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Analyses of parabolic processes to assess mapping 
stability of mining area ground dislocations  

in the INGEO system  
 
 

 
The article features deliberations concerning the analysis of the following in the 
homomorphism of processes: deformations corresponding to the medium (rock 
mass) vibrations which generate physical threats in the subarea of topological 
transformations. Here, the basic issue is deformation mapping applied to model the 
dislocation processes related to the paraseismic process. Time dependencies are 
characterized by structure and dynamics of the processes. The damage of the part of 
the rock mass near the exploited deposit causes deformations and, most frequently, 
topological transformation of successive layers. Quite often rock bursts are genera-
ted, which is related mainly to the exceeded boundary states of the medium. Here it 
is very important to have measuring information about the medium transformations. 
In addition, it is necessary to define parameters and measures that characterize the 
anisotropy of the rock mass structures. The research within the INGEO project was 
focused on solutions based on the adaptation of the parabolic differential de-
scription supported by monitoring a concrete physical dislocation process. The 
mapping state of the process trajectory was distinguished in the deformation space 
by means of mathematical algorithms. Numerical modelling of deformation fields 
was supported by GPS sensors (innovative direct monitoring), on-line GNSS techno-
logy, and compaction sensors with a view to measuring complex dislocation fields. 
This solution is a new technology. A parametrically optimized model adequately  
illustrates a standard (measurement results) layout of vertical dislocations. 
 
Key words: parametric estimation, parabolic model, on-line measurements, defor-
mation process, trajectories, random phenomena 

 
 
 
 
1. INTRODUCTION 

 
 
Underground exploitation of a deposit breaches the 

original state of stresses in the rock mass surrounded 
by excavations. As a result of that, the roof layers get 
damaged causing dislocations in the medium located 
above the roof. In extreme cases the process results in 
energy accumulation and release in the rock mass as 
well as rock bursts which may often have devastating 
consequences. For many years Polish coal mines 
have used intrinsically safe regularly improved sys-
tems to assess rock bursts hazards, such as ARAMIS 

and ARES, described in [4], [5], and [6]. These sys-
tems make use of the analysis of vibrations registered 
in the rock mass. 

The innovative INGEO system, which has been de-
signed to assess rock burst hazards too, has an extra 
feature which enables to register deformations of 
excavations in the exploited area and to register, with 
precision, surface deformations in the area above the 
advancing longwall. 

Processes are empirical facts which reflect changes 
in the successive stages of the phenomenon develop-
ment and are an important source supporting scien-
tific research. Geodetic observations of dislocations 
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of particular points of the ground surface are the basis 
to estimate transformations of the subarea. However, 
they are not enough, as they often do not describe 
satisfactorily the complexity of the rock mass de-
struction processes [12]. 

The basic procedure to come to general physical 
laws is reasoning by interpolation of the experiment 
results [2]. When analyzing the transformation pro-
cess of the medium, generated by underground ex-
ploitation, the most frequent procedure is to follow 
the scheme: hypothesis – problem formulation – 
model. The subject of deliberations is modelling the 
process of the rock mass points dislocation in the 
area impacted by underground exploitation. 

Fast or short-term processes are usually subject to 
monitoring methods (goafs, rock bursts). Slow and 
long-term processes can be both monitored and 
modelled as post-mining dislocation processes. 
These procedures allow to carry out T-optimization 
to select a model that would well illustrate the ana-
lyzed process. 

It is an exaggeration to think that the model would 
suit the data perfectly – due to many reasons. Even 
if the model suits the data, it still does not mean it is 
an adequate one. The dislocation field observed in 
terms of quantitative characteristics (measurements) 
is non-linear and randomly disturbed. Thus for  
different subsets of the experiment results the global 
minimum of the loss function is not fulfilled.  
The essence is an emergent (multiple) complexity 
here [9]. 

 
 

2. PROBLEM CHARACTERISTICS 
 
 
The objective of the project was to make use of 

state-of-the-art achievements of today’s engineering 
to create a base of modern solutions in the range of 
multiple analyses of environment transformations 
oriented towards sustainable development and im-
provement of the analyzed subspace quality. 

