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Abstract. In this paper, we study the existence and regularity results for nonlinear
singular parabolic problems with a natural growth gradient term

— div((a(z, t) + u?)|VulP2Vu) + d(z, ) ¥4 = ¢ in Q,
( t)=0 onI,
u(z,t =0) = up(x) in £,

where ) is a bounded open subset of R, N > 2, Q is the cylinder  x (0,7T), T > 0,
I the lateral surface 90 x (0,T), 2 < p < N, a(z,t) and b(z, t) are positive measurable
bounded functions, ¢ > 0, 0 < v < 1, and f non-negative function belongs to the
Lebesgue space L™(Q) with m > 1, and up € L>=(Q) such that

Yo cc Q3dD, >0: ug > D, in w.

More precisely, we study the interaction between the term u? (¢ > 0) and the singular
lower order term d(z,t)|Vu|Pu~™" (0 <y < 1) in order to get a solution to the above
problem. The regularizing effect of the term u? on the regularity of the solution and
its gradient is also analyzed.

Keywords: degenerate parabolic equations, singular parabolic equations, natural
growth term.
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1. INTRODUCTION

In this work, we restrict our attention to the study of a class of singular nonlinear
parabolic problems having natural growth with respect to the gradient. The problem
is the following

— div((a(z, t) + u?)|VulP2Vu) + d(z, ) ¥4 = ¢ in Q,
( t)=0 on I, (1.1)
u(z,t =0) = up(x) in £,
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where €2 is a bounded open subset of RV, N > 2, and Q is the cylinder Q x (0,7,
T > 0, T the lateral surface 9Q x (0,7),2 <p < N, ¢ > 0,0 < v < 1, a(z,t) and
d(z,t) are measurable functions satisfying

0 <ar <a(zx,t) < as, (1.2)
0 < pB1 <d(x,t) < B, (1.3)

where «q, asg, 1 and B are fixed real numbers such that a1 < as and 81 < f3. On
the function f, we assume that it is non-negative and not identically zero, and that it
belongs to some Lebesgue space L™ (Q), m > 1. Moreover, the initial data ug € L>°(2)
satisfies the following condition of strict positivity

dD, > 0Vw CC Q : ug > D,,. (1.4)

The study of singular nonlinear parabolic problems of this kind is influenced by their
connection with the theory of non-Newtonian fluids and heat conduction in electrically
active materials (see, for instance, [29, 34] and references therein).

From a purely mathematical view, interest in studying this type of problem like (1.1)
naturally arises in the presence of the following two terms: The first term, a(z,t) + u?
appears in the coefficient of the p-Laplace operator. It has a very significant impact on
the boundary and growth conditions, where the operator becomes unbounded and has
a more general growth condition than the operator discussed in the papers [5, 13, 22].
The second term that appears in problem (1.1) is d(z,t) Wuqﬂﬂ ,7v > 0 having natural
growth depend on the gradient, which becomes singular where the solution is zero
since it depends on a negative power of the solution.

In the non-singular case (i.e. v = 0), the problem(1.1) has been extensively studied
in the past under different assumptions on the data f; see [11, 12, 20, 30, 43]. More
recently, Abdellaoui and Redwane in [1] studied the general non-singular case with
f € M(Q) (the space of Radon measures on ) with total bounded variation), proving
the existence of a weak solution of (1.1).

In the elliptic case, when the singular term exists (i.e. v > 0) the problem (1.1)
has been studied in the literature. If a(x,t) = 0,¢ = 0 and p = 2, the authors in [3]
have studied the existence and non-existence of the solution to the following problem

—div(M (z,u)Vu) + g(z,u)|Vu|*> = f in Q,
u =0 on 012,

where |M(z,s)| < 8, M(z,s)£.£ > al€]? for ae. x € Q, for all (s,£) € R x RV, and
a, B are real numbers such that 0 < o < . g: 2 x (0,400) — R is a Carathéodory
function possibly singular at s = 0 satisfying g(x,s) > 0 for a.e. € Q, for all s > 0
and 0 < f € L™ (€2). This result has been extended in [44], see also [2]. When the
term u? exist (i.e. ¢ > 0) and p = 2, Boccardo et al. in [7] proved that there exists
a non-negative solution to the following singular elliptic problem

—div((a(z) + u)Vu) + b(z) 2L = i Q,

u=20 on 01,
u >0 in 2,
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where ¢ > 0, 0 < 7 < 1 and b(x) is a measurable bounded function and
0< feL™Q),m > 1. For more and different aspects concerning singular elliptic
problems, we refer to [8, 9, 27, 32, 3740, 42].

In the last few years, great attention has been paid to the study of singular parabolic
problems. Here, we limit ourselves to giving a very brief description of some papers
that mostly influenced us. The authors in [6] proved the existence of non-negative
solutions to the following singular parabolic problem

9 div(M (x t)Vu)—ﬁ—BM =u" in@Q
ot ’ wY )
u(z,t) =0 onT
u(x,0) = up(x) in Q,

where B > 0,0 < v < 1,0 < r < 2 —~ and M is a bounded and measurable
uniformly elliptic matrix, ug is a strictly positive function in L (). In the same kind,
Martinez-Aparicio and Petitta in [33] studied the singular parabolic problem

G — div(M(z,t,u)Vu) + g(, t,u)|Vul]* = f(z,t)  nQ,
u(z,t) =0 on T,
u(z,0) = up(x) in Q,

where f € L™(0,T; L1(Q))), with % + qu <1,g>1,r>1,and up € L*°(Q), and the
function g(z,t,s) : @ x (0,+00) — R is a Carathéodory function that is singular at
s = 0, and possibly negative (see also [17]). If p > 2 and ¢ = 0, the authors in [13]
have proved the existence of weak solutions to homogeneous nonlinear and singular
parabolic problems

%—Apu—&—B%:O in @,
u(z,t) =0 on T,
u(z,0) = up(x) in ,

with p > 1, B > 0, and ug is a positive function in L*®(Q2) such that uop > ¢ > 0
a.e. on €); see [5] concerning the non-homogeneous case. Finally, more recently, if
a(z,t) = 0 and ¢ = 0, the problem (1.1) has been studied in [22]. For more different
aspects concerning singular parabolic problems, we refer to [14-16, 18, 21-25, 31, 35].

