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Abstract. Let D be a bounded C''-domain in R?, d > 2. The aim of this article is
twofold. The first goal is to give a new characterization of the Kato class of functions
K (D) that was defined by N. Zeddini for d = 2 and by H. Maagli and M. Zribi for
d > 3 and adapted to study some nonlinear elliptic problems in D. The second goal is
to prove the existence of positive continuous weak solutions, having the global behavior
of the associated homogeneous problem, for sufficiently small values of the nonnegative
constants A and p to the following system Au = Af(z,u,v), Av = pg(x,u,v) in D,
u = ¢1 and v = ¢o on D, where ¢; and ¢o are nontrivial nonnegative continuous
functions on dD. The functions f and g are nonnegative and belong to a class of
functions containing in particular all functions of the type f(z,u,v) = p(x)u®hy(v)
and g(z,u,v) = q(x)ha(u)v? with a > 1, B > 1, hy, hy are continuous on [0, 00) and
p, ¢ are nonnegative functions in K (D).
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1. INTRODUCTION

Let D be a bounded C'*!-domain of R? (d > 2). In this paper, we study the existence
of positive continuous solutions of the following semilinear elliptic system

Au= X f(-,u,v) in D (in the sense of distributions),
Av = pg(-,u,v) in D (in the sense of distributions), (1.1)
u= ¢y and v=¢o ondD,
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where ¢1,¢2 are two nontrivial nonnegative continuous functions on the bound-
ary 0D, A > 0, p > 0 and f, g are two nontrivial nonnegative functions defined
on D x [0,00) X [0,00). This problem was investigated, recently, in particular cases of
nonlinearities f, g by many authors (see for example [2,6,11,19] and the references
therein). In [11], the authors considered the particular case where f(x,u,v) = p(z)g1(v)
and g(z,u,v) = q(x)fo(u), where fa, g1 are nonnegative continuous functions that
are both nondecreasing or both non-increasing and p, ¢ are nonnegative measurable
functions belonging to the Kato class K (D) introduced and studied in [20] for d = 2
and in [15] for d > 3. Under some conditions on ¢; and ¢, the existence of positive
continuous solutions having the global behavior of the associated homogeneous system
is established. System (1.1) has been also studied in [2] for the particular cases
f(z,u,v) = p(x)u*v” and g(z,u,v) = ¢(z)uv?, where a > 1, 8> 1,7r>0,5>0
and p, ¢ are two nonnegative measurable functions that belong to the class K (D).
In [19], the author considered the case where the nonnegative nonlinearities f and g
are both nondecreasing with respect to the second and the third variables or both
non increasing with respect to the second and the third variables and such that for
each c1, ¢o > 0 the functions f(-,¢1,¢2) and g(+, ¢1,¢a) are in the class K (D). Under
a condition of positivity of two constants defined by means of f, g, ¢1, ¢2 and exploiting
the monotonicity assumption of f and g, the author extends the results of [11] by
proving the existence of positive continuous solutions for (1.1). This also was done
by investigating the properties of the Kato class K(D).

Our aim in this paper is twofold. The first goal is to give a new characterization of
the Kato class K(D) as it will be stated in Theorem 2.2 in the sequel. This explains
in a certain manner the optimality of the 3G-inequality (2.4), satisfied by the Green
function and established in [13] and [17]. The second goal is to extend the results of
[2,11,19] to a class of nonlinearities f and ¢ including in particular those where f is
nondecreasing with respect to u but not necessarily monotone with respect to v and g
is nondecreasing with respect to v but not necessarily monotone with respect to u.
The proof will differs from those in [11] and [19]. Namely, we will establish and exploit
an existence result of a positive continuous solution for the problem
Au = Af(z,u) in D (in the sense of distributions), (12)

u=q on 0D, '

where A > 0, ¢ is a nontrivial nonnegative continuous function on 9D and the function
f belongs to a class of functions containing in particular those of the form p(x)u®
with o > 1 and this will be an extension of the results of [18] established, for d > 3,
in the case where the variables are separated and f(z,u) = p(z)h(u).

We note that different types of weak solutions for problems that are more general
than (1.2) can be defined and existence results for these solutions can established by
different methods such as variational methods or topological methods (see [12,16]),
or via global invertibility (see [4]). These problems are also treated in the case of the
lack of compactness (see [10]). Here we restrict ourselves to the case of continuous
weak solutions combining topological and approximation methods and potential theory
tools.
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Our paper is organized as follows. Section 2 is devoted to give a new characterization
of the Kato class K (D) and to recall some properties of this class that will be used
in the study of (1.2) and (1.1). In Section 3, we prove the existence of a positive
continuous solution for (1.2). The last section is devoted to the study of the existence
of a positive continuous solutions for the system (1.1).

Next, we give some notations that will be used in the sequel. We denote by B(D)
the set of all Borel measurable functions in D, by BT (D) the set of nonnegative ones
and by By (D) the set of bounded ones. We denote also by Cy(D) the set of continuous
functions in D having limit zero at the boundary dD and by C(D) be the set of
all functions in B(D) that are continuous in D. Let GP be the Green function of
the Laplace operator in D with Dirichlet boundary conditions. For any p € BT (D),
we denote by PGp the Green potential of p defined on D by

Dammza/GD@zmmmdy
D

and we recall that if p € L} (D) and PGp € L}, (D), then we have in the sense of

loc loc

distributions (see [8, p. 52])
APGp)=—p in D. (1.3)

For any nonnegative continuous function ¢ on 9D, we denote by Hp¢ the unique
solution u € C?(D) N C(D) of the Dirichlet problem

Au=0 inD,
u=¢ ondD.

Let (X;)i>0 be the canonical Brownian motion defined on C ([0,00);R?),
P?* be the probability measure on the Brownian continuous paths starting at x
and 7p be the exist time of D. For any ¢ € BT (D), we define (see [7] or [8, p. 84]),
the subordinate Green kernel P G4 by

TD
1 _1ft s
PGy (p)() = 5 B /GJW%WM&Mt forpe B(D),  (14)
0

where E* is the expectation on P*. Moreover, for ¢ € B¥ (D) such that PGq < oo
we have (see [5,8,14]) the resolvent equation

PG="G,+7G, (¢"G). (1.5)
So for each u € B(D) such that P?G(qlu|) < oo, we have
[L+PG(q)] [I = PGCelq)]u=[I-PGCy(q)] I +"Clg)Nu=u  (16)
and for every u € B (D) we have

0<Pq,(u) <PG(u). (1.7)
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We close this section by adopting the following notation. If S is a nonempty set and
f, g are two nonnegative functions defined on S, we write f ~ g if there exist a positive
constant C' such that & f(z) < g(x) < C f(x) for every z € S. We note also that as
long of this paper the positive constant C' may vary from line to line.

