
447Bull.  Pol.  Ac.:  Tech.  64(2)  2016

BULLETIN OF THE POLISH ACADEMY OF SCIENCES 
TECHNICAL SCIENCES, Vol. 64, No. 2, 2016
DOI: 10.1515/bpasts-2016-0050

*e-mail: hsadafqau@gmail.com

Abstract. The main objective of this article is to present a mathematical model for peristaltic transport in an inclined annulus. In this analysis, 
two-dimensional flow of a viscous nanofluid is observed in an inclined annulus with variable viscosity. Copper as nanoparticle with blood as its 
base fluid has been considered. The inner tube is unifom or rigid, while the outer tube takes a sinusoidal wave. Governing equations are solved 
under the well-known assumptions of low Reynolds number and long-wavelength. Exact solutions have been established for both velocity and 
nanoparticle temperature. The features of the peristaltic motion are explored by plotting graphs and discussed in detail.
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deem and Akbar [16] discussed temperature dependent viscosity 
on peristaltic transport of a Newtonian fluid in an endoscope. 
Elmaboud [17] described the features of induced magnetic field 
on peristaltic flow in an annulus.

Nevertheless, no effort has been made yet to discuss the 
peristaltic motion through an inclined annulus with nano parti-
cles. The main goal of this analysis is to study the fluid motion 
in an inclined annulus with peristaltic walls. The problem is 
first modeled and then exact solution is calculated for the re-
sultant equation. The results for velocity profile, pressure gra-
dient, pressure rise and stream function have been depicted for 
several values of the parameters. Numerical results for velocity 
profile are also presented (see Table 1).

2. Mathematical model

We have considered the peristaltic motion for the two dimen-
sional flow of an incompressible viscous nanofluid in an in-
clined annulus. The equations for conservation of mass and 
momentum can be written as 

1. Introduction

Fluid cooling and heating are important in many biomedical 
and in industrial fields, such as transportation, power and manu-
facturing. Effective cooling procedures are required for cooling 
any type of high energy devices. Low thermal conductivity of 
the conventional heat transfer fluids, such as water, is measured 
a primary limitation in increasing the performance of such ther-
mal systems. An advanced technique for enhancement of heat 
transfer by nanoscale particle spread in a base fluid, known 
as a nanofluid (Choi, [1]). Kuznetsov and Nield [2] described 
the natural convective boundary layer flow of nanofluid past 
a rigid flat plate. Sadik and Pramuanjaroenkij [3] reported the 
review of convective heat transfer enhancement with nanoflu-
ids. Nadeem et al. [4] gives the theoretical analysis of Cu-blood 
nanofluid in a curved channel. Ellahi et al. [5] discussed series 
solutions of non-Newtonian nanofluids with Reynolds’model 
and Vogel’s model by using the homotopy analysis method. 
A large number of papers are presented which deal with the 
study of nanofluid and its uses [6‒11].

Peristaltic flow is now an important research area due to its 
huge applications in physiology and engineering. Peristalsis is 
basically a mechanism which is produced by successive waves 
of contractions pushing their fluid forward. Such flows find 
several uses in physiology, e.g. swallowing of food through the 
esophagus, sanitary fluids, corrosive fluids, locomotion of some 
warms and fluids in lymphatic vessels [12–13].

The endoscope or catheter is a very useful instrument, de-
termining the real reasons responsible for many problems in 
the human organs, in which the fluid is transported by peristal-
tic pumping such as small intestine, stomach etc. Nadeem et 
al. [14] discussed the analysis of peristaltic flow for a Prandtl 
fluid model in an endoscope. Mekheimer and Elmaboud [15] 
explained the effect of heat transfer and magnetic field on per-
istaltic transport of a Newtonian fluid in a vertical annulus. Na-

Geometry of the problem

Brought to you by | Gdansk University of Technology
Authenticated

Download Date | 6/23/16 12:21 PM



448 Bull.  Pol.  Ac.:  Tech.  64(2)  2016

S. Nadeem and H. Sadaf

where 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



, 

   

 

 




 

 
  



 
 


 

 

 
 

 

 


 



 






 

 
 

 

 



 


 
 








 

 


 
 

 

 

 



      



 
 


 

 

 
 

 

 


 



 






 

 


 
 

 

 

 






 

 


 

 


       