The difficulties in studying problem (1.1) arise from the presence of the term
u? (¢ > 0) and from the lower-order term: The natural growth term depends on the
gradient, and singularity depends on u, as well as the proof of the strict positivity of
the solution in the interior of the parabolic cylinder. To overcome these difficulties,
we must approximate the singular problem (1.1) by another non-singular one, and we
show that this problem admits a non-negative solution (the proof is based on the
application of Schauder’s fixed point theorem) and that this solution is strictly positive
in the interior of the parabolic cylinder (the proof is based on the use of the intrinsic
Harnack inequality).
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Let us introduce some notation. We will use meas(E) and |E| to denote the
Lebesgue measure of a subset E of RY. The Holder conjugate exponent of ¢ > 1
is ¢ = q/(¢ — 1), while the Sobolev conjugate exponent of p for 1 < p < N is
p* = Np/(N — p). For a fixed k > 0, we define the truncation functions T}, and G,
as follows:

Tk (s) = max(—k, min(s, k)),

Gr(s) = s — Ti(s) = (|s| — k)Tsign(s).
To simplify notation, we will use fQ f to denote fQ f(z,t) dx dt, when there is no
ambiguity in the integration variables. We use C' to denote constants whose values may
change from line to line and even within the same line, depending on the parameters,

such as N, p, B, 0, m, T, Q, or @, but not on the indexes of the sequences we introduce.
Next, we state a lemma we will use, which is the Gagliardo—Nirenberg inequality.

Lemma 1.1 ([19, Theorem 2.1]). Let v be a function in Wo"(Q) N LP(Q), with h > 1,
p > 1. Then there exists a positive constant C, depending on N, h, p and o such that

1—
HU”L"(Q) < C”VU”?L’I(Q))N ”UHLp(nQ)v

for every m and o satisfying

1 11 1—1n
0<n<l, —=n(--—=)+—"
! o n(h N>+ p

An immediate consequence of the previous lemma is the following embedding
result:

ph
/|v|”dxdt§CHU||LNOQ(O7T;L,)(Q))/|Vv|hdxdt,

Q Q
which holds for every function v € L™(0,T; W™ (€)) N L>®(0,T; L?(Q)) with h > 1,
p>1land o= w (see, for instance, [19, Proposition 3.1]).

Now we give the definition of a weak solution to the problem (1.1).

Definition 1.2. A weak solution to problem (1.1) is a function u in L*(0, T; Wy (2))
such that for every w CC € there exists ¢, such that u > ¢, > 0 in w x (0,7,

(a(z,t) +u?)|VulP~t € LY(Q), Wu—:‘p € LY(0,T; L (Q)). Furthermore, we have that

loc

B / gy i + / (a(er,t) + ut)|VulP~>Vu - Vo dr dt
Q

Q
[Vul?

+/d(x,t)%¢dxdt:/f¢dxdt+/u0(x)¢(x,0)7
Q Q Q

for every ¢ € CL(Q2 x [0,T)).
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Here, we give the main results of this paper.

Theorem 1.3. Let 0 < v < 1,0 < ¢ < 1 and § = min(y,1 — q). Assume that
a satisfy (1.2), d satisfy (1.3) and f is a non-negative function belonging to L™(Q)
with 1 <m < N/p+1. Then there exists a solution u of the problem (1.1) in the sense
of Definition 1.2 verify the following regularity:

(i) If # <m < N/p+1, then u belongs to LP(0,T; W, " () N L7(Q),
m (=) +p
N—pm+p *

(i) Ifl<m < %, then u belongs to L*(0,T; Wy *()) N L7(Q), where

with o =

N(p— N(p—4¢
s—m (p—9)+p and U:nl(p )+p

N+1-4§(m—1) N—-pm+p’

Moreover, we have the following summability:

wl|VulP~! € LP(Q), with1<p< il

Remark 1.4. Observe that by the fact that m > 1, we have s > p — 1, then the

interval [1, pfl) is not empty.

Theorem 1.5. Let 0 < v < 1,q > 1 and § = min(y, 1—q). Assume that a satisfy (1.2),
d satisfy (1.3) and f is non-negative function belongs to L™(Q) with 1 <m < N/p+1.
Then there exists a solution u of the problem (1.1) in the sense of Definition 1.2 satisfy
the following regularity: w € LP(0,T; Wol’p(Q)) NL7(Q), with

N(p—6)+p
N—-pm+p’
Moreover, we have the following summability:

uwl|VulP~t € LP(Q), with1<p<yp.

Theorem 1.6. Let 0 < v < 1, max (O,%(N_W)) < q < ’;J% and f be
a non-negative function belongs to L™(Q), with m = N/p + 1. Assume that (1.2)
and (1.3) hold true. Then there exists a solution u of the problem (1.1) in the sense of

Definition 1.2 verify the following regularity:

N(q+'v+p)

we LP(0,T; Wy (Q) N LI*HP(0, T, L= =5 (Q)).
Moreover,

plp+v+q)
ap+p@-Dp+y+q°

u?|VulP™! € LP(Q), with p =
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Remark 1.7.

(i) The condition ¢ < EX1 is due to the fact p > 1, and

e (O,Nﬂop(Nv)) <4

N

N(g+~+p)

is due to the fact of the regularity of u in the space LITV ¥ P(0,T; L~ 5% (Q))

and the choice of ¢ > 0 in problem (1.1).
(ii) By the fact M%(N_” < Tﬁ, then the interval {max (O, %(N_’Y)) ,’;fﬂ
is not empty.

Theorem 1.8. Let 0 < v < 1,9 > 0 and f be a non-negative function belongs to
L™(Q), with m > N/p+ 1. Assume that (1.2) and (1.3) hold true. Then there exists
a solution u of the problem (1.1) in the sense of Definition 1.2 verify the following
reqularity: w € LP(0,T; Wy () N L®(Q). Moreover,

w!|VulP~! e L7 (Q).

Remark 1.9. The above results extended the results contained in the paper [7] in the
evolution case and improved the results contained in the paper [22].