2. THE KATO CLASS OF FUNCTIONS

In [21], Zhao have established the following important estimates and inequalities for
the Green function GP of a C'''-bounded domain D. Let po(x) = dis(z,0D) be the
Euclidean distance from x to dD. Then Zhao proved, for d > 3, that there exists
a positive constant C such that for each x,y,z € D.

po(y) ~p c
pol) & V) S e >y
Dy ) 1 in po(x)po(y)
ey~ e (1’ ||x—y||2> 22)
and
GP(z,2)GP(z,y) 1 1
Py =C hx T z||d—2] 23)

Inequality (2.3) has been improved by Kalton and Verbitsky in [13] for d > 3 and
by Selmi in [17] for d = 2. More precisely, they proved that there exists a positive
constant Cy such that

GP(z,2)GP(2,y) [po(z) D po(2) b }
. 2L < C G (z,z) + G”(y,2)]| . 2.4

G (z,y) Lo @A iy @ ?) 24)
This was exploited by Zeddini in [20] for d = 2 and by Maagli and Zribi in [15] for
d > 3 to define a new Kato class on the bounded domain D which has been adapted

to study some semilinear elliptic boundary value problems using some potential theory
tools. More precisely, this class was defined as follows.

Definition 2.1 ([15,20]). A measurable function ¢ belongs to the Kato class K (D) if
q satisfies the following condition

. po(2) ~p
}1_r>r(1) 222 / o0() G"(z,2)|q(2)|dz | = 0. (2.5)
DNB(z,r)

Our main goal in this section is to give a new characterization of this class of
functions by means of the left hand side term of inequality (2.4). This was motivated
by giving an answer to the question of comparing the Kato class defined by means
of (2.5) with an eventual new class Ko(D) that may be defined by (2.6) below, after
noticing that the properties satisfied by functions in K (D) are also satisfied by those
in Ko(D). Thus we prove here, in a nontrivial manner, the equality between these two
classes.
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Theorem 2.2. Let q be a Borel measurable function in D. Then q € K(D) if and
only if

D D
. - G (@,2)GP(2)

70\ (@,y)eDxD GP(z,y)
DN(B(z,r)UB(y,r))

lg(2)|dz | =0. (2.6)

To prove this theorem we need to recall and establish some preliminary results.

Proposition 2.3 ([15,17]). For z,y € D we have

Lo (1+M) ifd=2,
VR SN @
a2y to@mm) 4423
and
po(z)po(y) < CGP(z,y). (2.8)

The following lemma will be also used.

Lemma 2.4. Let x,y € D. Then we have the following properties:
(1) If po(x)po(y) < ||lz —yl|*, then

1++5
5 llz =yl

max(po(z), po(y)) <

(2) If |l — y||* < po(x)po(y), then for every z € D¢ we have

3—5 3+V5

ly — 2l < lz — 2] <

ly — =l

2 2
In particular, we have
3—5 3+V5
5 po(y) < po(z) < 5 po(y)-

3) % (Ilz =yl + p3 () + () < llz = ylI* + po(x)po(y) < llz = yll* + pi(x) + P3(y)-

Proof. (1) and (2) were proved in [3].
(3) Squaring the well known inequality |po(z) — po(y)| < ||x — y|| we obtain

po(@) + p3(y) < llz = ylI* + 2p0(2)po(y)-
This together with the fact that ab < a? + b? gives

lz —yl|® + pj(x) + pi(y) < 2 [z — ylI* + po(z)po(y)]
<2[llz —ylI* + pi(x) + p3(y)] -

This completes the proof. O
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The following result is the key of the proof of the new characterization of the
class K(D).

Proposition 2.5. There exists a constant C > 0 such that for all r > 0 and all
z,y € D we have

GP(z,2)GP(z,y) / po(2) p
. ’ 2)|dz < C —ZLG"(x, 2)|q(2)| dz
GP(z,y) la(2)] po(@) (2, 2)|q(2)]
DN(B(z,m)UB(y,r)) DNB(z,3r)
Po(2) ~p
+C / G” (y,2)|q(2)|dz.
PG 1, 2)la(2)
DNB(y,3r)

Proof. Let r > 0 and z,y € D. Then we have

GP(z,2)GP(z,y)
GP(z,y)

|q(2)|d=
DN(B(z,r)UB(y,r))
GD (.’E, Z)GD (Zv y)

- / Gty a(a)ld:

DNB(z,r)NB(y,r)

+

DnB(z,r)NB*(y,r)

+
DNB(y,r)NBc(z,r)
= Lz, y) + Ia(, y) + I3(2, y).

Using the inequality (2.4), we obtain

Il (J}, y) =
DnB(z,r)NB(y,r)

<a [p0<Z§GD<x,z>+pO(Z)GD@,z) lg(2)]dz
DNB(z,r)NB(y,r)
<a | P0(2) (4D (4 2 lq(2)ld=

po(x)
DNB(z,r)

PO(Z) D
+Co / PGP (1. 2)la(2)d=

DNB(y,r)

Next, we estimate I3(z,y) and I3(x,y). To this aim we will discuss two cases:

Case 1. B(z,7) N B(y,r) # 0.
Choose zg € B(z,r) N B(y,r). Then for every z € B(z,r) N B°(y,r) we have

Iz =yl < Iz =zl + [l& = 20l + [l20 — yll < 3r.
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Similarly for every z € B(y,r) N B¢(z,r) we have
llz =zl < lz =yl + |y = 20l + [|z0 — x| < 3r.
Hence
B(z,r)N B (y,r) C B(xz,r)N By, 3r)
and
B(y,r) N B(x,r) C B(y,r) N B(x,3r).
So we obtain

_ G2z, 2)G”(2,)
ey = [ Gote )

DNB(z,r)NB*(y,r)
GP(z,2)GP(2,y)

< Gty o)l
DnB(z,r)NB(y,3r)

G PRI P D
<o [ 2866 + 6P ol

DNB(z,r)NB(y,3r)

Po(2) ~p
< Cy / po(x)G (z,2)|q(2)|dz
DNB(x,r)

+Cy

DNnB(y,3r)

and
GP(z,2)GP(2,9)

Ig(fﬂ,y) = GD(x y)

DNB(y,r)NBe(z,r)

lq(2)dz

<

DnNB(y,r)NB(xz,3r)

< | {M@@ma+w”@w@q@w

po(x) po(y)

DNB(y,r)NB(x,3r)

po(2) ~p

<

<a [ BECEE):
DNB(z,3r)

Po (Z) D
+Co / oGP (0. 2)la(2) =
DNB(y,r)

Case 2. B(z,7) N B(y,r) = 0.

In this case B(x,r) C B°(y,r) and B(y,r) C B°(z,r). For every z € B(z,r) we have

ly =2l < lly =zl + [lo = 2| < lly = @[l +r < 2[je —y||
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and
lz—yll <llz =2+ lly =2l <r+lly — 2| <2[ly — 2.

So, in this case
1
Sy =zl < llz = yll < 2[ly — 2| (2.9)
Similarly for every z € B(y,r) we have
o =zl < [lz =yl +[ly — 2| < llz =yl +r < 2]z -y

and
lz =yl < llz =zl + lly — 2l < |z — 2| + 7 < 2|z — 2.
Also, in this case
1
e =2l <z =yl < 2]z — =l (2.10)

Now, using (2.7) we obtain

po(y)po(2)
L@<l+nzmv)(w(

GD(SL‘,Z)GD(Z7 Y) - Log (1 + Po(z),’)o(gy)>

x,z) ifd=2,

lz = 1|2 (le = y[I* + po(2)po®) Po(2) by s
== ol (I~ w7 + mlEoo@) pole) & 52 =3

and

Log (1 + ﬂO(T)Po(Z))

llz—=|?

