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SOME REMARKS ON FLUID FLOW IN HOURGLASSES

ARKADIUSZ BRYLL, ROBERT SOCHACKI

Abstract

In the paper the authors analyse different shapes of an hourglass for the linearity of
their graduation. We also assume that any hourglass (more precisely, each of the two
congruent parts) has the shape of a solid of revolution and any cross section at height h
of this hourglass depends on the base radius r, i.e. h = f(r).

1. Introduction

In the paper [2] the author analyses three different shapes of an hourglass
for the linearity of their graduation. We think (and this is the purpose of
this paper) that it is worthwhile expanding and generalizing the results con-
tained in the above mentioned work. Accordingly, we will use the simplest
knowledge of higher mathematics (see [1]). More specifically, we will make
use of the solution of a differential equation with separated variables in the
form:

F (h)dh = αdt,

where F (h) is a given function and α = const. We also assume that an
hourglass (more precisely, each of the two congruent parts) has the shape
of a solid of revolution and any cross section at height h of this hourglass
depends on the base radius r, i.e., h = f(r). The flow of liquid from the
upper part to the lower part depends on the shape of an hourglass, and the
hole cross section of the flow.
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2. Main results

We will consider hourglasses for which the upper part is described by
the equations of curves: r = r0, h = arb, r2

a2
+ h2

b2
= 1, r2

a2
− h2

b2
= 1,

(a > 0, b > 0). We rotate these curves around the axis Oh in the co-ordinate
system Orh. Moreover, we will analyse an hourglass in which any change of
the liquid column depending on the time has a linear dependence. Rotating
the mentioned above curves, we obtain the following solids of revolution:
a cylindrical surface, a conical surface (when h = ar, a > 0), a paraboloid
of revolution, and a hyperboloid of one sheet (see Fig. 1).

Figure 1

Let r(t) be the base radius of the cross section of an hourglass at height
h(t) in the time t (see Fig.2).

The volume of the liquid passing through the cross-sectional area of S at
the time t has the form:

(1) V (t) = v(t) · S · dt,
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Figure 2

where v(t) is the flow velocity of the liquid through the cross-sectional area
of S. By the Bernoulli law, the velocity is:

v(t) =
√

2g · h(t),
where g is the gravitational acceleration. On the other hand, we have the
following formula:

(2) V (t) = −πr2(t)dh, (dh < 0).

Using (1) and (2), we obtain:

−πr2(t)dh = v(t)Sdt,

i.e.
−πr2(t)dh =

√
2g · h(t)Sdt.

Hence:

(3)
r2(t)dh√
h(t)

= −kdt,

where k =
√
2gS
π . Thus, we obtain the differential equation with separated

variables. The solution of this equation depends on the choice of the radius
r(t). We will consider four cases.

I. r(t) = r0, r0 = const
If r(t) = r0, then the solid of revolution has the shape of a cylinder (see

Fig. 1a). Then, the formula (3) has the form:
dh√
h(t)

= − k

r20
dt.
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Thus, after the integration we obtain:

2
√
h = − k

r20
t+ C.

Based on the assumption that h(0) = H, the integration constant C equals
2
√
H. Thus, we have:

2
√
h = − k

r20
t+ 2

√
H,

h(t) =

(
− k

2r20
t+
√
H

)2

,

hence:

(4) h(t) =

(
−
√
2gS

2πr20
t+
√
H

)2

.

If h(t) = 0, then the upper vessel is empty and all the liquid is in the lower
vessel. Then, the total time of the flow of the liquid from the vessel top to
the bottom one is:

t =
2πr20

√
H√

2gS
=

√
2H

g
· πr

2
0

S
.

Thus, the lower vessel of the hourglass can be scaled by the relationship
(see Fig. 3):

Figure 3

(5) H =
g

2

(
S

πr20

)2

t2.
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II. h = arb, (a > 0, b > 0)
If b = 1, then the solid of revolution has the shape of a conic (see Fig. 1b).

In the case of b = 2, the solid of revolution has the shape of a paraboloid
(see Fig. 1c). We will solve the equation (3) for any a and b (a > 0, b > 0).

From the assumption h = arb it follows that r =
(
h
a

) 1
b and the equation (3)

has the form: (
h
a

) 2
b dh
√
h

= −kt,

that is:
h

4−b
2b dh = −ka

2
b dt.

Thus, after the integration we obtain:

2b

4 + b
h

4+b
2b = −ka

2
b t+ C1.