2. APPROXIMATION OF (1.1), POSITIVITY AND A PRIORI ESTIMATES

Let 0 < ¢ < 1. We approximate the problem (1.1) by the following nonlinear and
non-singular problems

% div((a(e, t) + [ue]9)|Vue P2 Vue) + d(z, t) 7%l = £, in Q,

(luel+e)r 1 —
ue(z,t) =0 onl, (21)
e (2,0) = ugo(x) in Q,
where f. = 1-sfsf and f. € L*=(Q), such that
|| /<] @) < Ifllm@) and f. — f strongly in L™(Q), m > 1, (2.2)
and ugo(z) = H"TQI) € L>(9) such that
luco ()|l oo () < lluollo=(@) and weo(z) — ug(x) strongly in L(Q). (2.3)

The problem (2.1) admits weak solutions u. that belong to L?(0,T; W, ?(2)) N
L>(Q), see [10, 13, 28, 36]. Also, the solution of problem (2.1) is to continue in time,
that is, u. € C([0,T]; Li,.(2)), as can be easily proved using a method similar to
Theorem 1.1 of [36]. Because the right-hand side of (2.1) is non-negative, u. is also
non-negative.

In the next lemma, we will prove the strict positivity of u. in w x (0,T), for every
w CC Q.
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Lemma 2.1. Let u. be a solution to (2.1). Then for every w CC Q, there exists
a positive constant c,, such that
Ue > ¢ >0, inw x (0,T), foralle € (0,1).
Proof. Let us define the functions
(s+e)t st
H =7  H =
E(S) 1—~ ) 0(5) 177’

8
for s > 0, and take p(uc) = e_ﬁHg(ug)qb, with ¢ in LP(0,T; W, *(Q)) N L>(Q), ¢ > 0
as a test function in (2.1). We obtain

/ / 6’[,&5 512 Ha(us)¢

-8
* / la(x, t) + ul)|Vue [P 2V, - Ve 1)

Q

o / (a(a.t) +ull 7, |v+€s) g
ug|Vu5\ e (ue) e (ue)

/d (e +e)p1°¢ - b= /feal ¢

Recalling the conditions (1.2) and (1.3), we can write

// 8u5 12 Hs(u6)¢

—Ba
i / la(z, 1) + ul]|Vu [P~ Vu, - Ve 1)
Q
p —
_ &/a (|vu5| G%Hs(us)d)

o ! ue + )7

/5 | VueP ug)¢>/fea1H5(ug)¢
ug—&—s

Therefore, we obtain
T

/ 8’&56&]{ (u€)¢

ot
0 Q (2.4)

—B —B
" / [a(2,1) + ud] [ Vue P72V, - Ve o () > / feei Heg,
Q Q

for all ¢ € LP(0,T : Wy *(Q)) N L=(Q), ¢ > 0.
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Now, given § > 0, define the function

1 if0<s<1,
Ps(s) =4 F(s—1-6) if 1<s<d+1,
0 ifs>d0+1,

and fix a function v in L?(0,T; Wy P(Q)) N L°(Q) with v > 0.
Taking ¢ = 1s(u.)v in (2.4) we have

T

—B :
/ %%(us)e 2 H.(us),
0

—B2
N / [a(z, t) + ullys(us)e =1 1<) |V P2V u, - Vo
Q

—B2 1 _s
e AR S BN U R
Q {1<u.<é+1}

Then, dropping the positive term, we get

T

// 881:58 %(us)e;ﬁf He(ue),,

0 Q

—Ba
+ /[a(m,t) + ullths (ue)emr =) |y P2V, - Vo
Q

_B
> fae%fHE(ua)wé(ue)v'

Q

Then, passing to the limit as § tends to zero, we obtain

T
/ ausetyﬁf Hs(us),u
ot X{0<u.<1}
0

—B
+ [ la(z,t) + udle ™ =) [Tu P72V, - Vox o<y, <1)

@\D

—B2
> /fee o1 HE(uE)UX{ogueq}-
Q
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As a result, we can formulate the inequality above as follows:

T

// OT () 52 e (T (),
ot

0 Q

4 /[a(mnﬁ) + TI(UE)Q}e%Hs(Tl(Ua))|VT1(UE)|Z7_2VT1(UE) Vo
Q

—B2
> /fee o1 HE(UE)UX{0§u5<1}~
Q
From (1.2) we have oy < a(z,t) +T1(u:)? < ag + 1, then the last inequality becomes

T
//3T1 Ue) 202 HL (T (u0))
0

+ a2+1/ T He(Two) | g Ty () P2V T (ue) - Vo

_ﬁ
/f eor Helue) UX{0<u.<1}-

He(ue)

—By
Since f.e 1 X{0o<u.<1} 18 not identically zero for every 0 < e < 1, therefore

we obtain

T

//aTl(Us)e;—BfHE(Tl(ug))v

ot
0 Q
+ (az +1) / e BT 19Ty () P2V T (ue) - Vo > 0.
Q
If we define
Tl(ug)
5
we(z,t) = / e~ a0 dr, (2.5)
0

then the above inequality becomes

//71) + a2 + )/ al (P—Q)Hs(Tl(us))|V,w€|p—2vw5 -Vou>0.
Q

By the fact that

Bo(p—2)21—7 3
e ZE:)1(1)—'” > 6[2(1’ 2)He (T (ue))

)
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it follows that

T
//aauj:v—i-M/|Vw5|p_2VwE-Vv207 (2.6)
0O Q

Ba(p—2)21 77
e

where M = (ag 4+ 1)e” =10-7 > 0, for every v € LP(0,T; Wy ?(Q)) N L>®(Q), with
v > 0. This yields that w. is a weak solution to the variational inequality

L — Ajw. >0 in Q,
we(z,t) =0 onT,

8
we(r,0) = foTl(uo) e g inQ.
We are going to prove that
Yw CcC Q3c, >0: we(x,t) > cuinw x (0,7),Ve € (0,1). (2.7)

Let v. be the solution of the following problem

1 Ove _ .
g —Qpre =0 inQ,

ve(z,t) =0 on I, (2.8)
ve(2,0) = we(2,0)  in Q.

