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Bödewadt flow and heat transfer of dusty fluid with Navier slip
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The current work deals with two-phase flow and heat transfer induced
by a mixture of fluid and dust particles revolving with a constant angular velocity
above a slippage planar wall. Interaction of the solids with the fluid through an
interaction force while rotating above the surface is formulated through a similarity
system of equations akin to the Bödewadt flow in the absence of suspended particles.
Although the velocity fields of fluid and solid are strictly coupled, the heat fields are
decoupled from the velocity fields, but they are still in contact with each other due
to the coupling of fluid and particle temperatures. The dusty fluid flow character is
simulated numerically to capture the fluid and dust phase behaviors. The momentum
and thermal layers are resolved in the presence of wall slip mechanism. Illustrative
and quantitative results are eventually presented reflecting the physical features of
particles and fluid at any stage of interaction during the rotary motion. It is revealed
that the wall slip mechanism can be effective enough to alter the usual Bödewadt
flow phenomenon.
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1. Introduction

Bödewadt flow is one of the classical fluid mechanics problems
involving a rotary motion over a planar wall, as physically observed in a well-
stirred cup of water [1]. Typical example of particle-fluid suspension in turbine
models was mentioned in [2], and some further applications were highlighted in
the publications [3–5]. The traditional Bödewadt flow and heat transfer, in which
the revolving motion far above a slippage surface is composed of both fluid and
solids of equal densities, are the main targets of the present investigation.

The Bödewadt flow accounting for a single fluid was often studied in the
literature by some researchers. The response of the finite Bödewadt flow to
a harmonic modulation was studied in [6]. Vertical magnetic field influences
were reported in [7]. The stability features of the fluid responding to small dis-
turbances were theoretically analyzed in [8]. The absolute and convective in-
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stability analysis was made numerically using a spectral method in [9]. The
development of boundary layers in fluids between two parallel disks was dis-
cussed in [10]. The effects of velocity slip were reported in the Newtonian and
non-Newtonian fluids [11, 12]. The potential effects of wall stretching on the flow
as well as heat transportation was investigated in [13]. A linear stability analysis
was conducted to examine the effect of shear-thinning fluids in Bödewadt flows
in [14]. The Bödewadt flow problem in which a nanofluid occupies the space
over an infinite disk was explored in [15] considering the Brownian motion and
thermophoresis effects. Similarity solutions of the thermal energy problem were
shown to exist only for permeable Bödewadt flows in [16]. The porosity effect
together with magnetic nanofluid in the presence of geothermal viscosity were
considered in [17]. The nonlinear thermal radiation and entropy generation for
the Bödewadt boundary layer were carried out in [18].

Two-fluid problems require the balancing of two phases. There are rare works
of fluid-particle suspension over the rotating system, such as [19] reporting the
effects of suction, [20] examining the impacts of Coriolis and centrifugal forces,
[21] exploring the dilute suspension, and [22] searching for the MHD influences.
Very recently, inspired by the above studies, [23] has reported the Bödewadt flow
with fluid-particle interaction over a standing still surface. When the far-above
disk flow revolves against a stretchable rotating disk, a dust phase was found to
reduce the velocity and temperature in [24].

The rotating flow problem of fluid-particle interaction has been investigated
recently in [23] when the wall slip mechanism impacts are missing. Therefore,
the essential motivation here is to complement the latter work by further explor-
ing the velocity slip on the wall and its potential contribution to fluid-particle
interaction features. As a consequence, depending on the density distribution
taking place within the interaction layer, the inward/outward spiralling of both
the fluid and dust phases will be identified. Moreover, the impacts of wall slip
on the thermal response of both phases are determined, with potential emphasis
upon the heat transfer enhancement.