 
 


 

 

 
 

 

 


  

 

 




 

 

 

 
  

                    

            

            

     



 denote the velocity 
components in the radial and axial direction, nanofluid densi-
ty, pressure, viscosity of the nanofluid, Q0 denote constant of 
heat absorption parameter, the heat capacity of nanofluid and 
thermal conductivity of the nanofluid defined as follow [15]
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The transformations between the two frames are

           

 



        

  

  

    






      
       

 

      

                

      

                  



   

              

   

 



  




  




  




  




  




  

 


  






 



  



  




  




  





   

  
  



 




    
  


   


  



    

 


       

                 

           

       




  


























     























  



. (6)

The appropriate boundary conditions are defined as
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Introducing the dimensionless variables
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Making use of Eqs. (6) and (7) into the Eqs. (1‒4), apply-
ing the conditions of the low Reynolds number and long wave 
length approximation, dropping the terms containing Re, ± and 
higher we get the following equations
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. (11)

Eq. (9) shows that p is not the function of r and the bound-
ary conditions to be satisfied can be written as
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3. Reynold’s Viscosity Model

The Reynold’s model viscosity is defined as [5]
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where s is the Reynold’s model coefficient.
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4. Solution of the problem

The exact solution of the boundary value problem (9) to (13) 
is directly written as
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Constants C1 and C2 are evaluated by using boundary con-
ditions defined in Eqs. 12 and 13, while the pressure gradient 
can be obtained from the following relations
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Flow rate in dimensionless form and velocities in terms of 
stream function relation can be defined as
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whereas the constants are defined in appendix.

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





Table 1  
Variation in velocity profile for fixed values of B = 0.6, s = 0.3, 

² = 0.07, Q = 0.53, ´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





Fig. 1. Velocity profile for fixed parameters are z = 0.08, » = 0.18, 
B = 0.6, s = 0.3, ² = 0.07, Q = 0.03, ´ = 
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Table (a)  
Thermo-physical properties of fluid and nanoparticles.
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Fig. 2, 3. Velocity profile for 1 for (´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





), 2 for (s = 0.3) other parameters are z = 0.08, » = 0.18, B = 0.6, ² = 0.07, Q = 0.03, Á = 0.13, 
Gr = 2

Fig. 4, 5. Pressure rise for 3 for (Á = 0.11), 4 for (s = 0.1) other parameters are » = 0.18, ´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





, B = 0.6, ² = 0.07, Gr = 2

Fig. 6, 7. Pressure rise for 5 for (´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





), 6 for (Gr = 7) other parameters are » = 0.18, B = 0.6, ² = 0.07, s = 0.5, Á = 0.17
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Fig. 8, 9. Pressure gradient 7 for (s = 0.3), 8 for (´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





) other parameters are B = 0.6, ² = 0.07, Q = 0.03, Á = 0.11, Gr = 2

Fig. 10, 11. Pressure gradient 9 for (Á = 0.11), 10 for (Gr = 2) other parameters are B = 0.6, ² = 0.07, Q = 0.03, s = 0.3, » = 0.18, ´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





Fig. 12, 13. Temperature profile 9 for (B = 0.6), 10 for (Á = 0.01) other parameters are » = 0.01, z = 0.06, ² = 0.02
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Graphical results. This section is devoted to the discussion of 
graphical results for nanoparticle temperature, fluid velocity, 
and for stream function. Fig. 1 is the graph of fluid veloci-
ty against r, for different values of Á. We note that velocity 
profile increases near the endoscopic tube when we increase 
nanoparticles concentration into base fluid, however, opposite 
behavior is depicted near the peristaltic wall. One may observe 
from Fig. 2 that the velocity for the constant viscosity fluid is 
lesser as compared to the variable viscosity fluid close to the 
inner wall, but, we can see quite opposite behavior near the 
outer wall. Figure 3 are designed to see the behavior of the 
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a1

a3
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b1

Fig. 14. Streams lines for (a1) Á = 0.09, (a2) Á = 0.10, (a3) Á = 0.11 and the other parameters are B = 0.6, ² = 0.03, » = 0.18, Q = 0.36, 
Gr = 4.1, ´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





velocity profile for three different cases, namely, horizontal 
annulus (´ = 0), inclined annulus (for ´ = 

 
            

                

               

          

               

               