GP if d =2
GD(mv Z)GD(Z7 y) Log (1+ po()po(y) (y7 Z) !

~ le—yl*
@) o ="~ (o ol + pol@oo) 202) o, ) as s

|2 = (|72 ([[z = [|> + po(2)po (%)) po(y)
So we will discuss two subcases.

Subcase 1. If po(z)po(y) < ||z — y|I*.
In this case we have ||z — y||? + po(z)po(y) < 2|z — y||?. So for d > 3, we use this fact
and (2.9) to obtain

lz = yl*72 (lz = ylI> + po(@)po @) _ llz = yll""*(l= = yl* + po(x)po(y))
12 = yll4=2 (2 = ylI* + po(2)po(y)) ~ Iz = yll¢
N ] ey
<2
NPT
And for d = 2, we use (2.9) and the inequalities 1 ¢ < Log(1 +t) for ¢t € [0,1] and
Log(1+t) <t fort>0 to obtain
0(y)po(2)
Log (1 + 4256 Iz = yl* po@)po(z) _ ¢ po(2)

Log (1 + 2} = " po{@)po(y) Tz =9lP =" pol)
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Consequently, for every z € B(x,r) we have

GD<va)GD(Zvy) pO(Z) D 7.2
Py = O
and
_ GD(:E,z)GD(z’y) M D
h(a.y) = oo e [ PECw )
DnB(z,r) ’ DNB(z,r) 0

Similarly for every z € B(y,r) we obtain by using (2.10) that

GP (w,2)GP(,y) 2)

Po( D
Py = 2)
and
B GP(z,2)GP(z,y) s po(2) ~p Mol dz
hew= [ et ueuce [ RGP
DNB(y,r) DNB(y,r)

Subcase 2. If ||z — y||* < po(a)po(y).

In this case we obtain from Lemma 2.4 that

B8 o) < pole) < 252

po(y), (2.11)

and we will treat the cases d > 3 and d = 2 separately. If d > 3, then we deduce from
(2.11), (2.9) and property (3) of Lemma 2.4 that for every z € B(x,r) we have

lz = yl17 (le = ll* + po(@)po () _ Ha—2 Iz = ylI* + po()po(y)
[z = yll4=2 (Ilz = ylI> + po(2)po(y)) ~ |2 = ylI? + po(2)po(y)
oi 17 = yll* + p(x) + i (v)

=7 e —yll2+ p5(2) + p5(y)

(1+ (255)) (e — ol2 + 3(w)
2 —yll? + p3(2) + Pi(y)
a (9+3V5 lz —yl? + pd(y)
<2 (S5 )
< 9d+1 (9 n 3\/5).

< 24

Consequently, for every z € B(x,r) we have

GD(x’Z)GD(zvy) pQ(Z) D
Py =)

(,2)
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and

GP(z,2)GP(z,y)

DNB(x,r) ’
po(2) ~p
<C / G~ (x,2)|q(2)|dz.
PGP, 2la(2)
DNB(z,r)

Similarly, for z € B(y,r) we use (2.10) and similar arguments as above to obtain

GP(2,2)GP (2,y) _ . po(2)

D z
GP(w.y) PR R

and

GP(z,y)
DNB(y,r)
po(2) p
<C / G ,2)|q(2)|dz.
G,
DNB(y,r)

Finally, for d = 2 we will discuss two subcases.

(i) If lz — 2]|* < po(x)po(2) or [ly — z[|* < po(y)po(z). Then taking into account
(2.11) and using Lemma 2.4 we obtain in this case that

B8 o) < ) < 2EY

3-V5
2

po()

2
) ) < mi=) < (CEL2) o)

and (

or

B

3+5
2

) i) < mie) < (2V2) e,

3_

2

3-V5
2

po(y) < po(2) < po(y)

and (

Using these facts, (2.9) and the fact that for « > 0 and ¢ > 0 we have

min(1, @) Log(1 +t) < Log(1 + at) < max(1,a) Log(1 + t),
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we obtain for z € B(x,r) that

==yl ==yl
Log (1 + Lﬁo(gy)) a Log [ 1+ (3—\/5>2P0(I)po(2)
lz—yl| g 2 4z—y|?
po(x)po(z)
(3 4 \/5> 16 Log (1 + e )
2 xr z
2 (3 _ \/5) Log (1 + 7%”2,)2(‘](2 ))

Log (1+ 50} [ (14 (35/5) es(rlents))
<

IN

< (3+\/3)3
< <3+\/5)3 (3+\/5>2 Po(z)_

2 po()

Hence for every z € B(z,r) we obtain

<C'00(

D
R e M

and

_ GD(JZ,Z)GD(Z,Q) L(Z) D T. 2 2dz
ney= [ Tt e<o [ R ()
DnB(z,r) DNB(z,r)

Similarly, for z € B(y,r) we use (2.10) and similar arguments as above to obtain

GP(2,2)GP(2,9) ro(2) oy,
GP(z,y) SCpo(y)G (v.2)
and
_ GP(,2)GP(z,y) po(2) o
I3(z,y) GP(w.) lg(2)ldz < C ; (y)G (y, 2)lq(2)|dz.
DNB(y,r) ’ DNB(y,r) 0

(ii) If ||z — 2]|? > po(x)po(2) and ||y — z||* > po(y)po(z), then in this case we have
max(po(x), po(2)) < |l — z|| and max(po(y), po(2)) < ||y — z||. Hence it follows from
the inequalities ILH < Log(1 +t) <t for t > 0, that

po(2)po(y) po(z)po(y)
Iz I + po(@pols) = % <” lo — ]2 )
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Hence

Po(y)po(2)
L@(L+sz2)<Hw—MP+WWMwaM@
Log (1+ 252696} = ly — 2|12 po()

EEE
o = l2 + (255) (o0 W)? po)
|y — =[]? po()
<3 + \/5) Iz = ylI* + (po(9))* po(2)
2 ly — 2|12 po()
<3 + \/5) 2 —ylI* + lly — 2|3 poEZ)

2 ly — 2|2 po(x)

IN

IN

and similarly

po(x)po(z)
Log (1+ #4244 )<(3+»6)|x—MP+nx—aPpaa

Log (1 + p(f\(fzpyo\l("‘y» - 2 |z — z[]? po(y)

So, using (2.9) we obtain for z € B(x,r) we get
D D
G (.’L‘,Z)G (Z7y) < CpO(z) GD

Py - @’ &P
and
B P, )G () p0(2) (a0
ney = [ i ue<e [ 286w ()
DnB(z,r) DNB(z,r)

Similarly, for z € B(y,r) we use (2.10) and similar arguments as above to obtain

GP(2,2)GP(z,y) _ - po(2) GP(y,z)

GP(z,y)  ~ po(y)
and
GP(z,2)GP(2,y) po(2) o
I3(x,y) = / . "q(2)|ldz < C / G (y,2)|q(z)|dz.
5(2,9) ] PGP 0. 2)la)
DNB(y,r) DNB(y,r)
This completes the proof of the proposition. O

Proof of Theorem 2.2. Assume that ¢ € K(D). Then by Proposition 2.5, we deduce
that (2.6) is satisfied. To prove the converse, we deduce from (2.2), (2.7) and (2.8) that

GP(z,2)GP (2,y) GP(zy)
Gy 1= GB,,) ¢ @)

> Ol -yt 225 GP(2, ()
0($)
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Let r > 0 and z,y € D. Then

Clo—sll! [ 25 62w )l

GP(x,2)GP (2,y)
GP(z,y)

DNB(x,r)

< lq(2)]d=

DN(B(z,r)UB(y,r))

. GP (€, )G (2,0)

- GP(£,Q)
s DxD y
(COEDXD L BlemuBC)

l9(2)ldz.