Thus the authors presented techniques for moni-
toring and modelling environmental changes in the 
conditions of associated hazards: vibrations and 
dislocations. The issue of monitoring was described 
thoroughly, e.g. in [4]. The work [13], in turn, fea-
tures medium dislocation processes with state co-
ordinates as a transformation of one state into an-
other through the medium destruction. In general, 
the knowledge is provided by the so called Reynolds 
transport theorem. The whole information about the 
vector field is carried by the n number of the Xi 
functions whose value encodes the value of the vec-
tor co-ordinates  
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Modern technological development requires more 
and more precise mathematical models along with 
more and more precise information about phenomena 
that surround us. Adequate knowledge in this respect 
will allow to predict the process and consequences of 
the analyzed phenomenon in different conditions, 
controlled by humans or uncontrolled. If physically 
located points of the subarea are not stable, in order 
to illustrate this movement we make use of a com-
mon topological fact that continuous and injective 
mapping of the metric compact space is homeo-
morphism onto its own image (measurement) [1]. 
Then, if one of the matrix eigenvalues has a positive 
real part, the stationary point x0 of the analyzed sub-
area is not Lyapunov stable.  

The scientific and research operations, most of 
them innovative, carried out in the project improve 
the efficiency of modelling the rock mass destruction 
processes. Innovative technologies for measuring the 
state of the medium (the real scene) allow to adapt 
the models, in a sense of providing optimal new defi-
nitions and adjusting existing solutions for the as-
sessment of the environmental hazard. The measure-
ments of the real scene are understood in a wider 
sense than just acquiring numbers. After all, these are 
quite complicated processes investigated as a mixture 
of clear situations. As a result of that we come to the 
terms of eigenstates, eigenvalues and eigenfunctions. 

Formally, it is possible to write a measurement 
mapping fy 

as a compound of the following states: 
 

smkf y =  

where: 
k – function mapping X into the space Ω of objects 

of cognition. 
m – function describing the actual measurement, i.e. 

assigning ω ∈ Ω to objects of cognition  
s – scaling function. 

If a point of the medium (surface) in R2+1 (X, Z; t) 
moves due to the developing exploitation, then, phe-
nomenologically, something like a moving vector 
appears. Is it possible to determine (with no refer-
ences to the measurement) the movement of the point 
if the movement trajectory is not unequivocally de-
termined? This is an open issue both in terms of dif-
ferential geometry and field theory [12], [14]. 

Point dislocation trajectories wi(x,t) or ui(x,t), de-
termined by means of measurements, are different for 
significantly different points in space with the proba-
bility approaching 1. The measurement results deter-
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mine “narrow” number intervals while the transfor-
mation functions “f” are regular. If the U field is 
adequately smooth (e.g. of C1 class), the initial prob-
lem is well set locally. This means that for each point 
x ∈ M there is locally a single integral curve fx(t), i.e. 
 

Mtft x ∈→⊃− )(,εε  
 
starting from this point, i.e. fulfilling the initial condi-
tion fx(0) = x. 

 
The distribution of stresses in the rock mass where 

exploitation is carried out depends on the conditions 
existing in the primary state (before mining works 
began) and on geo-mechanical conditions of the con-
ducted exploitation, such as the neighbourhood of 
goafs or the direction of the exploitation advance 
with respect to quasi stable zones. Therefore the 
mapping state of the process trajectory can be distin-
guished in space by means of mathematical algo-
rithms. 

 
 

3. MODELLING AND ANALISYS  
OF DISLOCATION PROCESS 

 
 
The research concerned solutions based on the ad-

aptation of the monitoring-supported differential 
description to the mapping of a concrete physical 
process. The authors worked out models and algo-
rithms describing the rock mass deformations in the 
underground exploitation area. 

Information about the state of the rock mass de-
struction is provided by a mathematical model whose 
parameters are known in detail and information ac-
quired from measuring devices is precise too. The 
model formula and measurement errors make it nec-
essary to characterize the modelling quality [7]. 
Modelling a process in relation to the location algo-
rithm of a certain (satisfactory) number of measuring 
devices allows to obtain enough knowledge to define 
the deformation subarea. Thus the solutions were 
oriented towards the support of environmental revi-
talization operations and security of the people. 