2. Two phase Bödewadt flow equations

A fluid-particle mixture is supposed to be revolving over a fixed circular
plate with a constant angular speed Ω, see Fig. 1. We adopt the cylindrical
coordinate system (r, θ, z) and take the fluid velocity field (u, v, w) and particle
velocity field (up, vp, wp), respectively. The wall is fluid-permeable with the wall
transpiration

(2.1) w(r, z = 0) = −
√
νΩs,



Bödewadt flow and heat transfer of dusty fluid. . . 159

Fig. 1. A configuration showing the two phase flow in the Bödewadt boundary layer.

with s > 0 denoting the suction. Also, since the solids are in equilibrium with
the fluid revolving at the same rate, we may write:

(2.2) v(r, z →∞) = rΩ, vp(r, z →∞) = rΩ.

Moreover, due to the solid body rotation, the centripetal acceleration in the far
field balances the pressure gradient shared by both fluid and particle phases,
therefore,

(2.3) pr = ρrΩ2.

The radial and axial velocities far above the disk are undisturbed, where the
dust particles have the same density ρp as that of the fluid ρ, so

u(r, z →∞) = 0, up(r, z →∞) = 0,

wp(r, z →∞) = w(r, z →∞), ρp(r, z →∞) = ρ(r, z →∞).(2.4)

In addition to these, owing to the Navier’s fluid slip law at the wall in the radial
direction, the wall constraints are:

(2.5) u(r, z = 0) = luz(r, z = 0), v(r, z = 0) = 0,

where l is the slip coefficient of the fluid phase. As explained in [12], whenever
the disk surface has roughness thinner than the boundary layer thickness, in
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place of the no-slip condition, the fluid particle can be assumed to have a ve-
locity slip represented by the local shear stress at the wall as above. We should
alert that strictly no wall boundary conditions are required for the dust phase,
since viscous forces are not needed therein. Because of the fact that the rela-
tive motion of dusty flow induces temperature fields T and Tp, respectively for
the fluid and particles, we may assume further the constant wall and ambient
temperatures, namely:

(2.6) T (r, z = 0) = Tw, T (r, z →∞) = T∞, Tp(r, z →∞) = T∞.

Taking into account the axisymmetric fluid and dust conditions, two phase
equations for the fluid velocities and temperature are given by [23]:

u

r
+ur+wz = 0,

up
r

+upr+wpz+
ρpz
ρp
wp = 0,

uur−
v2
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(
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r
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+
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upTpr+wpTpz = −1

τ
(Tp−T ).

The system (2.7) arises from the usual equations of equilibrium for both
fluid and particles phases, and the parameters representing density, kinematic
viscosity, thermal conductivity and specific heat are respectively, ρ ν, κ and cp.
It is also taken cm = cp for simplicity. Moreover, τ is the relaxation time, from
the Stokes drag law. The Stokesian relaxation time for momentum, and that
for temperature differs in general, but for the sake of simplicity, they are taken
equal in the present analysis. It is also recalled that the difference terms of the
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right hand sides of (2.7) are due to the forces and energies representing the
particle-fluid interactions.

Benefiting from the von Karman like Bödewadt [1] similarity transformations
by means of:

(2.8)

u = rΩF (η), v = rΩG(η), w = (νΩ)1/2H(η),

p = −ρνΩP (η) + 1
2rρ

2Ω2, T = T∞ + (Tw − T∞)θ(η),

up = rΩFp(η), vp = rΩGp(η), wp = (νΩ)1/2Hp(η),

Tp = T∞ + (Tw − T∞)θp(η), ρp = ρQ(η),

η = (Ων−1)1/2z,

the system (2.7) together with the constraints (2.1)–(2.6) are reduced to

(2.9)

2F +H ′ = 0,

2QFp +QH ′p +Q′Hp = 0,

F ′′ −HF ′ − F 2 +G2 + βQ(Fp − F ) = 1,

F 2
p −G2

p +HpF
′
p + β(Fp − F ) = − 1

Q
,

G′′ −HG′ − 2FG+ βQ(Gp −G) = 0,

2FpGp +HpG
′
p + β(Gp −G) = 0,

H ′′ −HH ′ + P ′ + βQ(Hp−H) = 0,

QHpH
′
p + βQ(Hp −H)− P ′ = 0,

θ′′ − PrHθ′ + PrβQ(θp − θ) = 0,

Hpθ
′
p + β(θp − θ) = 0,

F = LF ′, G = 0, H = −s, θ = 1 at η = 0,

F = 0, G = 1, θ = 0 as η =∞,
(2.10)

Fp = 0, Gp = 1, θp = 0 as η =∞,
Hp = H, Q = 1 as η =∞.