From (2.6), w, is a super-solution of (2.8), we have w. > v., so that we only need to
prove that

Yw CC Q3c, >0: ve(z,t) > ¢, inwx (0,T),Ve € (0,1). (2.9)
Observe that, by definition of w, (in (2.5)), we have

Tl(“O)
B2 B2
ve(x,0) = we(z,0) = / e~ ar e gp > e_leHE(l)Tl(uo) > 0,
0

so that, by (1.4),
Vw cC Q3D >0: v.(z,0) > D, inwx (0,T),Ve € (0,1). (2.10)

For the rest of the proof we can argue as De Bonis and De Cave in [16, pp. 957-962],
(also see [25]). We deduce that there exists ¢,, > 0 such that v > ¢, in w x (0,T) for
all w CC Q. Since w. > v, then w. > ¢, inw x (0,7T) for all w CC Q.

As ue > Ty (ue) > we, then we obtain

ue > cpinw x (0,7),Yw CC Q,Ve € (0,1). O

We will now show some a priori estimates of the u. solution to the approximation
problem (2.1). The following lemma gives control over the natural growth term.
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Lemma 2.2. Let u. be solutions to problem (2.1). Then

ue|Vue|P -
[ e T < 1 I ) + s (2.11)

5)

Proof. For any fixed h > 0, let us consider £ as a test function in the approximation

problem (2.1). Then, it results

// W Th flt/(a(x t) + ud)|Vue [P ~2Vu VT, (u.)

Ue | Vue|P Th(u
+/d('r?t +5)7+1 /f&

Recalling (1.2), we obtain

/shung +s / (o + ud)| VT (o) P

{uaéh}
Ue|Vue [P T, Th
+/d($,t) (us +€)AH,1 fé‘ Sh UO
Q
where Sy, (y) = [/ Th({) d¢. Observe that Sy (y) > w and Sp(y) < yh for every

y > 0. We may now remove the first and second non-negative terms from the previous
inequality, yielding

Ue|Vue|P Th(ue) Th(ue)
/d(x,t) (ue + )+t h = /fET + /uo.
Q Q Q

Since ug € L (Q), recalling that f. < f, % < 1 and by Holder’s inequality, we find

that VP T (u)
ue|Vu w(u _1
d(z,t)— ° < L= m .
[ ot T T < Q1 ) + oo
Letting h tend to 0, by Fatou’s Lemma, we conclude that (2.11) holds. O

Remark 2.3. According to Lemma 2.2, and since

/d<z,t>(“€'V“€'p >0, feIlQ)
Q

ue + )7+ =

one has that
u5|Vu€\ uE|Vu5|
/‘ _|_57+1 f’ /d +57+1 f

< 2|C»2|1_W||J"||LM(Q) + ||uoHL1(Q) <C,
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where C' is independent of €. Therefore,

ue | Vue |P

ey

~feLY(Q).
In the sequel, we will need the following lemma:
Lemma 2.4. Let 6 = min(y, 1 —¢q), and let A > 0. Then there exists Cy > 0 such that
AMs+e)° N ag +59) + Bis(s + ) 17 > Co(s 4 ) 0, (2.12)
for every s > 0.
Proof. Multiplying (2.12) by (s +¢)°~*, we have to prove that
Ms+e)° Hag +5Y) + Bis(s+€)°7 177 > Cy > 0.
If 6 = v, we have to prove

aq + s?
(s+e)t=

+4 > Cp > 0.

1
s+¢

Clearly, if s > ¢, we have Sj_s > %, while s < ¢ we find that

aq + s4 o S aq
(s+e)l=7 = (2e)t—r = 21=7’

since € < 1. Therefore, the claim is proved. If, instead, § = 1 — ¢, we have to prove that

ap + s4 s

+ > Cy >0,
Grean  Msram =
which is true since the first term is greater than 2% if s > ¢ and is greater than %
if s <e. O

Lemma 2.5. Let the assumptions of Theorem 1.3 be in force. Then the solution u.
of (2.1) satisfy the following estimate:
. N+1+6
() If sk sron s
LP(0,T; Wy () N L7(Q).

i Ifl1 < m < %, then wu. s uniformly bounded in the space

L#(0,T; Wy * () N L7(Q),

< m < N/p+ 1, then u. is uniformly bounded in the space

where s and o are defined in Theorem 1.3. Moreover, the sequence ul|Vuc[P~! is

bounded in LP(Q), with 1 < p < 5%.
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Proof. Let u. be a solution of (2.1). We choose p(u.) = (u. +¢)* —&* (with A > 0)
as a test function in (2.1), we obtain, using the conditions (1.2) and (1.3),

/w%mmmmj/muwm%+w1www

Q

ue (ue + )N Vue P
+ﬂ1// (ue £ e+t

uE|Vu5|
//fe oopeo | fann B[
Q

where ¥(s fo £) de. Since ug € L () and recalling (2.11), we have

U(ue(z, T)) + A (o1 + ud)(ue + 5))‘71|Vu5\p
/ /]
t
e (ug + &) Vue P
+ b // (ue + €)1
0 Q

t
s//M%+w+& /ﬂwwm@ e
0

Q Q

Therefore, the last inequality becomes

/WWA%TD+/M@r+%ﬂ%+d**+6wd%+fﬁ””mvww
Q Q

t
g//ﬁ%+W+& /ﬁwwmm el
0 Q Q

Recalling (2.12) and by the fact that § = min(y,1 — ¢), we have

/xp(ue(%T))+Coo/ﬂ/(u€+g)k—5|vug|zv<O/Q/f€(u5+a)k+c. (2.13)

Q

By definitions of ¥(s) and ¢(s), whenever A > 1 we can get

A+1

+1’

S

U(s) > VseR'. (2.14)

>
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Using (2.14) in (2.13), we can write

t

1

m/us(ﬂf,t))\+1 +CO\//(UE+€))\76‘VU5|p
0 Q

t
0
Since A > 1 > §, then we can write

//ungg)\ VP = — P i 5+p //Iv A e

0

(2.15)

felues +¢€) Ay

'Q\ )

and

1 A A8 pO+D)
—— [ ue(z,t) 1 |*=5+rp.
o [t o [l

Q Q

From the two last equalities, the inequality (2.15) becomes

1 A= d+p p(A+1) Copp A S+p A—64p

—3+p P — » p

A+1/[u S e R //|v (us +¢) el
Q

t

S//fs(uere)AJrC.