Let L be the diameter of D. Then for every x € D, there exists y = y,, € D such that
|z — yel| > %. If this is not true, then there exists xg € D such that for every y € D
we have ||z — y|| < £. So we obtain D C B(zo, %), which gives a contradiction with
the definition of the diameter L. Using this fact we deduce that for every r > 0 and
x € D we have

c({j)d / 205) GD (1, 2)lq(2)dz

po(x)
DNB(z,r)

© GP(£,2)GP (2, 0)

" (£,)eDxD GP(&,¢)
DN(B(&,rUB(C,r))

lq(2)ldz=.

This shows that if (2.6) is satisfied then (2.5) is also satisfied. The proof is complete. [

Next, we recall some important properties that will be used in the study of the
boundary value problems (1.2) and (1.1). The proofs of these properties can be found
in references [15,20] and [2].

Proposition 2.6. Let g € K(D). Then the following assertions hold.
(1) Letting r tends to infinity in Proposition 2.5 and using the results established in

[20] and [15] stating that sup,ep [}, Z;’g;g GP(z,2)|q(2)|dz < 0o, we deduce that

GP(x,2)GP(z,y)
Np(q) = sup / (2)]dz < oo. 019
ol (ﬂ%y)erDD GP(x,y) lg(2)] ( )

(2) For any nonnegative superharmonic function h and every x € D we have

/ GP (2, 2)h(2)\a(2)|d= < Np(a)h(z). (2.13)

(3) The function y — po(y)q(y) € LY(D). In particular q € L}, (D).
(4) The Green potential P Gq belongs to Co(D).



502 Noureddine Zeddini and Rehab Saeed Sari

The following results will also play an important role in the sequel.

Proposition 2.7. Let h be a nonnegative superharmonic function in D and q be
a nonnegative functions in K (D). Then for each x € D such that 0 < h(z) < oo, we
have

exp(~Np () hx) < h(x) - PGylgh)(x) < h(x). (2.14)

Proposition 2.8. Let g be a nonnegative function in K(D). Then the family of
functions

Fq=1{"Gp; Ip| < ¢}
is equicontinuous in D and consequently it is relatively compact in Co(D).

We close this section by giving a fundamental example of functions belonging to
K (D) that was given in [20] and [15].
1
Example 2.9. Let 8 € R and define ¢(x) = W for x € D. Then
polx

g€ K(D) ifandonlyif f<2.

3. EXISTENCE OF POSITIVE SOLUTIONS
FOR SOME SEMILINEAR ELLIPTIC EQUATIONS

The aim of this section is to study the existence of positive continuous weak solutions of
the following semilinear elliptic Dirichlet problem (1.2). First we begin by introducing
the notion of continuous weak solutions for this problem.

Denote by CS°(D) the set of all infinitely differentiable functions in D with compact
support in D.

Definition 3.1. A function u is called a continuous weak solution of (1.2) if
(i) ue C(D,R),

(ii) /u(m)A(p(aj) — M (x,u(z))pdx = 0 for every ¢ € C°(D),
D

iii lim wu(x) = .
(i) | lim u(x) = o(¢)
zED
The following result ensure the uniqueness of an eventual continuous weak solution
for (1.2) in the case where f > 0 and nondecreasing and continuous with respect to

the second variable.

Proposition 3.2. Let f: D x [0,00) — [0,00) be a Borel measurable function such
that f(-,¢) € L}, (D) for each ¢ > 0 and for each x € D the function t — f(x,t) is
nondecreasing and continuous on [0,00). For any nontrivial nonnegative continuous
function ¢ on the boundary OD and A > 0, problem (1.2) has at most one nonnegative

continuous weak solution.
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Proof. Assume that there exist two nonnegative continuous weak solutions uy, ug of
(1.2) with u; # us. We suppose that there exists xg € D such that ui(z¢) > ua(xp).
Put w = u; — ug and denote by E = {z € D: w(z) > 0}. Then E is a nonempty
open set and from the fact that f is nondecreasing with respect to the second variable,
we obtain

Aw = A[f(z,ui(x)) — f(z,u2(x))] >0 in £ (in the sense of distributions),
w <0 on OF.

Hence by the weak maximum principle (see [9, p. 333-334]) we get w < 0 in E. This
contradicts the definition of £ and achieves the proof. O

In order to state an existence result for (1.2) for A sufficiently small, we assume
that f satisfy the following hypotheses:

(H1) The function f(-,0) belongs to K (D).

(H2) f:D x][0,00) — [0,00) is Borel measurable such that for each x € D, the map
t — f(x,t) is continuous and satisfying the following condition: For each M > 0,
there exists a nonnegative function gy € K(D) such that for each z € D, the
map t — qp ()t — f(x,t) is nondecreasing on [0, M].

_ Hpo(z)
) 00:= 2t | ) >

Remarks 3.3.

(1) The conditions (H;) and (Hs) are satisfied in the particular case f(x,t) = p(x) g(t
where p € K(D) and ¢(t) = t*, a > 1 or more generally g : [0,00) — [0,00) is
continuous and satisfying for each M > 0, there exists a constant b = b(M) >
such that g(t) — g(s) <b(t —s) for 0 < s <t < M. Indeed in this case (Hy) is
satisfied with gy = b(M) p.

(2) Let p e K(D) and ¢(t) =

);
0

Then the function f(:z: t) = p(x) g(t) satisfy (Hs)
for t > 0 is not bounded

1+\f
with gpr = 0 despite the derivative ¢'(t) =

2\/5(1+\/f)2
near zero.
(3) The hypothesis (Hj) is satisfied in the particular case where f(-,0) = 0 with
gp = OQ.

Example 3.4. Let a > 1, and 3,7 € R such that 5 < 2 4+ min(+, 0). Define

1 ey
f(z,t) = W (po(x) +¢)" t* for (z,t) € D x[0,00).

Then f satisfy hypotheses (Hy)—(Hs). Indeed, since f(x,0) =0 then (H;) is satisfied
and (Hs) is satisfied with g = co. Next we prove that f satisfy (Hz). To this aim we
consider M > 0,0 < s <t <M and n € [s,t] such that

(po(x) +1)7t% = (po(w) + )7 5% = (t =) [v(po(x) + 1) 1" + alpo(w) +n)"n"""] .

