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ABSTRACT 

Aims: To derive an expression for change in entropy of spinning black holes on the basis of the 

model for the energy of spinning black holes
'

BHs BHs sE K R  ( Mahto et al. 2011a) & the model for 

entropy change 
2

2

.
bhS E

c


 


 ( Mahto et al. 2011b) and then calculate their values for different test 

spinning black holes. Study Design: Data for the mass of black holes have collected from the research 

paper entitled :Super massive Black Holes in Galactic Nuclei: Past Present & Future Research(2005), 

Space Science Reviews by L. Ferrarese & H. Ford and Black holes in Astrophysics(2005), New 

Journal Physics by R. Narayan. The data for black hole constant for spinning black holes    (
441.214 10 /BHsK J m  ) is taken from the paper entitled: Study of Schwarzschild radius with 

reference to the spinning black holes. Bulletin of Pure and Applied Sciences (2011a). Place and 

Duration of Study: Department of Physics, Marwari College Bhagalpur and University Department of 

Physics, T.M.B.U. Bhagalpur, between December 2013 and March 2014. Methodology: A theoretical 

based work using Laptop to calculate the calculation for change in entropy of different test spinning 

black holes at Marwari College Bhagalpur and the residential research chamber of the first author. 

Results: The calculation shows that the change in entropy of spinning black holes of the rest masses 

for stellar – mass black holes (M ~ 5  20 Mʘ) in X-ray binaries is 
632.483 10  to 

6339.731 10  J/K 

and for the super massive black holes (M ~ 10
6
 – 10

9.5 
Mʘ) in active galactic nuclei is 

739.932 10  to 
8028.432 10 J/K. The nature of the graph for XRBs is the same to the Hawking entropy with the 

event horizon and straight line for AGN which confirms the validity of equations 
'

BHs BHs sE K R  and 

2

2

.
bhS E

c


 


 . Conclusion: The change in energy and entropy of black holes are mainly dependent 

on the mass and independent of their event horizons. 
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1.  INTRODUCTION 

 

Classically, the black holes are perfect absorbers and do not emit anything; their 

temperature is absolute zero. However, in quantum theory black holes emit Hawking radiation 

with a perfect thermal spectrum. This allows a consistent interpretation of the laws of black 

hole mechanics as physically corresponding to the ordinary laws of thermodynamics [1]. The 

laws of black hole mechanics as proposed by Bardeen et al. describe the behaviour of a black 

hole in close analogy to the laws thermodynamics by relating mass to energy, area to entropy, 

and surface gravity to temperature [2]. Dipo Mahto et al. have derived the formula for the 

energy of spinning black holes in terms of the radius of the event horizon [3]. Kanak Kumari 

et al. have derived the formula for the energy of non-spinning black holes in terms of the 

radius of the event horizon [4]. Dipo Mahto et al. derived an expression for the change in 

energy and entropy of Non-spinning black holes taking account the first law of the black hole 

mechanics relating the change in mass M, angular momentum J, horizon area A and charge Q, 

of a stationary black hole with Einstein’s mass-energy equivalence relation [5]. Dipo Mahto et 

al. derived an expression for change in entropy of non-spinning black holes on the basis of 

formula ( BH BH sE K R ) as proposed by Kanak Kumari et al. (2010) and the formula   

2

2

.
bhS E

c


 


 ( Mahto et al. 2011b) and calculated their values for different test non-

spinning black holes [6]. In the present paper, we have derived an expression for change in 

entropy of spinning black holes using [3] the model ( '

BHs BHs sE K R ) and the formula 

2

2

.
bhS E

c


 


 [5] and then calculated their values for different test spinning black holes. 