The density ratio of fluid and particles is measured by Q in (2.9)–(2.10). The
pressure field can be non-trivially obtained after resolving the velocity fields.
Equating the two pressure gradient terms in (2.9) enables us to write

(2.11) QHpH ′p = −H ′′ − 2βQ(Hp −H) +HH ′,

relating the axial components of fluid and particle.
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In the reduced system (2.9)–(2.11),

(2.12) β =
1

Ωτ

is the interaction parameter controlling the two-fluid flow problem,

(2.13) L = l(Ων−1)1/2

as the velocity slip parameter of the fluid at the wall, and

(2.14) Pr =
νρcp
k

is the usual Prandtl number. In the case of β = 0, we reach the conventional
Bödewadt fluid flow problem [12].

We can further define the reduced heat transfer rates of the fluid and particles
by

(2.15) Nuf = −θ′(0), Nup = θp(0).

Analogously, the normalized wall shears are

(2.16) −G′(0), Gp(0)

and

(2.17) F ′(0), Fp(0).

In addition to these,

(2.18) −H(∞) = −Hp(∞),

represents the amount of solid/fluid away from the disk.
From (2.12)–(2.18), the interest is with the quantities F ′(0), Fp(0), G′(0),

Gp(0), θ′(0), θp(0), Q(0) and H(∞), which are evaluated with varying physical
parameters L, β, s and Pr, respectively. Since we are primarily interested in the
effects of wall slip and fluid-particle interaction, we fix s to 2 and Pr to 1, in the
subsequent calculations. The studied ranges of L and β are, [0, 2] and [0, 1.5],
respectively, though a much vaster range can be recovered. We should recall from
the comment in [23] that the impermeable wall has no similarity solutions for the
suspended particle problem. Besides, the thermal field receive similarity solution
only for non zero values of the suction parameter s [16].
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3. Results and discussion

Simulation of system of equations (2.9)–(2.10) is fulfilled by a spectral collo-
cation method based on Chebyshev polynomials. The obtained numerical results
were also checked via solving the equations on the Mathematica platform. In or-
der to validate the current physical model, Figs. 2(a–g) are drawn initially in the

(a) (b) (c)

(d) (e) (f)

(g)

Fig. 2. For the case of no-slip, (a–c) the fluid phase, (d–f) the particle phase and (g) the
density ratio.



164 M. Turkyilmazoglu

Table 1. Comparisons with the data in [23] (referring to the succeeding rows) in
the case of no-slip.

β −F ′(0) G′(0) −H(∞) −Fp(0) Gp(0) −Hp(0)

0.0 0.64683711 2.15600161 1.70352586 0.03140947 1.00768640 2.02516567
— — — — — —

0.5 0.57689166 2.30374958 1.76248349 .06851471 0.93720578 2.05590190
0.5770 2.3038 1.7622 0.0685 0.9373 2.0559

1.0 0.53951688 2.43421587 1.79842079 0.08888897 0.87159614 2.05984018
0.5396 2.4342 1.7983 0.0889 0.8716 2.0599