 Let Ω ∈ topRn  denote the space where the process 
of mining dislocations takes place, while ω stands for 
the surface which limits the given space. The elemen-

tary stream of released energy of the balanced system 
runs through the ω


d  elements [14], i.e.: 

 
 ω


ddu Φ−=   

 
ω


d  – surface element treated as vector  ⊥ to ω ω


d   
The local measure of the dislocation field hetero-

geneity is its gradient Φ defined by Fourier’s law: 
 

 ua ∇⋅=Φ   
 
The dislocation field, generated by mining exploi-

tation, can be described [14] with the use of differen-
tial formulas, i.e.: 
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where:  
Ω ∈ (a,b) × (0,T), ∂’Ω  
Ω – two dimensional coherent and lim-

ited area Ω ∈ R2, 
u = u(x,t) – state variable, 
Θ = (θ1,…,θm) – vector of parameters; Θ ∈ Rm. 

 
The estimation accuracy of parameters Θ depends 

on the location of observation points. Here it is im-
portant to select observation spots of a system with 
spatiotemporal dynamics [8]. The observed disloca-
tion field is non-linear and is randomly disturbed due 
to the heterogeneity of the rock mass structure. So the 
field of the subarea dislocation u(x,t) = upom(x,.) ob-
served with respect to measurements is loaded.  
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( )τδδ −⋅ tij  – respectively Kronecker delta and Dirac 
delta, 

( ){ }tx j ,ε   – measurement noise. 
 
Estimators of parameters: 
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The estimate θ̂ depends on the location of sensors 
xj. This fact justifies the need for optimal selection of 
the sensors location that would maximize the accura-
cy of the received parameter estimates. The work [7] 
says that with sufficiently long observation the re-
verse FIM (Fisher Information Matrix) is an asymp-
totic matrix of the estimated parameters covariance – 
i.e. the measure of the estimates dispersion around 
the vector of the parameters real values. The se-
quence{ }lxx ,...,1  signifies different places of meas-
urements and a series of corresponding values 
{ }lrr ,...,1 . We are building a dot matrix of the plan 
carrier. Then the matrix is defined as a set of the 
following pairs:  
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where 
l
rp i

i =  

Let us assume that the state space is composed of  
a finite number of points ( ) Rxxx N ⊂<<< ...10  (dis-
creet states). Differentiation is based on the fact that  
a process comes to the successive state. The points xi 
can also describe selected groups of states. The mod-
el controlling the quality of the observed dislocation 
field distribution, also called multi-compartmental, 
has the following form [8]: 

 

 )()()()()()()(
11 tmtbtmtbtmta

dt
tdm

iiiiii
i ⋅−⋅+⋅= −−  (3) 

where: 
mi – number of points in the subarea corresponding 

to the state xi, 
ai – coefficient of population growth in the subarea i 

due to divisions inside the subarea  
bi – differentiating rate.  

As it was mentioned before, the estimation accura-
cy of the model depends on the location of measure-
ment points in the given area – a non-linear loaded 
field. As measurement points are, as a rule, station-
ary, while observations are made in a finite number 
of measurement sessions t1,…,tk, the following takes 
place: 
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ε(x,t) – measurement noise. 

 
Numerical modelling of deformation fields emission 

was supported with the use of sensors – GPS receivers 
[3], [11], which were adapted to direct transmission – 
a new GNSS on-line technology, and with the use of 
compaction sensors for the measurement of complex 

dislocation fields, which is an innovative technology 
for determining the impact of particular factors as  
a whole of the dislocating rock mass structures. The 
conditions of consistency apply here: if there is no 
formula A, such that both A and the negation of A can 
be drawn from the axiom of the given theory by means 
of the related deduction system. 

Algorithmic modelling procedures state the fol-
lowing: 
− each state of exploitation development is a pro-

jection of the defining process, 
− there is a transition between the states,  
− previous state  →← )(operatorprefix  state of the suc-

cessive event, 
− initial state l ≠ 0 is a process instance in the 

specification clause, 
− final state lN  → END with no definition of suc-

cessive actions. 
 