0 Q

Applying Hélder’s inequality with indices (m, m’), we have

1 A=34D p(a41) Copp A—=d+p A—d+p
[ 4 X=5+p [ V P — P p
o e R //\uﬁw> &5

“ 1 (2.16)

’"L/

t
<Ml | [ [were ) e
0 Q
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A—d+p
Now, applying Lemma 1.1 (here v = us *
we have

,p= g(j‘;rj;,h = p ) and from (2.16),

p

A=otp pN+§(_>\;_:I)) Asitp pOLD ~ A—otp )
[us ] N <C HuE ” p(A+1) |VU6

Lo (0,15L =57 ()

Q Q
w7 (F+D)
<C /(u£+a)“”' +C
Q
w7 (F+D)
<C /ugm’ +C.+C.
Q

By a simple simplification, the last inequality becomes

w7 (F+D)
N —é4p)tp(Atl) o
/ug N <C /uam +C. (2.17)
Q Q
Let now choosing A such that
N(A—§ A+1
( +2]9V)+p( U o, (2.18)
this equivalent to A = (m — 1)% and A\m/ = m% = o, since m > 1, then
A > 0. Combining (2.17) with (2.18), we get
7 (F+1)
/ug <C /ug +C.

Q Q

Since m < N/p+ 1, then % (N/p+ 1) and applying Young’s inequality with indices

Nm/ Nm' i
(NTp’ WTNW) , it result that

/ug <C. (2.19)

Q

Going back to (2.15), we obtain that by eliminating the non-negative term and using
Holder’s inequality

1
"

Co / (e + | Vuel? < |l / S e
Q Q
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Using (2.18) and (2.19) in the later inequality, we obtain

1
ey

Co [(we+ POl < flimiey | [uz] +Co<C )
Q Q

p(N+1+0)

Now we turn to gradient estimates. If ¢ < 1 and A > §, that is, if m > SINTIEO—NS"

from (2.20) we obtain

/|Vua|p < C,
Q

which gives the boundedness of u. in L?(0, T; W, *()). Therefore, the proof of item (i)
is achieved.
If instead 1 < m <

U(s) and ¢(s) that

p(N+149)

SN FITO) NG’ i.e. if A < 6§, we also have by the definitions of

U(s) > Chs*! = C\, VseRT. (2.21)
Going back to (2.13) and from (2.21), we get

t
Vue|P
C)\/ (ItA+1+OO// |+E‘5>\
0

Q

< /f(ue + 5)A + C&meas(ﬂ) + C.

Applying Holder’s inequality with indices (m, m’) to the right of the previous inequality

allows us to obtain
A [Vue|?
CA/us(:Et +C// (=

<C /(ua +oM | +C
Q

Passing to the supremum in time for ¢ € (0,7'), we have

A1 [Vuel”
Oallue 2% 0,700+1 () +00/m
Q

1 (2.22)

m/

<C /(ua +oM | +C
Q
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Let 1 < s < p. Using Holder’s inequality with indices (%, pfs
Vue|® (5=N)s
/|Vu5|s = /|7E(|5,A)(Ue +e) e
Q o (uete) 7

ya

2 pP=s
|Vu [P (5-2)s
</ T2 (e +) 5
€
Q Q

Combining the inequality (2.22) with (2.23) results in the conclusion that

1 2 p—s
L P p=s
m P

/|V’LL5‘S <C /(us +€)>\m/ 1 /('U,E _’_5)(5;—2)'*

Q Q Q

Recalling Lemma 1.1 (here v = u.,p= A+ 1,h = s ), we have

s(N+A+1) s(A+1)
Ju T <l o) / V.

Q

We improve on the above estimate by applying (2.22) and (2.24), yielding

& AR
s(N+A+1) , "
/uE N <C /(ug—&—s)”\m +1
Q Q
p—s
(5—N)s
/ (us +) 7
Q
Let we choose A such that
_ s(N+A+1) o — (5—/\)3.
N pP—5
This is equivalent to
o m=DWN@=0+p) _ mNp-9)+p)
N—pm+p ’ N+1-6m—1)
_ m(N(p—194)+p)
N—-pm+p

Invoking (2.26) in (2.25), we obtain

/uggc /(u€+e)" +C.

Q Q

) , we may deduce that

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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p(N+1+9)
P(N+I+0)—N3

1 /s S p—3s
— | -+ = — <1
m’(p+N) p

Applying Young’s inequality, we deduce

Since A < 4, then m < < N/p+ 1, and hence we have

/ u? < C. (2.29)

Q
Using (2.26) in (2.24), we get

1 i p—s
/|Vus|S <C /(us+s)" +1 /(u5+€)"
Q Q Q
Utilizing (2.29) in the above estimate, allow us to conclude
/|vua|s <c (2.30)
Q

The estimates (2.29) and (2.30) prove that the sequence u. is bounded in
L#(0,T; Wolg(Q)) and in L?(Q). Hence, the proof of item (ii) is done.

Now, we prove the estimate of u?|Vu.|P~! in LP(Q). Let 1 < p < p—fl, apply-

ing Holder’s inequality with the indices (7{)@5_1)’ 73_{)&_1)) and recalling the esti-
mate (2.30), we have
p(p=1) s=p(p—1)
. . g
/ug”\VuEVJ(p_l) < /|Vu5|s /u;—p@—l)
Q Q Q
s—p(p=1) (231)
sqp °
S C /ussfo(pfl)
Q
Choosing p such that % = o and recalling the estimate (2.29), we find that
57/7(?71)
/ugp|vu5|ﬂ@—1> <C /ug <C.
Q Q
Hence the sequence ud|Vu.|P~! is bounded in L”(Q) for every 1 < p < —%-. Therefore,

p—1°
the proof of the lemma is achieved. O
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Lemma 2.6. Let the assumptions of Theorem 1.5 be in force. Then the solution
ue of (2.1) is uniformly bounded in LP(0,T; W, () N L7 (Q), with o defined in
Theorem 1.5.
Proof. Let u. be a solution of (2.1). If ¢ = 1, we can proceed as in item (i) of
Theorem 1.3, we get the boundedness of u. in L7(Q).