We will discuss two cases.
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Case 1. v > 0.
In this case since vy +a —1 > 0, so

(po(x) +n)" ' n* <max ((L+n)"" ") n®
=max ((L+n)""'n*, ")
< max (L +n)+et prtet) = (L+ M)+t

Hence
(a+ ) (L + M)vta-t

z,t) — f(z,s) <
Jlet)y = ges) (ro(@))”

(t—s).
Consequently, (Hs) is satisfied with

(a+7) (L + My+et
(po(x))”

CIM(OC) =

Case 2. v < 0.
In this case we have

Y(po(z) + 1) 0 + alpo(z) + 1) n* " < alpo(x) + 1) n* "
< aM*(po(x))”

Hence

OéMa_l
flz,t)— f(z,s) < ————(t —9).
0= fms) < )
Since 8 < 2 + 7, then W € K(D) and consequently (Hs) is satisfied with
( ) O[]\4@—1
qu(x) = ———5—-
(po(x))"™"

Combining Cases 1 and 2 we deduce that (Hz) is satisfied with

[0 + max(y, 0)] (L + M)~ HHmex00)

qm ('T) = (po(x))ﬁ—rnin('y,O)

Example 3.5. As it assumed as long of this paper D is a bounded C*!'-domain and
we consider 3, v € R such that 8 < min(1 + v, 2). Define

1 2!
f(z,t) = W (po(z) +¢t)" for (z,¢) € D x[0,00).

Then f satisfy hypotheses (H;)—(Hs). Indeed, since 8 — v < 1 then f(z,0) =
W € K(D) and (H;) is satisfied. To prove that f verify (Hz), we consider
M >0,0<s<t<Mandn € [s,t] such that

(po(z) + 1) — (po(x) +5)7 = (t — 5) [v(po(z) +n)" ']
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We will discuss three cases.

Case 1. v <0.
In this case we have f(z,t) — f(x,s) < 0. So we can take gy = 0.
Case 2. v > 1.
In this case we have
B Y+ polx) ! V(LA+MOT

So we can take e My .

T (o(@))?
Case 8. 0 <y < 1.
In this case

y—1
Fant) = flas) = D gy < T (e

Since 8 < 14+, then

_ Y
B Toolw)P
and this shows that (Hs) is satisfied.

Finally we prove that f satisfy (H3). Since f(z,0) = and 8 — v < 1, then

N
(po(x))? =

it follows from Proposition 5 in [15] that there exists C7 > 0 such that

oA po(z) < PGf(-,0)(x) < C1 po(x)
for every 2 € D. On the other hand, since D is a bounded C'''-domain and Hp¢ is
positive and harmonic in D, then it follows from Corollary 6.2 in [1] that there exists
C5 > 0 depending only on ¢ and D such that Cs po(z) < Hp¢(x) for every x € D.
Consequently for € D we have

Hpo(x) B Capo(r)  Co

DGI(0)@) ~ Crpoa)  Cr "

and then oy > 0.

Remark 3.6. If f satisfies (H;)—(Hz2), then for each ¢ > 0 we have f(-,¢) € K(D).
Indeed, for ¢ > 0 we deduce from (Hsz) that there exists ¢. € K (D) such that for each
ze€Dand 0<t; <ty <c we have

t1ge(z) — f(z,t1) < taqe(w) — f(,t2).
By taking t; = 0 and t2 = ¢ we obtain
0 < fz,¢) < f(2,0) + cqe(x).
This together with (H;) shows that f(-,¢) € K(D).
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The second main result of this paper will be an extension of a result established
in [18] for the case f(x,u) = p(x)h(u). The proof in [18] will be adapted here and
we will give it for the sake of completeness.

Theorem 3.7. Let ¢ be a nontrivial nonnegative continuous function on 0D and
assume that hypotheses (Hy), (Hz2) and (Hs). Then there exists Ao > 0 such that for
A € [0, Ag), problem (1.2) has a positive continuous weak solution u satisfying the
following global behavior

ex Hpo(z) < wu(z) < Hpo(x) for each x € D, (3.1)

where ¢y € [0,1).

Proof. Put
M = ||Hp@||oc = sup [Hpe(z)].
z€D
Since Hp¢ is harmonic in D with boundary value ¢, then it follows from the maximum
principle that

M =|¢lloc = sup [¢(z)].
x€dD

Since ¢ # 0, then M > 0. From hypothesis (Hz) there exists ¢ = gy € K(D) such
that for each x € D and 0 < s <t < M we have

f(xati : i(xas) < QM(l')

Consider the function 6 : A — Aexp (ANp(q)). Then 0 is a bijection from [0, c0)
to [0,00). Put A\g = 671(0¢) > 0, with the convention that \g = oo if 09 = cc.
For X\ € [0, A\g), we define the nonempty closed convex set

A= {u € By(D) : ( - M) exp (ANb(q)) Hpo(z) < u(z) < HD¢(:C>} .

o)
Let T be the operator defined on A by
Tu = Hp¢ —Cr(A\gHpd) + P Crg(Aqu — Af(,w)).

We will prove that A is invariant under 7" and T' has a fixed point in A which is
a solution of the integral equation

u= Hpp—PG\f(-,u)) in D. (3.2)
For each u € A, we have

Tu = Hpo — \PGrg(¢Hpo) + N Grg(qu — f(-,u))
< Hpop— AP Gy (¢Hpo) + NP Gy (qu)
< Hp¢.
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Now, since for each y € D the function t — gt — f(y, t) is nondecreasing on [0, ||¢||],
then for each y € D and t € [0, ||§]|oo] we have gt + f(y,0) — f(y,t) > 0. So using
Proposition 2.7, hypothesis (H7) and (1.7) we get
Tu= Hp¢ — PGrg(AgHp®) = AP Grg(f(:,0)) + AP Grg(qu+ f(,0) = f(-,u))
> e NPV HLG — AP G (f(+,0))
> e MW HpG — APG(f(-,0))
PG(f(-,0)
> o~ ANp(q) _ ’
=~ € HD(b A HD(b HD¢

>e_)‘ND(q)HD¢—)\sup{ Hpol)
DO\X

zeD
A
S e]

> exp(—ANp(q)) [1 - 9572\)] Hpo.

] Hpo

> e MW HLg — Hpo

Consequently TA C A. Next, we prove that T is a nondecreasing operator on A. For
this aim, we consider u,v € A such that v < v. Then using hypothesis (Hs), we get

Tu—Tv=AGy, (qu— f(-,u) — qu+ f(-,v))
=APGog (f(0) = f(u) —g(v —u)) < 0.
Next, we consider the sequence (uy,),>o defined by
ug = Hpod — AP Gry(gHpo) — AP Gy (f(-,0)) and  upq1 = Tu, for n > 0.
Using the monotonicity of T', we obtain
ug <up < ... <u, <upyr < Hpo.

It follows from the dominated convergence theorem and the continuity of f that the
sequence (uy,)n,>0 converges to a function u € A satisfying Tu = u, or equivalently

u=Hpp —PGr(A\gHpo) = NP Grg(f(-0)) + APGxglqu+ f(-,0) = f(-,u)).
This implies that
(I=PGr(Ag))u= (I =PGCr(Aq.))Hpp — P Grg(Af (- u)).