 

 

2.  DISCUSSION   
 

The Black hole possesses an event horizon (a one-way membrane) that casually isolates 

the “inside” of the Black hole from the rest of the universe. The radius of the event horizon of 

a non-spinning BH given by the Schwarzschild radius in terms of solar mass can be obtained 

as [7] 

 2950 /sR M M m ………………...............................................................................(1) 

In the case of spinning black holes, the equation can be written as 

 ' 1475 /sR M M m ………………………………………………………………..…(2) 

The energy of spinning black holes in terms of radius of event horizon is given as [3] 

'.

BHs BHs sE K R ………………………………………………………………...……...….(3)  

where 
441.214 10 /BHsK J m     ……….…………………………………...…………..(4) 

Differentiating eq
n 

(3), we have 

'

BHs BHs sE K R  …………………………...………….…………………………………(5) 
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The change in entropy of different test Non-spinning black holes for their corresponding 

change in energy is given by the following eqn [5] 

2

2

.
bhS E

c


 


 ……………………………………………….………………………….(6) 

Putting eq
n
 (4) in the above eqn, we have 

'

2

2
bh BHs sS K R

c


 


 …………………………………………………………………….(7) 

Writing  bhsS  and  bhsR  instead of  bhS  and  '

sR  stand for the change in entropy and 

radius of event horizon respectively, we have. 

2

2
bhs BHs bhsS K R

c


 


 …………………………………………………………………(8) 

where  and bhsR  are the surface gravity & radius of the event horizon of spinning black holes 

given as [8,10]  

1

4M
  ………………………………………………..…………………………………(9)  

The term M stands for the mass of black holes. From eqn. (9), it is clear that the surface 

gravity of black hole is inversely proportional to its mass and the different black holes will 

have different surface gravity. The role of surface gravity ( )  may be seen in the research 

paper [8,10].  

The equation (8) can be used to calculate the change in entropy of different test spinning 

black holes for their corresponding change in the radius of the event horizon.                                                                                                                                             

 

 

3.  DATA IN THE SUPPORT OF MASS OF BLACK HOLES 

 

There are two categories of black holes classified on the basis of their masses clearly 

very distinct from each other, with very different masses  M ~ 5  20 Mʘ for stellar – mass 

black holes in X-ray binaries and M ~ 10
6
 – 10

9.5
 Mʘ for super massive black holes in active 

galactic nuclei [10,11]. The mass of black holes never be greater than 5x10
9
Mʘ [17]. The 

other data in the support of mass of black holes in AGN can seen in references [11-16]. 

On the basis of the data mentioned above regarding the mass of black holes in XRBs 

and AGN in terms of solar masses, we have calculated change in entropy of spinning black 

holes in XRBs and  AGN  for given radius of event horizon of different test spinning black 

holes listed in the Table 1 & 2  respectively.  

There is negligible change in the radius of the event horizon due to change in entropy. 

Hence in the numerical calculation, the radius of the event horizon ( bhsR ) can be used instead 

of bhsR  [5]. 
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Table 1. 

 

Change in entropy of spinning black holes in XRBs 

Sl. No 

Mass of 

black 

holes 

(M) 

Radius of the event 

horizon  

1475( / )bhsR M M  

(in metre) 

Entropy change of black 

holes ( bhS ) in J/K 

2

2
bhs BHs bhsS K R

c


 


  

1 5Mʘ 7375 632.483 10  

2 6 Mʘ 8850 633.575 10  

3 7 Mʘ 10325 634.867 10  

4 8 Mʘ 11800 636.357 10  

5 9 Mʘ 13275 638.045 10  

6 10 Mʘ 14750 639.932 10  

7 11 Mʘ 16225 6312.018 10  

8 12 Mʘ 17700 6314.303 10  

9 13 Mʘ 19175 6316.786 10  

10 14 Mʘ 20650 6319.468 10  

11 15 Mʘ 22125 6322.349 10  

12 16 Mʘ 23600 6325.428 10  

13 17 Mʘ 25075 6328.706 10  

14 18 Mʘ 26550 6332.182 10  

15 19 Mʘ 28025 6335.857 10  

16 20 Mʘ 29500 6339.731 10  

                                                  
Table 2. 