Now, we choose ¢(u.) = log(1 + u.) a test function in (2.1), we have

Ou, |vu€|p
seo(ue) + [ (alet) +u) T

Q Q
ue | Vue [P
+ /d(:r7t)(u|+€),yl+l log(1l 4+ u.) = /fE log(1 + ue).

From (1.3), u. > 0 and the fact that log(1+u.) > 0, may remove the third non-negative
and use (1.2), to get

Ou,

e ©(ue) + min(aq, 1 /\Vus|p < /flog (1 +ue). (2.32)

Q
Observe that ¢(s) = 99() with ¢(s) = slog(1l + s), for all s > 0. Then, we have

os
8uE /Taa /¢u€ :/¢(u5 /¢u0 /¢5uo
Q 0

Using this last affirmation in (2.32) and by Ho6lder’s inequality, we reach that

min(aq, 1 /\Vug|p < /flog 1+ u.) /z/J (up)

< ||fHLm(Q)||1Og(1 +us)|

and this gives an a priori estimate of u. in LP(0,T; W, *(2)) since up € L*(Q) and
log(1 +uc) € L™ (Q).

If ¢ > 1, also we proceed as in item (i) of Theorem 1.3, we get u. is bounded
in L7(Q). Now we prove the boundedness of u. in L?(0,T;Wy?(Q)). Taking
o(u:) = (1 — (1 +u.)'79) as the test function in (2.1) and recall the condition (1.2),

obtaining
vty [ vy
Q

Q

+/d(ac t)%(l — (1 4u)'™9 (2.33)

/f1—1—|—u€1q+/\11

(@t [[uol oo (2) log (1 + [Juo | o< ()
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where U(s) = [ ¢(¢) dl. Observing that ¥(us(z,T)) > 0, f € L™(Q) and the fact
that ug € L°°(Q) we can remove the first and third non-negative term, we arrive at
that

InlI;qOé117 /lvu ‘p</f+C<C

from which the boundedness of u. in LP(0, T; W, " () follows.
The proof of the boundedness of u?|Vu.[P~! in LP(Q) with 1 < p < p/ is similar
to the one in Lemma 2.5. O

Lemma 2.7. Let the assumptions of Theorem 1.6 be in force. Then the solution u.
(q+'y+p)

of (2.1) is bounded in LP(0,T; WyP(Q)) N LIV H2(0, T; L~ ~=5 (Q)). Moreover, the
sequence ud|Vuc|P~1 is bounded in LP(Q) with

p(p+v+q)
ap+@-p+v+a9

p:

Proof. Let u. be a solution of (2.1) such that u. converges to a solution of (1.1). Let
0 <e <1, and using ¢(us) = ((ue + 1)Y= 1) a test function in (2.1), we have

/wwxaﬂruv+n/m@w+umv%w%+nv
Q Q

Ue |Vug|P
+ /d(x7t)(u|—|-€)’)!+l(us + 1)’Y+1

= m L T 7u5|Vu€|p U
—/ﬁ«€+n+ ”*/“JN +/W0%
Q Q Q

ue + &)1+l

where ¥(y fo d( Observing that ¢ is an increasing and positive function
on [0, +oo then fQ (ue(x,T)) > 0, therefore we can drop the first non-negative
term, from ( 2), (1.3) and (2.11), ug € L*°(Q) and co(ue + 1)? < a(x,t) + ul, and by
the fact that we deduce

1 < 1
(ue+1)7+ = (ucte)r 12

(v+1) / |Vue|P(ue + )77 + 34 /u5|vu5|1’ < /fg(us + 1) 4 C. (2.34)
Q



Degenerate singular parabolic problems with natural growth

491

N+p l N+p

Using Holder’s inequality with the indices (m ==

(v +1) / LVl + By / e[ V[P

Q Q
N
N+p
(y+1)(N+p)
<C /(u5+1)w N +C
Q
N
N+p
(y+1)(N+p)
<C /us N + C.
Q

By applying the Sobolev inequality and (2.35), we have

T

/ / Atatp
P

0

£
I

Q
» T
:Cs Q+'Y+p) //ug+7|vu |p
p
0 Q
N
T N+p
e (//(ua 1)(’Y+1)(N+p) ‘C
0 Q

T
(D (N+p)
<C //uE N +C.
0 Q

Since N((]J\;rj;rp ) > (7+1)]E,N+p ) by Hélder’s inequality with indices
( N2 (g+~v+p) N?*(g+7+p) )
(N2 =p?)(y+1)" N2 (g +v+p) — (N2 =p?)(y +1)
we find that
N
r (HD(N4p)  Nop - T
N N(q+~+p)

N(at+v+p)
/ ua N_p

/ et <O
) Q

e—

2
i
3

r T
(“r+1)(N+p)
=C f|ue|] N(W+<1+p) +C.
K ()

,m = T) , we obtain

(2.35)
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Due to the fact that ¢ > %M, we have g+~ +p > w, then we apply
Holder’s inequality in the right-hand side of the above estimate, we arrive at

Y1
qa+~v+p
+y+ +y+
/ el S © / el St | +C
Note that 1ji < 1, and Young’s inequality in the above estimate yields
+y+
/ [ e A (2.36)
(%)
then this last estimate gives the boundedness of the sequence u. in the space
Lq+7+p(0 T Rt q+'y+P) (Q))
Let us assume that u. > 1. Then, we return to (2.35), and we get that
N
N+p
(+DH(N+p)
b1 / [VuelP < C /ue N +C.