After applying the operator (I + PG()\q.)) on the last equation, we deduce by (1.5)
and (1.6) that w is a solution of the integral equation (3.2). Now, using hypothesis
(H2) we obtain

0< f(y,u) < f(y,0)+qu< f(y,0)+oloa
Since f(+,0),q € K(D), we obtain f(-,u) € K(D). So, using property 4 of Proposi-
tion 2.6 we obtain PG(f(-,u)) € Co(D). This together with the definition of Hp¢ imply
that u € C(D) and u = ¢ on dD. Applying (1.3) we deduce that u is a continuous
weak solution of (1.2). O
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4. EXISTENCE OF POSITIVE SOLUTIONS
FOR SOME SEMILINEAR ELLIPTIC SYSTEMS

In this section we deal with the existence of positive continuous weak solutions for the
semilinear elliptic system (1.1). We assume that the functions f, g satisfy the following
hypotheses

(Hy) f,g: D x[0,00) x [0,00) — [0,00) are Borel measurable functions such that
for each x € D the function (u,v) — (f(x,u,v),g(x,u,v)) is continuous on
[0,00) % [0,00) and for each (z,v) € D x [0,00) the function v — f(z,u,v) is
nondecreasing and for each (x,u) x D X [0,00) the function v — g(x,u,v)
is nondecreasing.

(Hs) The functions f(+,0,0), g(-,0,0) belong to the class K(D).

(Hg) For each M > 0, there exist a nonnegative function ¢y € K(D) and two
continuous functions g1, fo : [0,00) — [0, 00) such that for every 0 < ¢; <ty < M,
0<s1 <89 <M and z € D we have

|f (2, ta, 82) — f(z,t1,51)] < qur() [(ta — 1) +191(52) — g1(s1)]]
lg(z,t2,52) — g(@,t1,81)| < qu(z) [(52 — 51) + | f2(t2) — falt1)]] -

(Hq7)
o1 = inf D(bl(x) >0 and o9 = inf Hpés(2)

PG wn)(@) PG (wn)w) ~

where

wi(x) = f(2,0,0) + gu () <0<5<|¢2|oc 8)>

wa(z) = g(x,0,0) + qu () <0<t<|¢1|m )
M = maX(||¢1||ooa H¢2||00)

and the functions qus, g1, f2 are given in (Hg).

Definition 4.1. A pair (u,v) is said to be a positive continuous weak solution

for (1.1) if

(i) (u,v) € C(D) x C(
(i) for every ¢ € C°(

b\

Jand u >0, v > 0in D,
) we have

>

w(@)Ap(x) — f(z, u(z), v(z))p(z) de =0

D\

and
v(z)Ap(z) — g(z, u(z),v(2))p(z) dz =0,

S—

(ifi) limg—eeop u(z) = ¢1(€) and limyecop v(x) = P2 ().
zeD x€D
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Under the precedent hypotheses we prove the following theorem.

Theorem 4.2. Let ¢1, ¢o be two nontrivial nonnegative continuous functions on 0D
and f,g: D x [0,00) X [0,00) = [0,00) be two Borel measurable functions satisfying
hypotheses (Hy)—(H7). Then there exist Ag > 0 and po > 0 such that for each X € [0, Ag)
and p € [0, ug), system (1.1) has a continuous weak solution (u,v) satisfying

ciaHpopr Su< Hpgpr and ¢, Hpps <v< Hppy inD, (4.1)

where €1 x,C2,, € [0,1).

Remark 4.3. Let u,v € C(D) such that 0 <u < Hp¢y, 0 < v < Hpg and assume
that hypotheses (Hy)—(H7) are satisfied. Then from hypothesis (Hg) we have

0 < f(x,0,v) <wi(z) and 0 < g(x,u,0) < ws(x), for every z € D.

Hence

o= 1t [t S i) 2 26 [mta) ~ >
and

o= ot [t o) = [ atenn) ~ >0

Define the positive constants
AN =0"Yo1) and p; =60""(0y) for O(r) =rexp(r Np(qn))-

Then it follows from Theorem 3.7, the fact that f is nondecreasing with respect to
the second variable, the fact that g is nondecreasing with respect to the third variable
and Proposition 3.2 that for 0 < A < A; and 0 < p < pp the problem

Ay =\ f(xz,y,v) inD (in the sense of distributions),
Az =pg(x,u,z) inD (in the sense of distributions), (4.2)
y=¢1 and z = ¢ on dD

has a unique pair (y, z) of continuous weak solution satisfying

ciaHpor <y< Hp¢r and ¢, Hppo <2< Hpps in D, (4.3)
where
. o(\ _ 0
Cia = [1 — ((71)] exp(—ANp(qan)) and Gy ) = {1 — ((T’l:)} exp(—uNp(qnr)).

Proof of Theorem 4.2. Let A\y = 07 (01), 1 = 67*(02), ¢1, and &3, be the constants
defined in the Remark 4.3. For any (X, i) € [0, A1) x [0, p1), we consider the nonempty
closed convex set

I'={(u,v) € C(D) x C(D) : ¢1x Hp¢1 < u < Hpor; ¢2y Hpda < v < Hpga}
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and define the operator 7" on I' by
T(u,v) = (Ty(u,v), Tz (u, v)) = (y, 2),

the unique positive continuous weak solution of the problem (4.2). Then by
Theorem 3.7, the solution (y,z) € C(D) x C(D), satisfies (4.3) and the integral
the equations

y:HD¢17ADG(f('ay7U))7 Z:HDQ/)?*,LLDG(g(WuvZ))'

In particular we deduce that I' is invariant under 7. In order to use the Schauder fixed
point theorem, we will prove that T is a compact operator on I'. First, we prove that
T1(T') and T(T) are equicontinuous on D. Let x, 2’ € D. Then for any (u,v) € I' such
that T(u,v) = (T1 (u,v), Ta(u,v)) = (y, z) we have

ly(2) — y(@)| < [Hpe1(z) — Hpdr(a')| + A|PG(f(-,y,v))(x) = PG(f(-,y,v))(2)]

and
|2(x) = 2(2")| < |[Hpga(x) — Hpda(a')| + 1 [P Glg(-,u, 2))(x) = PG(g(-,u, 2)) ()]

Since u,v,y, z have range in [0, M] in D and g, f are continuous then for each x € D
we have

0< f(z,y,v) < f(x,0,0) + qar(x) <||<z51||(><> + g X 91(5)> = p1(x)

and

0% gf.2) = 902,00+ (o) ([oallc + | _pmax  1o0)) = palo).
0<t<¢1ll o0
Since f(-,0,0), g(-,0,0) and gps belong to K (D), then it follows from Proposition 2.8
that the families F,, and F,, are equicontinuous in D. This together with the fact that
Hp¢y and Hpep, are continuous in D imply that for every € > 0, there exists 7 > 0
such that for every x, 2’ € D with ||z — 2'|| < 1 we have

1Ty (w, 0)(x) = Ti(u,0)(@')|| <& and || T2 (u,v)(x) — Ta(u,v)(2)]| <&

for every (u,v) € I'. Which means that Ty (T') and T3(T") are equicontinuous in D.
Using this fact and the boundedness of T7(I") and T5(T"), we deduce that they are
relatively compact in C(D) x C(D). Next, we prove that T is continuous. To this aim,
we consider a sequence (uy, vy ), in I' that converges to (u,v) € I' with respect to the
norm ||« |loo + | * [loo- Put

(ya Z) = T(u’ U) = (Tl (ua v), 1> (u7 U))

and
Yk 21) = T(up, vi) = (T1(ug, vi), Ta(ug, vi))-
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Then we have
yr =y =APG(f (- y,0)) = NPG(f (-, yw> vi))
= APG(f(y,0) = FCu,v) = APG(F (o yrvr) = F( 0k, ) -
So

(yk - y) + \Pa (f('vy/ﬁv) - f(-,y7v)) =G (f("ykhv) - f('?ykvvk» . (4'4)

Put
f(@,ye(@),0(x) — f(z,y(2),0(x)) . -
0 if yp(z) = y(x).