 

Change in entropy of spinning black holes in AGN. 

Sl. 

No. 

Mass of 

BHs (M) 

1475( / )bhsR M M  

(in metre) 

log(Rbhs) 

(in 

metre) 

Entropy change of 

black holes ( bhS ) in 

J/K 

2

2
bhs BHs bhsS K R

c


 




 

log ( bhS ) 

1 
1 x 10

6
 

Mʘ 
1.475 x10

9 
9.1687 739.932 10

 73.9970 

2 
2 x 10

6
 

Mʘ 
2.950 x10

9
 9.4698 7339.731 10  74.5991 
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3 
3 x 10

6
 

Mʘ 
4.425 x 10

9 
9.6459 7389.396 10  74.9513 

4 
4 x 10

6
 

Mʘ 
5.900 x 10

9
 9.7708 7415.892 10  75.2012 

5 
5 x 10

6
 

Mʘ 
7.375 x 10

9
 9.8677 7424.832 10  75.3948 

6 6 x 10
6 

Mʘ 8.850 x 10
9
 9.9469 7435.758 10  75.5533 

7 
7 x 10

6
 

Mʘ 
     1.032 x 10

10
 10.0136 7448.671 10  75.6872 

8 
8 x 10

6
 

Mʘ 
1.180 x 10

10
 10.0718 7463.570 10  75.8033 

9 
9 x 10

6
 

Mʘ 
1.327 x 10

10
 10.1228 7480.456 10  75.9056 

10 
1 x 10

7
 

Mʘ 
1.475 x10

10 
10.1687 759.932 10

 75.9970 

11 
2 x 10

7
 

Mʘ 
2.950 x10

10
 10.4698 7539.731 10  76.5991 

12 
3 x 10

7
 

Mʘ 
4.425 x 10

10 
10.6459 7589.396 10  76.9513 

13 
4 x 10

7
 

Mʘ 
5.900 x 10

10
 10.7708 7615.892 10  77.2012 

14 
5 x 10

7
 

Mʘ 
7.375 x 10

10
 10.8677 7624.832 10  77.3948 

15 6 x 10
7 

Mʘ 8.850 x 10
10

 10.9469 7635.758 10  77.5533 

16 
7 x 10

7
 

Mʘ 
1.032 x 10

11
 11.0136 7648.671 10  77.6872 

17 
8 x 10

7 
 

Mʘ 
1.180 x 10

11
 11.0718 7663.570 10  77.8033 

18 
9 x 10

7
 

Mʘ 
1.327 x 10

11
 11.1228 7680.456 10  77.9056 

19 
1 x 10

8
 

Mʘ 
1.475 x10

11 
11.1687 779.932 10

 77.9970 

20 
2 x 10

8
 

Mʘ 
2.950 x10

11
 11.4698 7739.731 10  78.5991 

21 
3 x 10

8
 

Mʘ 
4.425 x 10

11 
11.6459 7789.396 10  78.9513 

22 
4 x 10

8
 

Mʘ 
5.900 x 10

11
 11.7708 7815.892 10  79.2012 

23 
5 x 10

8
 

Mʘ 
7.375 x 10

11
 11.8677 7824.832 10  79.3948 

24 
6 x 10

8
 

Mʘ 
8.850 x 10

11
 11.9469 7835.758 10  79.5533 

25 
7 x 10

8
 

Mʘ 
1.032 x 10

12
 12.0136 7848.671 10  79.6872 

26 
8 x 10

8
 

Mʘ 
1.180 x 10

12
 12.0718 7863.570 10  79.8033 
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27 
9 x 10