 

4. MAPPING OF DISLOCATION PROCESS 
 
 
In order to describe the process quantitatively ac-

cording to the presented methodology and computa-
tional algorithms in the INGEO project, several com-
puting experiments were conducted. The tests were 
related to a typical mining and geological situation, 
i.e. longwall exploited with a caving. The verification 
had a multi-thread character and referred to the as-
sessment of the algorithms usefulness, description 
accuracy and impact of extra (boundary and initial) 
conditions on the mapping quality. Additionally, for 
each active process an edge of the dislocation field 
was generated. 

The comparison of numerical simulations results 
and experimental measurements results is the basic 
phase of updating computational models [9]. 

 
4.1. Dislocation process model 

 
Let (X, Σ1) and (X, Σ2) stand for sigma-algebras  

where: 
X,Y  – measurable sets, 
Σ1, Σ2 – σ – algebras. 

  
The statistics T: (X, Σ1) → (X, Σ2) is sufficient if and 

only if there are F – measurable functions gθ (θ ∈ Θ) 
and Σ2 measurable function h such that: 
 
 ( ) ( )( ) ( )xhxTgxp ⋅= θθ  

The statistics T is sufficient if and only if the distribu-
tion density of the sample (X1, X2,…, Xn) can be pre-
sented in the following form: 
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( ) ( ) ( )nnn xxhxxgxxf ,...,,...,..., 111 ⋅= θθ  
 

i.e. as a product of the function h dependent on the 
sample value but independent of the parameter Θ and 
the function gθ which, in turn, is dependent on the 
parameter Θ and on the sample, but only through the 
value of the statistics T (factorization theorem).  

 
Modelling is finding one and the best approxima-

tion of the process: 
 

 ),( Θ= XFOX  (5) 
 
Increasing the accuracy of integration in time (1, 6) 

does not require extra restrictions with respect to time 
and space. It is possible thanks to the use of the mid-
point method (calculating a central derivative in 2 
points which gives much higher precision) – Crank-
Nicolson method. 
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Approximation of the solution 
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The probability of generating the observation vec-

tor Ot by the model M is carried out as follows: 

 
 ( ) ( ) ( ) ( )Μ⋅⋅Μ⋅Μ=Μ tsttt OPOPOPOP ,...,21  (8) 
 
4.2. Deformation process – 3D mapping 

 
3D presentation of modelling results ensures the 

following restitution: a set of 3D projections  
 object with the possibility to analyze its 

geometric quantities with respect to improper ele-
ments which constitute the projective space. Each 3D 
object consists of many surfaces – digital edition of  
a picture. Proper mapping is difficult since it must 
ensure that the axes of rectangular spatial co-
ordinates are mapped onto any concurrent straight 
lines – this allows to select any axonometric system 

 (dimetric projection).  
Figures and diagrams below feature sample model-

ling results, also in 3D. 

 
Fig. 1. 3D vertical dislocation – rock mass (40 m above the deposit) 

 
Fig. 2. 3D vertical dislocation – land surface 
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Fig. 3. Vectors of 2D horizontal dislocations – rock mass (40 m above the deposit) 
 

 
Fig. 4. 3D decline of the land - surface 

 
 

Fig. 5. 3D horizontal deformations – land surface 

0 100 200 300 400 500 600 700 800
0

100

200

300

400

500

600

700

800

900



Nr 4(528) 2016 21 

4.3. Geodetic observations  
of the mining land dislocation field 

 
Geodetic observations within the INGEO project in-

cluded the analysis of height changes of land surface 
points, for the points located within the mine exploitation 
area, in the zone of underground exploitation impact. 

Due to a very small impact of the rheological factor in 
the deformation process, the issue of describing uniden-
tified subsidence troughs can be assigned to the map-
ping of identified subsidence troughs with respect to the 
impact of the exploitation direction and succession on 
their shape. 

The installed measurement network enables to acquire 
information about the mining land deformations. The 
spots were located in a quasi-optimal manner – there 
were some points selected which have characteristic 
location in the given subarea. This allowed later estima-
tion of the process in any point of the analyzed area. 