Then
f(@yp(@), (@) — [z, y(2), 0(2)) = (ye(2) = y(x)) e (2),
for every z € D, and from hypotheses (Hy) and (Hg) we obtain 0 < hy(z) < qu(x)

for each k and each x € D. Since gy € K (D), then Ahy. Thus equation (4.4) can be
written

(g — ) + PG My —9) = APG (f( 9w, 0) = £ ym, v)) (4.5)
with Ak, € K(D). This allows us to apply (I — PG, (Ahi(+))) to equation (4.4) to
obtain

gk —y = A Gony, (FCoyrsvr) = F(5 Uk, ) -

Hence it follows from hypothesis (Hg), inequality (1.7) and the fourth property of
Proposition 2.6 that there exists C' > 0 independent of k£ such that

lyx = Ylloe < CAIPG (gar) o ll92(v) = g1.(vk)lloo-

Now, since v(x), v (z) € [0,]/¢2||c0] for each z € D and each k, then using the uniform
continuity of g1 on [0, ||¢2||~] and the uniform convergence of (vx)x to v in D, we deduce
that (g1 (vg))x converges uniformly to g;(v) in D. Hence limy_s oo ||yx — ¥]|oo = 0. This
proves that T} is continuous. In the same manner we prove that limg_, o0 |25 — 2]|00 = 0,
and so 75 is also continuous. Consequently 7" is continuous on I'. From the Schauder
fixed point theorem we deduce that there exist (u,v) € T" such that T'(u,v) = (u,v).
Equivalently,

w=Hpo1 — APG(f(-,u,v)) and v=Hpps — PG (g(-,u,v)).
The pair (u,v) is a positive continuous weak solution of (1.1) satisfying (4.1). O

Example 4.4. Let f : D x [0,00) x [0,00) — [0,00) be defined by
f(z,t,s) = p(x)fi(t)g1(s) with p € K(D), g1 :[0,00) — [0,00) is continuous and
f1:]0,00) — [0, 00) is continuous and nondecreasing and for each M > 0, there exists
b=b(M) > 0 such that

fl(tg) - fl(tl) S b(tz — tl) for 0 S tl S tz S M.
Then hypotheses (Hy)—(Hg) are satisfied.
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Example 4.5. Let ai, £1, 11, ¥1 € R such that a3 > 0, a3 + 71 > 0 and define
f:D x[0,00) x [0,00) — [0,00) by

vi

flat,5) = ﬁ (po(@) +t+5)"" (pox) + )™ (po() +5)

(po(x

The condition a; > 0 and a3 + 1 > 0 is a necessary and sufficient condition in order
that f is nondecreasing with respect to the variable ¢ for each (z,s) € D x [0, 00).
Next, we assume that this condition is satisfied and we will prove that f satisfy (Hs)
and (Hg) if f1 <2+ min(y1 +v1 — 1,71 — 1,v1 — 1,1 — 1,0). Under this condition
we clearly see that

1

f(.%‘,0,0) - ))/31*"/1*041*111

K(D
(ol < K(D)

and (Hp) is satisfied. To verify (Hg), we consider M > 0, 0 < t; < to < M and
0 < 51 < 89 < M. Then, there exist 1 € (t1 + s1,t2 + $2), N2 € (t1,t2) and
N3 € (s1, $2) such that

(Po(@) +t2 +55) " = (po(@) + 1 +51)" = ma(ts = t1 + 52— 51) (po(@) + )",
(po(@) +t2)™" = (po(@) +t1)™" = ar(tz — t1) (po(x) + le)alil
and

1 1 1

. Ey V1(82 - 81)
(po() + s2) (po(x) + s1) (po(x) + n3)

1—vq°

So

flx,ta, s2) — f(z,t1,51)
_ 1 [(ﬂo(l‘) +ta+82)"" (polz) +12)™
(/)0(90))[31 (po(x) + 82)_V1
B (Po(x) +t1+ 81)71 (PO(:E) + tl)a1‘|
(po(x) +s1) "
_ 1 l[(po(x)—ktg +52)71 — (pol() +t1 +81)71] (po(z) + t2)
(po(a))™ (pola) +s2)
+ (po(x) +t1 4 51)™" ((po() + t2)™" — (po(x) + t1)a1)]
(po(x) +52) "
4 (po(x) +t1 + 81)ﬂYl (po(z) + 1) l 1 B 1 ]
(Po(fﬂ))ﬁ1 (po(x) +s2)" " (polz) +s1)

a1
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1 Y1ty —t1 + 52 —81)(p0(96)+?71)71_1(Po($)+t2)a1
(po())™ (po() +s2) "
on(tz = 1) (po(x) +12)™ " (po(a) + t1 + 51)™
(po(x) +52)

1
(po(@) +m3) "

+v1(s2 — S1)(Po +i1+ 81)W1 (Po(x) + tl)al

e ta—t) T+ (52— s1) T,

(po(x))Pr
where
7 = 2ilpo(z) + )" (po(@) +t2)* + a1 (po(x) +12)* " (po(@) + t1 + 51)™
' (po() +52) 1
and
2 (po(x) +m)™" " (polx) + )™ e (po+t1+s1)" (po(z) +11)™ '
(po(z) +s2) " (po(z) + 773)1_”1

To estimate T7 and T5, we discuss the following cases.

Case 1. a1 > 1
In this case we discuss nine subcases.
1) If vy >1and v; > 1, then 71 < C and T» < C. Hence

C
|f (@, t2,82) = f(x,t1,81)] < (@) [(t2 = t1) + (s2 = s1)].
C
2)Ifyy>1land 0<wy <1, then T3 < C and T < T m Hence
(po(z))t—
C

|f(2,ta, 82) — f(z,t1,81)] < [(t2 = t1) + (52 — 51)] -

C
3) If y1 > 1 and 11 <0, then T < — and T < . Hence
P

(o))
¢
()77

HI0<v <landw >1,then T} <

|f(x,t2,52) — fw,t1,81)] < [(t2 = t1) + (52 — s1)] -

C
- and To < — . Hence

¢
(po(x))' =7 (po(x))! =

|f(z,t2,82) — flz,t1,81)] < (po(x))cﬁvlﬂ_% [(t2 = t1) + (52 — s1)]-

5)If0 <~ <1land 0 <w; <1, then

T < G T, < G C ¢

= (o) ()T (o@D = o)y
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Hence

C

|f(,t2,82) = f@,t1,51)] < (po(2))Pr—mmn—Toi-1) [(

t2 — tl) + (82 — 81)] .

