall cup are written in matrix 
34:

       (34)

Figure 5 presents a mesh 3D model of a low cup generated 
using a mathematical model of the shape of the dish and the 
data contained in matrix 33.
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Fig.	5.		 A	mesh	3D	model	of	the	shape	of	a	low	cup:	X, Y	–	
radius	length	[mm],	Z	–	height	[mm].

Rys.	5.	 Siatkowy	model	3D	kształtu	kubka	niskiego:	X, Y 
–	wymiar	promienia	[mm],	Z	–	wysokość	[mm].

Saurce: Own study 
Źródło: Opracowanie własne

Figure 6 presents a mesh 3D model of a tall cup generated 
using a mathematical model of the shape of the dish and the 
data contained in matrix 34.

Fig.	6.		 A	mesh	3D	model	of	the	shape	of	a	tall	cup:	X, Y	–	
radius	length	[mm],	Z	–	height	[mm].

Rys.	6.	 Siatkowy	model	3D	kształtu	kubka	wysokiego:	X, 
Y	–	wymiar	promienia	[mm],	Z	–	wysokość	[mm].

Saurce: Own study 
Źródło: Opracowanie własne

The assumed basic dimensions and shape control 
parameters appearing in the mathematical model of the shape 
of the dish required to generate a platter are written in matrix 
35:

        (35)

Figure 7 presents a mesh 3D model of a platter generated 
using a mathematical model of the shape of the dish and the 
data contained in matrix 35.

Fig.	7.		 A	mesh	3D	model	of	the	shape	of	a	platter:	X, Y	–	
radius	length	[mm],	Z	–	height	[mm].	

Rys.	7.	 Siatkowy	model	3D	kształtu	półmiska:	X, Y	–	wy-
miar	promienia	[mm],	Z	–	wysokość	[mm].

Saurce: Own study 
Źródło: Opracowanie własne

Changing the value of parameters contained in matrices 
28, 29, 30 results in a change in the basic dimensions (radius, 
height, thickness) and the shape of the modelled vessel. 

SUMMARY
The dish designer receives a tool to support the process 

of creating new shapes that will be used in new projects. 
In the proposed mathematical model, the contour line is 
obtained by changing the value of four parameters; the line 
creates a rotational surface as a result of rotation. Changing 
the value of the next three parameters results in a change in 
the basic dimensions of the vessel. The matrix notation of 
the coordinates of the vertices of the mesh arranged on the 
modeled surface provides a discreet image of the 3D model of 
the designed vessel and can be used e.g. for designing moulds.

PODSUMOWANIE
Projektant naczyń dostaje narzędzie wspomagające proces 

tworzenia nowych kształtów, które znajdą zastosowania 
w nowych projektach. W proponowanym modelu 
matematycznym przez zmianę wartości czterech parametrów 
otrzymuje się kształt linii konturu, która w wyniku obrotu 
tworzy powierzchnię obrotową. Zmiana wartości kolejnych 
trzech parametrów skutkuje zmianą podstawowych wymiarów 
naczynia. Macierzowy zapis współrzędnych wierzchołków 
siatki ułożonej na modelowanej powierzchni daje dyskretny 
obraz modelu 3D projektowanego naczynia i może być 
wykorzystany np. do projektowania form.

FOOD  ENGINEERING / INŻYNIERIA  ŻYWNOŚCI
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