The designed measurement grid enabled to observe 
the dislocation field. Measurement points were distribu-

ted about 25 m from one another. The location of meas-
urement points in the grid and their density was laid out 
to enable the following: 
− to determine the spatial variability of the defor-

mation field, 
− to estimate dislocations beyond measurement 

points and in other moment of time, 
− to determine the probability of assigning a given 

point or area to a certain threat category of the min-
ing area as well as the probability of exceeding the 
threshold value. 

In order to detect the edge of the deformation subarea, 
an analysis of local derivatives is conducted. The first 
and the second derivative of the field mapping were 
used to detect the edge, The gradient of picture I in the 
point (x, y) is a vector determined by the following 
formula: 
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Fig. 6. Section of a mining excavations map, measurement and mapping of dislocations 

 
 

Fig. 7. Comparing the results of modelling and monitoring the process of vertical dislocations 
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5. VISUALIZATION OF RESULTS OF GNSS 
ON-LINE DISLOCATION MONITORING 

 
 
Geodetic measurements on mining areas are the 

basic source of information about land deformations, 
including dislocations. The monitoring process of the 
mining area should be understood as an innovative 
control and measurement project with a view to veri-
fying the deformation state of a concrete mining sub-
area. In addition, it is the basis to analyze topological 
transformations of the given region [3], [11] to be 
verified by the INSAR method [10]. 

Observation equation of the phase has the follow-
ing form: 

 
 Φ++−−−+

⋅
=Φ εNdd

c
fdTdtf

c
df

jonstrop )()(  (10) 
  

where: 
Φ – measured phase, 
N – initial indeterminacy of the phase measure-

ment, 
f – carrier wave frequency, 
εΦ – phase measurement error, 
d  – distance between receiver antenna and satel-

lite, 
dt – offset of satellite clock, 
dT  – offset of receiver clock, 
djons – ionospheric delay, 
dtrop – tropospheric delay, 
c – light speed, 
ep – pseudorange measurement error. 

 Pseudorange observation equation has the follow-
ing form: 

 pjonstrop dddTdtcdp ε+++−⋅+= )(  (11) 
where: 
p – measured pseudorange, 
d – distance between receiver antenna and satellite,  
εp – pseudorange measurement error.  

 
Office software Trimble was used during the exper-

iments. 
The operations of the monitoring system are exe-

cuted by the following modules: 
− GNSS (GPS) data post-processing module for 

short and long vector solutions (base lines), 
− Trimble RTK Engine module for RTK vector so-

lutions up to 35 km, 
− Network Motion Engine module for monitoring 

the GPS receivers network with the use of multi-
stand determination,  

− Rapid Motion Engine module which detects pre-
cisely the positions of antennas in the network 

with a view to observing small and slow defor-
mations and rare violent movements (e.g. land-
slides, bursts). 

The most important results of GPS-based disloca-
tion monitoring in the INGEO project are the follow-
ing visualization forms of results sets: 
− a complete view of satellites in the sky, accessi-

ble to be observed from available antennas, 
− diagrams of 3-directional dislocations (defor-

mation monitoring), 
− history of dislocations of points with installed 

GPS antennas in a horizontal plane, with respect 
to the observation point (Scatter Plot). 

 
The presented diagrams feature 3D visualizations 

of dislocations increase on tower tops with respect to 
the location of the installed GPS antennas at the mo-
ment when the results of dislocations measurements, 
made in the GPS technology, start to be registered. 

3D dislocation diagrams were assigned the follow-
ing colours: 
− Δ Northing – northern direction of dislocation, 
− Δ Easting – eastern direction of dislocation, 
− Δ Height – vertical direction of dislocations 

(change along the height of the tower). 
Let the trajectory of dislocation between the neigh-

bouring moments of time be described by a general 
expression:  

 







=

β
tUu ln0  (12) 

 
while between points ui(ti) and ui+1(ti+1) let the trajec-
tory of dislocation be a linear approximation: 
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The average error resulting from the adopted linear 

approximation from the real value on the section 
between ui and ui+1 is as follows: 
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Please note that it is possible to extend the monitor-

ing system of the reference station with respect to the 
ASG Eupos station through buying one licence of the 
T 4D Control software. 