{ue>1} Q
Since <g+v+p< N(?\fij;rp), we again apply Holder’s inequality twice
combined with (2.36), which yields

(+D(N+p)
N

r T 71 N+p
(w+1)(N+p)
61 / ‘vu€|p < C / ‘u€| N(q+w+p) +C
{ue>1} LO -
_ N
N+p
<C /Hu‘s”qtv’y(jfww) +C.
()
Then, from (2.36), it follows that
|Vu€|p <C. (2.37)

{ue>1}

It is still necessary to investigate the behavior of Vu, in {u. < 1}. Using T3 (u.) as
a test function in (2.1), we have

// Oue T (ue) /(a(x,t) +ug)|Vus|p72VuEVT1(u5)

0 Q Q
Ev €
+/d “' uel? Tl(ug):/ngl(uE).
Q Q

e +e)rtl
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Recalling the conditions (1.2) and (1.3), we can drop the non-negative terms, then
we obtain

/Sl(ug(m,T))—i-cn / |VT (ue)|? S/fsT1(Ue)+/51(uo)7
Q Q Q

{u.<1}

where S(y) = [ Ti(¢)dl. Observing that %y)z < Si(y) < y for every y > 0.
By the fact that ug € L>®(Q2) and using (2.2), we get

[ 1vur= [neor < [ 1w < [1<c (2.38)
Q Q

{us<1} Q

Combining (2.37) with (2.38), we deduce that

/|Vu5\p= / IV |? + / VP < C. (2.39)
Q

{uEZI} {u5<1}

Then (2.36) and (2.39) imply that u. is uniformly bounded in LP(0,T; W, (Q2)) N
N(a+y+p)
P

LaFFP(0, T, L™ ~=» ().
Now, we are going to prove the estimate of u?|Vu.|P~! in LP(Q). Let 1 < p < p/,
applying Hoélder’s inequality, and from the estimate (2.39), we have

p(p—1) p—p(p—1)
3 P
-1) =olr=D
ud? |V [PP~H < [Vue|P ud ="
Q Q Q
p—p(p—1)
P
app
<C /ug*ﬂ@*“ (2.40)
Q

p—p(p—1)

__app _ plptyte) g
p—p(p—1) pg+(p—1)(p+v+q) " Since
N(g+~+p)

? <qgtv+p< TN, applying Holder’s inequality twice in the right-hand

Choosing p such that = q+ v+ p, implies that p =
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side of the above inequality and recalling the estimate (2.36), we arrive at

. Nep pr(ppfl)
1 N(p+v+a)
/ugpwus‘p(% )< C / /ug N=p
Q 0 \Q
(N—p)(p—p(p—1))
r T p+y+q Np(pty+a)
N(p+v+a) 2.41
S C / /UE N—-p ( )
L0 \@Q
(N—p)(p—p(p—1))
A Np(p+vy+aq)
gt+y+p
< C / ‘ E” N(q+’y+z1) S C.
K Q)
Therefore the estimate of the sequence ud|Vu. [P~ in L?(Q) is achieved. O

Lemma 2.8. Let the assumption of Theorem 1.8 be in force. Then the solution u.
of (2.1) is bounded in LP(0,T; Wy *(Q)) N L>®(Q). Moreover, the sequence ud|Vu.|P~*
is bounded in L¥ (Q).

Proof. For k > 0, take G} (uc)x(0,5)(t), where 0 < s < T as test function in the
approximation problem (2.1), we have

/ / e Gelun) + / / (ala, ) + ud)|Vue P2V VG ()
// (z,t) UEWU;JZIG;@ Ue) —//faGk Ue).

(2.42)

Let
Ap e ={(z,t) € Q : us(x,t) > k}.

Observe that the function Gy (u.) is different from zero only on the set Ay .. Using
the conditions (1.3), ue > 0 and the fact that Gp(u.) > 0 in Ay, we have

uE|VuE\ uE|VuE\
//d +€)7+1Gk ue) /d (ue + )7+t (ue — k)

> B / (“E'V“fwg—k)zo,

ue 4 €)7Hl
k,e
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// (@, 1) + u?) |V PV VG (ue) = /(a(x,t)+uZ)IVusl”

Ak.s(t)
> / |Vu5\pfa1//\VGk Ue)|
and
/ Ou, 1 d 9
/&GW@—ifﬁ%‘“
Q

(

o

€

N | =
\o\ﬁg

&#

[ it —nty
Q

G /Gﬂwu»
Q

Now we can drop the third non-negative term. Then inequality (2.42) becomes

L[ s +on | [ 96ar < [ [ fGuue) + 1 [ G2uo)
2/ // // 2/
Q 0 Q 0 Q Q

Passing to the supremum in s € (0,7T), we get

R (us(z,5)) =

N
N

Q

G () 3 0,200 + 01 GRI,  vynne)

T
(2.43)
< [ [ #6utw+ 5 [ Giwn).
Q Q

0

From now on, we can follow the standard technique used for non-singular in the case
in [4] there exists a constant Ci, > 0 (independent of ¢) such that

[tell o< (q) < Coo in Q. (2.44)

We choose u, as a test function in problem (2.1). We have

1 |Vue|p
p U VUue|”
2/ l‘T /|Vu| +/d _|_€'7+1 /fsua /

Since 0 < f1 < d(z,t), we can drop the first and third non-negative terms. Then

we get
1
/|vus‘p§/feus+§/u(2)
Q Q Q
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Given that ug € L>°(Q2), Holder’s inequality is applied twice, and from (2.2), (2.44),
it follows that

1
/|Vu5\p < /fsue‘f‘gHUOH%Z(Q)
Q Q

a1
< uell =@l fllem @@ + 5 lluollZo) < C.

(2.45)

As a consequence of estimates (2.44) and (2.45), u. is uniformly bounded in
LP(0,T; Wy P(Q)) N L>®(Q). From Hélder’s inequality combined with (2.44) and (2.45),
we have

/|ug‘vu6|p71|z7' = /ugp"vuevg < Ogg/|vu6‘p <C.
Q Q Q

Hence, the boundedness of the sequence u?|Vu.|[P~! in the space ¥ (Q) is proved. O

3. PROOF OF THEOREMS 1.3, 1.5, 1.6 AND 1.8

Since the proofs of Theorems 1.5, 1.6, and 1.8 are similar to those of Theorem 1.3,
here we only give in details the proof of Theorem 1.3.

Proof of Theorem 1.3. In view of Lemma 2.5 we have two cases.

(a) If W@T%m <m< % 41, then u, is bounded in L?(0,T; W, "*(£2)).

(b) Ifl<m< %, then w. is bounded in L*(0, T; Wy*(2)).

Therefore,
ue — u weakly in L (0, T; Wol"s(Q)), Vé <s<pandae. inQ.