8
 

Mʘ 
1.327 x 10

12
 12.1228 7880.456 10  79.9056 

28 
1 x 10

9
 

Mʘ 
1.475 x10

12 
12.1687 799.932 10

 79.9970 

29 
2 x 10

9
 

Mʘ 
2.950 x10

12
 12.4698 7939.731 10  80.5991 

30 
3 x 10

9
 

Mʘ 
4.425 x 10

12 
12.6459 7989.396 10  80.9513 

31 
4 x 10

9
 

Mʘ 
5.900 x 10

12
 12.7708 8015.892 10  81.2012 

32 
5 x 10

9
 

Mʘ 
7.375 x 10

12
 12.8677 8028.432 10  81.3948 

 

 

 

 
 

Fig. 1. The graph plotted between the radius of event horizon and corresponding change in entropy of 

the black hole in XRBs (Table 1). 
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Fig. 2. The graph plotted bet

n
 the radius of event horizon and corresponding change in entropy of the 

black hole in AGN (Table 2). 

 

 

6.  DISCUSSION AND RESULT 
 

In present work, we have derived the formula for the change in entropy of spinning 

black holes 
2

2
bhs BHs bhsS K R

c


 


  using '

BHs BHs sE K R  in equation for change in entropy  

2

2

.
bhS E

c


 


  (Mahto et al. 2011b). We have also calculated the change in entropy of 

different test spinning black holes in X-ray binaries (XRBs) and Active Galactic Nuclei 

(AGN) and some remarkable results have been obtained. To know more about the results, 

graphs have been plotted between: 

(i) the radius of event horizon (
bhsR ) of different test spinning black holes and their 

corresponding entropy change in XRBs (Fig. 1).  

(ii) the radius of event horizon (
bhsR ) of different test spinning black holes and their 

corresponding entropy change in AGN (Fig. 2). 

From the observation of the data in the Table 1 and 2, it is clear that the change in 

entropy of different test spinning black holes increases with increase in corresponding values 
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of the mass/radius of the event horizon in both case of XRBs and AGN. From the observation 

of the graph in the Figure 1, it is clear that the change in entropy of different  test black holes 

increases approximately linearly (slightly curved) with increase in corresponding values of the 

mass/radius of the event horizon in the case of XRBs, while exactly linear in the case of 

AGN. The graph plotted between the radius of event horizon (
bhsR ) of different test spinning 

black holes & their corresponding change in entropy in XRBs (Fig. 1) has the same nature of 

the graph plotted between the radius of event horizon of different test black holes and their 

corresponding entropy in XRBs using the well known relation of entropy 2/ 4 / 4bhS A R   

as proposed by Stephen Hawking (Hawking 1973, Mahto et al. 2012) and the graph plotted 

between the radius of event horizon of different test spinning black holes and their 

corresponding change in entropy in AGN (Fig. 2) is straight line justifying the validity of 

BHs BHs bhsE K R as proposed by Mahto et al. (2011a), because the relation 

2

2
bhs BHs bhsS K R

c


 


  has been derived using relation 

BHs BHs bhsE K R . When we compared 

the present work with that of non-spinning black holes (Mahto et al. 2014), we see that the 

change in energy and entropy of spinning black holes are the exactly same to the non-spinning 

black holes, while the event horizon of spinning black holes is half to that of the non-spinning 

black holes of the same mass. This shows that the change in energy and entropy are mainly 

dependent on the mass and independent of the event horizon of black holes. 

 

 

7.  CONCLUSIONS 

 

In the present research paper, we have drawn the following conclusions:  

(i)  The calculated values for change in entropy show that 0S   for each spinning black 

holes in XRBs and AGN. This result is good agreement with the second law of 

thermodynamics. 

(ii)  Larger the mass/ radius of event horizon, greater is the change in entropy of spinning 

black holes  and vice-versa.  

(iii)  Our result has good agreement in XRBs with relation of entropy 2/ 4 / 4bhS A R   as 

proposed by Hawking.  

(iv)  Mahto model for energy of the spinning black hole is justified. 

(v)  The change in energy and entropy are mainly dependent on the mass and independent of 

the event horizon of black holes. 
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