From the condition h(0) = H we have:

C1 =
2b

4 + b
H

4+b
2b .

Thus, finally:
2b

4 + b
h

4+b
2b = −ka

2
b t+

2b

4 + b
H

4+b
2b .

Hence we can find the formula of the function h:

h(t) =

(
−4 + b

2b
ka

2
b t+H

4+b
2b

) 2b
4+b

.

Taking into account that k =
√
2gS
π , we have:

(6) h(t) =

(
−4 + b

2b

√
2g

π
Sa

2
b t+H

4+b
2b

) 2b
4+b

.

In the case of the conic (r = h
a , b = 1) we obtain:

(7) h(t) =

(
−5

2

√
2g

π
Sa2t+H

5
2

) 2
5

,

while, in the case of the paraboloid (r =
(
h
a

) 1
2 , b = 2) we obtain:

(8) h(t) =

(
−3

2

√
2g

π
Sat+H

3
2

) 2
3

.
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On the basis of (6) we can determine the total time to empty the upper
vessel. Taking h(t) = 0, we obtain:

(9) t =
2bπa−

2
b

(4 + b)
√
2gS

·H
4+b
2b .

For the conic (b = 1), the total time to empty the upper vessel is:

t =
2πa−2

5
√
2gS

·H
5
2 .

Since a = h
r = H

R , hence:

t =
1

5

√
2H

g
· πR

2

S
.

For the paraboloid of revolution (b = 2), the total time to empty the vessel
is:

t =
2

3

πa−1√
2gS

·H
3
2 .

In the case of a = h
r2

= H
R2 we obtain:

t =
1

3

√
2H

g
· πR

2

S
.

The lower vessel of the hourglass can be scaled by the formula (see (9)):

(10) H =

[
4 + b

2b
·
√
2g

π
Sa

2
b

] 2b
4+b

· t
2b
4+b .

In the case of the conic (b = 1) we have:

H =

[
5

2
·
√
2g

π
Sa2

] 2
5

· t
2
5 .

Moreover, if we consider the paraboloid (b = 2), then:

H =

[
3

2
·
√
2g

π
Sa

] 2
3

· t
2
3 .

III. r2

a2
± h2

b2
= 1

In this case the solid of revolution has the shape of ellipsoid (Fig.1d) or
the shape of hyperboloid of one sheet (Fig.1e). Since r2 =

(
a
b

)2
(b2 ∓ h2),

thus the equation (3) has the form:(
a
b

)2 (
b2 ∓ h2

)
√
h

dh = −kdt,



ON HOURGLASSES 35

that is (a
b

)2 (
b2h−

1
2 ∓ h

3
2

)
dh = −kdt.

After the integration we obtain:

(11)
(a
b

)2(
2b2h

1
2 ∓ 2

5
h

5
2

)
= −kt+ C2.

From the condition h(0) = H we can determine the constant C2:

C2 =
(a
b

)2√
H

(
2b2 ∓ 2

5
H2

)
.

Thus, finally, the equation (11) has the form:

(12)
(a
b

)2 [(
2b2h

1
2 ∓ 2

5
h

5
2

)
−
(
2b2H

1
2 ∓ 2

5
H

5
2

)]
= −kt,

where k =
√
2gS
π .

The upper vessel will be empty when h(t) = 0. Then:

t =
1

k

(a
b

)2√
H

(
2b2 ∓ 2

5
H2

)
.

Note that the “−” sign refers to the ellipsoid, while the “+” sign refers to
the hyperboloid of one sheet.

IV. h(t) = −wt+H
This case concerns the situation in which the change of the column of

the liquid in the hourglass, depends linear on the time. Indeed, if dhdt = −w
and w = const, then h(t) = −wt + C3, wherein h(0) = H. So, we have
h(t) = −wt+H (see Fig. 4).

Figure 4

By the assumption dh
dt = −w, the equation (3) has the form:

r2(t)√
h(t)

(−w) = −k,
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that is √
h(t) =

r2w

k
,

hence

(13) h =
(w
k

)2
· r4.

This formula allows to determine the shape of the curve h = f(r), if the
height of the liquid column decreases linearly with the time and f(r) is
a bi-quadratic function.

3. Final remarks

As the above analysis shows, shaping hourglasses as typical solids of
revolution does not guarantee the linearity of their graduation. This can be
seen in the following equations: (4), (7), (8) and (12). If we still do want
to obtain the linearity for the lower part of the hourglass, we must shape it
another way. The shape is defined by the formula (13).
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