By Remark 2.3, f. — d(m,t)% € LY(Q) and from Lemma 2.5 we have

that (a(x,t) + u?)|Vue[P~2Vu, is bounded in LP(Q), for all 1 < p < -1 < P

1
Then div((a(z,t) + ul)|Vu|[P~2Vu,.) is bounded in the space L (Q) C L? (Q) C
LP(0,T; W=7 (Q)), and then 94 is bounded in the space LP (0,T; WP (Q)) +
L'(Q). Using the compactness results in [41], we obtain

ue — u strongly in L'(Q) and a.e. in Q. (3.1)

Since f. — d(x,t)% € L'(Q), we can use the same proof as in [1]. Then we
obtain

Ti(us) = Ti(u) strongly in LP(0,T; W, P (), (3.2)

and also we have
Vue = Vu a.e. in Q. (3.3)
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On the other hand, recalling (1.2), (3.1), (3.3), Lemma 2.5 and the dominated conver-
gence theorem implies that the sequence (a(x,t) + u?)|Vu.|P~2Vu,. converges weakly
to (a(z,t) + u?)|Vu|P~2Vu in LP(Q) for every 1 < p < 527+ Therefore, for every
p € CQx[0,T)),

lim [ (a(x,t) +ud)|Vu|P > Vu Vi = /(a(w,t) + u?)|Vu|P 2 VuV. (3.4)

e—0
Q Q
Now we prove that

P
[Vl , strongly locally in L' (Q).

For any measurable compact subset F of (), we have

/d(x,t)u5|Vu6|p B / d(z, t)ue| Vue P n / d(z, t)ue| Vue [P

(ue + )7+t (ue + e)v+t (ue +e)rtt
En{u.<k} En{u.>k}
|Vug|p / Ue|vua‘p
< d(z,t dlz,t) ———————.
= / (J}a ) ug + (J}v )(us + E)’YJrl
En{u.<k} En{u.>k}
By Lemma 2.1, we get
Ue | Vue|P

(ua + E)'erl .

E/d(a:,t)(;f'vuep < 1E/d(a:,t)VTk(u5)|p+ / d(z, 1)

En{u.>k}

Let v > 0 be fixed. For k > 1, we use T (us — Ti—1(uc)) as a test function in (2.1),
yielding

Ou,

[ STt = T )
Q

+ / (0 £) + 1) |Vt =2V VT (e — T 1 ()
Q

p
T4 (ue — Tyo1 (1)) / ST (e — Toa (u2)).

Recalling (1.2) and the fact u. > 0, we can write

[siwn o [ vl /d “E'V“f' el VOl e - ()
Q

e +e)rtl
{k_lguegk}

< [ £ = Tia(w) + [ $iuo),
Q

Q
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where
ue (T)

S1(ue(T)) = / Ti(s — Tho_1(s)) ds.

0

It is easy to see that Sy(uc(T)) > 0 a.e. in Q. After the first and second non-negative

terms of the previous inequality are removed, we arrive at

Q Q
= /feTl (ue — Th—1(ue)) +/70T1(s —Ty_1(s))ds
Q Q0

Since T1 (ue — Tr—1(ue)) >0,

Ty (ue — Ti—1(ue)) =0 if we <k-—1
and

Ty (ue — Th—1(ue)) =1 if wue >k,

recalling the condition (1.3) and the fact that u. > 0, we have

|V,
/d u ‘ U)J+1T1(u5 —Tk_l(ug))

us |Vu
- o) T (e = i)
€
QN{u.>k}
Ue | Vug [P
+ / d(x7 t) (u 6|_’_ 5)67"”1 Tl (uf Tk—l(us))
QN{u-<k} :
Ue|Vue P Ue | V|
= d(z,t) ———— d(z,t) ————T
[ g 00 Gz e
QN{us>k} QN{u-<k}
ue|Vue|P
> dlx,t) ——————
- / (=, )(u5+5)w+1

En{u:>k}

(3.5)
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a;

nd
/ﬁﬂwfﬂkﬂwn
Q

- / [Ty (ue — T 1 (ue)) + / JeTi(ue — Th—1(ue))

QNn{uc<k—1} Qn{k—1<u.<k}
+ / LT (e — Thor (u2))
QN{u.>k}
- / Ty (e — (k— 1)) + /’ 2
QN{k—1<u.<k} QN{u>k}
< / I / ;= / 7,
QN{k—1<u.<k}  Qn{uc>k} Qn{uc>k—1}

also we have

/&ww—/fﬂ@cmmmm—/ [ ms- T
Q Q0

Q [0,ug]N{s>k—1}

Therefore, from (3.5) combined with the two later inequalities and the above equality,
we obtain

d(x,t)m = f “r/ / T1(S - Tk_l(s))ds.

En{u->k} QN{u.>k—1} E [0,up]n{s>k—1}

It follows from f € L™(Q) and T1(s — Ti—1(s)) € L*(Q2) that

P
d(x’t)m — 0 as k — o0.
(ua + g)’Y-‘rl
En{us>k}
Then, there exists kg > 1 such that

Ue | Vue|P v
dlz,t)——=— < =, VYk>ky,V 0,7). 3.6
(xa)(u8+5)7+1_27 = R0, 56(5 ) ( )

En{u.>k}

Since from (3.2) (Tj(ue) — Tx(u) strongly in LP(0,T; WaP(R))), then there exits
€y, 0, such that |E| < 6,, and we have

1
= /d(:c,t)|VTk(u€)|p < g Ve<e,. (3.7)
w E
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The estimates (3.6) and (3.7) imply that d(x,t)% is equi-integrable. This fact,
[Vul?

together with the a.e. convergence of this term to d(z,t)=5-,
Theorem that

implies by the Vitali

ue| Vue|P

\Vu\p . 1
d(x7 t)m — d(m, t)77 locally Strongly inL (Q) (38)
Let ¢ € CH(Q x [0,T)), taking ¢ test function in problem (2.1), by (2.2), (3.1), (3.4)

and (3.8), we can let € — 0 yielding

9 P
- /u—(p + /(a(m,t) +u?)|VulP~2Vu - Vo + /d(x,t) [Vul ®
ot uY
Q Q Q
— [ o+ [w@e0.
Q Q
Thus, Theorem 1.3 is proved. O
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