An important element of GPS-based dislocation 
monitoring is its confirmed utility, i.e. continuous 
visualization of the mining subarea dislocations, as 
well as the utility in the form of the GPS RTK sup-
ported measurements on the measurement lines of 
local geodetic networks located in mining areas. 
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Fig. 8. Dislocation trajectories: ΔN; ΔE; ΔH of a point in the period 22.03.2016 ÷ 28.04.2016 

 
Fig. 9. 2D dislocations diagram (E,N) of the GPS antennas installation point in the period  

24.09.2015 ÷ 28.04.2016 

 
Fig. 10. Sample 2D dislocations diagram (E,N) for the tested shaft – 28.04.2016  

(with synchronization timing Δt= 0.25 h) 
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2D registrations made within 2 months (24.02 – 
28.04.2016) show that the range of trajectory field 
(the tower top of the considered shield) comprised 
the following area: towards N = 11 mm, towards  
E = 9 mm. 

 
 

6. CONCLUSIONS AND REMARKS 
 
 
For the real (dislocation) process U with càdlàg tra-

jectories we formulated and analyzed the issue of 
modelling a process whose trajectories should be 
uniformly close to the trajectories of the Up (ob-
served) process. 

Based on the conducted geodetic measurements, 
GNSS on-line technology and multiple formal anal-
yses the following conclusions can be drawn: 
1. The formulated model describing the evolution of 

post-mining dislocations operates on a decoupled 
physical field – here linearization operations are 
used (integration, discretization, etc.). The solu-
tion does not take into account non-monotonic ef-
fects (upthrusts, discontinuities) typical of cou-
pled fields. The model, optimized in terms of pa-
rameters, accurately maps the model (measure-
ment results) distribution of vertical dislocations. 
Around the ∂Ω edge of the dislocation field the 
mapping results can be burdened with forced evo-
lution of the “free” edge. 

2. Mapping quality. Having different parameters of 
the distribution function and a proper model it is 
possible to estimate the data credibility. The vali-
dation was conducted of the software developed 
for the purposes of the analyses conducted in the 
INGEO project, comprising the modelling of de-
formation processes with the consideration of 
random disturbances. The validation confirmed 
the convergence of the achieved results with the 
data obtained due to the monitoring process of the 
rock mass located above the exploitation area. 

3. The monitoring of the mining area conducted in 
the INGEO project should be understood as  
a state-of-the-art control and measurement under-
taking for the verification of the deformation state 
of a concrete mining subarea. This is also the ba-
sis to analyze topological transformations of the 
given area. The monitoring was based on the solu-
tions and modifications of the GNSS on-line 
measurement technology. The measurement tech-
nologies Time-To-First-Fix (TTFF) enable to im-
prove the availability of the satellite signal in are-
as with environmental difficulties. This enables to 
depict trajectories and to search for a certain time-

dependent spatial measure. The presented model-
ling and monitoring methodology enables  
T-optimization in order to select a model that 
would approach the analyzed process. 

4. An important new element of on-line dislocation 
monitoring in the GPS technology is its confirmed 
basic utility, i.e. on-line visualization of mining 
subarea dislocations, as well as the utility in the 
form of supporting the GPS RTK measurement of 
single objects and measurement lines of geodetic 
networks located in mining areas. 

5. Currently, there are works conducted to analyze 
the results of research made with the use of a full 
stochastic model. The purpose is to acquire expe-
riences helping to determine if it is possible to use 
the modelling and the developed models (consid-
ering random character of tested processes) for the 
prediction of threats caused by random phenome-
na, such as rock bursts. To get reliable results it is 
necessary to conduct observation for a longer time 
in relation to monitoring results with respect to 
the parameters of the observed bursts. 

6. An attempt to associate dislocation and vibration 
processes is an innovative approach to model in-
complete information about the processes prefer-
ences. The trade-off relation can be used for theo-
retical analysis of the decision making process 
with respect to the so called coalition processes. 
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