6) If 0 <~; <1and v <0, then

C Ch Cs C

T, < and T3 < (po(z)) - + (po(x))t— = (po(z))t=”

Hence

c

|f(x,t2,82) = fla,t1,51)] < (@)t

[(t2 = t1) + (52 — s1)] -

T If —a; <791 <0and vy > 1, then

T < G & < ¢ and T <

= To@)= T Go@) = (pol@))in

(po(z))t=—
Hence

(@, b2, 89) = f(w,t1,51)] < (po(x))gﬁlﬁ [(t2 = t1) + (52 = s1)] -

8) If —a; <y <0and 0 <w <1, then

Cy Cy C
h= @™ T @) = (ol@)n
and
Cy Cs C
2= Gol@ o) = Gy
Hence

C
|f(x7t2752) - f(I,t1,51)| < W [(tQ - tl) + (52 - 51)] .
9) If —ay <71 < 0 and v < 0, then
%! Co C C
hs + < and Th < ————————.
P (po@) T (pol)) T T (po(x)) i 2= o)) n—n

Hence

Fantansn) = Flontr)| < o (2= )+ (52— ).

Case 2.0< a1 <1
In this case we discuss also nine subcases.
1) If vy > 1 and v; > 1, then

Cs C

T <Ci+ (po(x))l—oq S (po(x))l_al

and 1o < C.



Existence of positive continuous weak solutions. . . 515

Hence

rta,52) = ot )] < s (62— )+ (52— 1)

Cy

2)If 7, > 1and 0 < Lthen Ty <Ch+ — 3 and Th < Oy + ————.
JIfy1 2 1and 0 <vy <1, then Ty < Cy + grpsir=ay and Tp < 1+(p0(x))171,1

Hence

: [(
(po(z))Pr—min(aa =T =1)

|f(x,ta,82) — f(z,t1,81)] < to —t1) + (s2 — $1)].

3) If vy > 1 and v; < 0, then

Gy Cs C
1= Gy e = GG
and . . .
1 2
22 @ T @) = @y
Hence

C

|f(@, b2, 82) = fla,t1,81)] < (po@)Prri—om [(

to — f,l) + (82 - 81)} .

4)If0<~v; <1and v >1, then

T < €1 + Gi < C
" (0@ (o) T (pola))meii=an)
and .
Ty < — + Ch.
> = (po(@))t—n T2
Hence

< t
(po(z))Pr—min(yi—Tai—1) 2

|f(z,t2,82) — f(w,t1,51)] < —t1) + (s2 — 1))

5)If0<~ <land 0 <w; <1, then

(o Csy
T, < +
L= (o) (pola))imen
and o o o
T, < L T 2 < .
2= (po(@)) =7 T (pola)) i = (po(x))max(i=n1.1=r1)
Hence

C

(po(‘t))ﬁl*min(’h*1,11171,04171

|f($,t2,82) - f(xat1731)| < ) [(tz - t1) + (82 — 81)] .
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6) If 0 <~ <1and v <0, then

Cy Cs C
T, < + <
1> (po(x))l—’ﬂ—m (,00(.73))1_0‘1_”1 (po(x))max(lfwl,lfal)
and c .
Ty < ! + < :
2= (oo(@) == (po() = = (po(x))="
Hence

|f(@,ta, 82) — f(z,t1,51)] < o@) i [(t2 —t1) + (52 — s1)].-

T If —a; <791 <0and vy > 1, then

Cl 02 C
= G@ = " o@) @ = oy M 2E

(po(@)) =

Hence

c

|f(1‘,t2,$2) - f(x7t1’31)| < W

[(t2 —t1) + (52 — 51)] -

8) If —a; <1 <0and 0 <wy <1, then

Ch Cy C
NS @ T @) = (o)
and o o
1 2
2= @) T @) = )
Hence

|f(x,t2,82) — f(z,t1,81)| £ — 77—

9) If —a; <71 <0and vy <0, then

T, < G N Cy - C
" (po@)T T (@) T (pola)) T
and .
< — =
2= (po(@)) =
Hence

Fantansn) = Flontr)| < o (2= )+ (2= ).
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By regrouping all these cases we obtain

‘f(‘ra t2) 82) - f('r7t17 81)‘

< ¢ t
— (po(m))ﬁl—min('yl—i—m—1771_1,V1—1,a1—1,0) [( 2

— tl) + (82 — 81)] .

This shows that f satisfy (Hg) with

C

(pO (l‘))ﬁl —min(y1+v1—1,71—1,v1—1,a1 —1,0) °

qm(x) =

To guarantee that f satisfy (H7), we assume the following stronger conditions on .
Namely, 81 < 14+min (y; + 21 — 1,71 — 1,1 — 1,3 — 1,0). Indeed using the fact that
ay > 0, we obtain

min(y; +v1 — Lag —1,) = —14+min(y; +v1,01,) < =1+ +v1 + 3.

Hence
min(y; +v1 — L,y — Lvy — 1,1 —1,0) < =1+ + 11 + 1.

Consequently

wl(x) = f($7070) + ||¢2||oo QM(x)
! . Clgs oo
(x))lﬁ*’n*%*m (po(m))ﬁl—min(71+1/1—17v1—17u1—17a1—1,0)

Cll2ll

= (po(x))ﬁl—min(’)’l"!"/l_1171_11V1_17041—170) ’

(Po

Now, since 1 —min (v +v1 — 1,7 — L1 — 1,1 — 1,0) < 1, then we deduce from
proposition 5 in [15] that there exists C7 > 0 such that

for every € D. On the other hand, since D is a bounded C'!'-domain and Hp¢, is
positive and harmonic in D, then it follows from Corollary 6.2 in [1] that there exists
Cy > 0 depending only on ¢y and D such that C3 po(z) < Hpegy(z) for every x € D.
Consequently for z € D we have

Hpgi(x)  Capolz) _ Co
PG(wi)(z) ~ Cipo(z) Ci

and then o7 > 0.

The development of the previous example leads us to the following consequence
that we cannot deduce using results of [2,11] and [19].
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Corollary 4.6. Let ay,as, 51, B2, V1, V2, V1,2 € R such that o >0, a1 +v1 > 0,
vy >0, v +7 >0, 81 <l4+min(y1+v1 — 1,71 —1,v1 —1,a1 —1,0) and By <
14+ min (2 +az — 1,7 — 1,as — 1,15 — 1,0). Let D is a bounded C''-domain of R?,
d > 2, ¢1, ¢o nontrivial nonnegative continuous functions on 0D. Then there exist
Ao > 0 and pg > 0 such that for every A € [0, o) and u € [0, o) the system

= A (o) + () + (@)™ (pole) + u@)™ (pole) + v(@)” in D,
Av = W (,00(1:) +u(z) + v(at:))’y2 (po(x) + u(x))a2 (po(a:) + v(sr:))u2 inD,
u=¢; andv = ¢y on 0D,

has a positive continuous weak solution (u,v) satisfying
ciaHppr <u< Hpgy and ¢, Hpdo <v < Hpoy in D,

where ¢1 5 , €2, € [0,1).
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