                

             

        

       


   

             

               

                 

               

               

                

            

                  

               

             

               

              

                



               

                 

                

                     

              

                   

                 

            

                



), and vertical 
annulus (for ´ = 

 
            

                

               

          

               

               

                

             

        

       


   

             

               

                 

               

               

                

            

                  

               

             

               

              

                



               

                 

                

                     

              

                   

                 

            

                



). It is determined that velocity profile near 
the endoscopic tube increases, when we move from horizontal 
to the vertical annulus. Figures 4–7 are graphs for pressure rise 
against Q for different values of s, Á, Gr and for different annu-
lus cases. It is perceived from Fig. 4 that pressure rise in the ret-
rograde pumping region ({1 ∙ Q ∙ {0.1) increases when we 
increase the value of s, whereas reflux occur in the peristaltic as 
well as in augumented pumping region. It is also depicted from 
Fig. 4 that pressure rise for the constant viscosity fluid is lesser 
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Fig. 15. Streams lines for (b1) s = 0.11, (b2) s = 0.13, (b3) s = 0.15 and the other parameters are B = 0.6, Á = 0.11, » = 0.18, Q = 0.36, 
Gr = 4.1, ´ = 

             

 

   



 




    






  








 

      

   

  

  

  

  

       

        

           

       

    

    

    

    

    

    

    

    

    

    

    

    

                  

     





, ² = 0.03

as compared to the variable viscosity fluid in the peristaltic and 
augumented pumping region. It is determined from Fig. 5 that 
pressure rise in the retrograde (Q < 0 4p > 0) and peristaltic 
pumping region (Q > 0 4p < 0) increases with an increase 
in Á, otherwise opposite behavior is detected in the augumented 
pumping region. Figure 6 shows the graph for different values 
of Gr, the increase in Gr contributes in enhancing the pressure 
rise in peristaltic, augumented as well as in retrograde pumping 
region. Figure 7 is a graph for different values of ´, it is deter-
mined that pressure rise for the vertical annulus ´ = 

 
            

                

               

          

               

               

                

             

        

       


   

             

               

                 

               

               

                

            

                  

               

             

               

              

                



               

                 

                

                     

              

                   

                 

            

                



 gets the 
larger values as compared to the horizontal and inclined annu-
lus. Figures 8–11 are graphs for pressure gradient against z for 
different values of Á, Gr, s and ´. It is perceived from these 
figures that in the wider part of the problem or (the endoscope 
tube) in the regions (0.5 ∙ z ∙ 1, 1.5 ∙ z ∙ 2) for Figures 
(8–11) pressure gradient is small, that is flow can easily pass 
without imposition of large pressure gradient, whereas in the 
narrow part of the problem in the intervals (1.1 ∙ z ∙ 1.49) 
for Figs. (8–11), a much larger pressure gradient is required to 
maintain the same flux to pass it. This is in well agreement with 
the physical situation. Moreover, pressure gradient increases for 
increasing the values of Gr, s and ´ but, decreases for increas-
ing the values of Á. Figure 12 illustrates the influence of Á on 
nanoparticle temperature profile. Increase in nanoparticle con-
centration decrease in fluid temperature. Basically, high thermal 
conductivity of the nano fluid plays a key role in the quick dis-
sipation. This justifies that the use of the copper nanoparticle in 
different types as a coolant. Effects of heat absorption parameter 
on nanoparticle temperature are shown in Fig. 13. We observe 
an increase in temperature with a rise in B. The streamlines 
for different values of volume fraction of the nanoparticle are 

shown in Fig. 14. We note that by raising Á, the number of the 
bolus reduces but, after that number of the trapped remains 
same but size of the trapped bolus increases when the value of 
Á is 0.11. The effect of s on trapping is discussed in Fig. 15. We 
see that number of the trapped boluses remain same but size of 
the trapped boluses slightly increases.

5. Conclusions

In the current study, we discuss the effects of viscous nanofluid 
in an inclined annulus. The main conclusion can be concisely 
as follows
● Velocity profile enhances near the endoscopic tube by in-

creasing values of Á, Gr and ´ .
● Pressure rise and pressure gradient gets the larger values for 

the vertical annulus.
● Temperature profile increases when we add nano particle 

into our base fluid.
● Number of trapped bolus increases with an increase in s.
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