1.5 0.51917165 2.54527058 1.82139817 0.10075881 0.81490411 2.05844785
0.5192 2.5453 1.8213 0.1008 0.8149 2.0585

presence of no-slip at the surface. These figures are in full agreement with those
presented in [23]. It should be noted that [23] did not consider β = 0 in their
study, for which the fluid and particle phases are decoupled. To verify the present
calculations, quantitative results are also tabulated in Table 1, which are in ex-
cellent agreement. As concluded in [23], for the no-slip fluid case associated with
Figs. 1(a–g), an increase in the fluid-particle interaction parameter leads to less
inward spiralling of the fluid phase. In contrast to this, the spiralling is enhanced
in the particle phase, with strengthened radial inward and lowered circumferen-
tial velocities. To complete the picture as laid down in [23], more comments are
required when β = 0, that is, when the fluid and particles move independently,
as two phases are separated. In this special case, more axial movement of the
fluid (Fig. 1(c)) is balanced with the more radial displacement of the fluid near
the wall (Fig. 1(a)), with diminishing tangential velocity (Fig. 1(b)). As for the
dust particles dispersed within the momentum layer, their density distribution
varies along the axial direction. Indeed, the absence of particle-fluid interaction
gives rise to the lightest distribution of particles proximate to the wall, as clearly
visible in Fig. 1(g). To illustrate quantitatively, Q(0) = 0.847644 when β = 0
and Q(0) = 0.890161 when β = 0.5. Such particles near the wall are observed
to be revolving with slightly higher angular speed than those at the infinity,
refer to Fig. 1(b) and Table 1. Away from the wall in the intermediate layer,
particles are denser than the fluid (with increased density ratio Q(η)), resulting
in particles revolving velocity less than unity. Such particles possess the least
axial velocities, as seen from Fig. 1(f) and hence a radial outward flow having
negligibly small radial velocities occurs, in contrary to the radial inward move-
ment of particles close to the wall. Behavior in the far field of dust particles is
in line with that of fluid, since a settlement takes place as the constantly rotat-
ing region is approached for fluid and dust phases, in the regime of rigid-body
rotation.
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Fig. 3. Temperature profiles of (a) fluid phase and (b) dust phase for L = 0.

Figures 2(a, b) are to reveal the thermal behaviors of fluid and dust phases,
when the no-slip at the wall applies. It is clear that interaction reduces the
temperatures of fluids, whereas it enhances the temperatures of particles. It is
remarked that when β = 0, the fluid has the highest temperature distribution
within the thicker thermal layer. On the other hand, temperature of the particles
is constant all the way from the infinity up to the wall, when β = 0. The particle
phase encounters a thickening thermal layer, unlike that of a fluid phase. Such
a behavior is, no doubt, as a result of a crucial role of the axial velocities of
fluid and particle in the associated energy equations. Hence, Figs. 2(a, b) and
Table 2 are clear evidences that the interaction cools the fluid, while heating the
particles.

Table 2. Fluid heat transfer rate and particle temperature values in the case
of no-slip.

β −θ′(0) θp(0)

0.0 1.91142531 0.00000000
0.5 2.13503044 0.11183009
1.0 2.28978804 0.18606236
1.5 2.41025336 0.24319613

The effects of fluid slip at the wall are next demonstrated in Figs. 3–12. As
compared to the no-slip case displayed in Fig. 1(g), the slip mechanism decreases
the density ratio next to a surface, where solid particles being lighter than fluid
are involved. The influence of slip is appreciably felt with weak interaction,
rather than increasing β, refer to Table 3. The mid layer is exposed to dust
particles heavier than fluid, whose extend is also increased with an increasing
slip parameter.
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(a) (b)

Fig. 4. Evolution of density ratio under slip effect; (a) L = 1 and (b) L = 2.

(a) (b)

Fig. 5. Radial fluid velocities; (a) L = 1 and (b) L = 2.

Table 3. Variation of density ratio at the wall.

L β = 0 β = 0.5 β = 1 β = 1.5

0 0.84764416 0.89016062 0.91919691 0.93833172
1 0.80348846 0.86407976 0.90391762 0.92855536
2 0.78795419 0.85637980 0.89991546 0.92617494

As far as the fluid phase is concerned, it is witnessed from Figs. 4(a, b) that
the velocity slip naturally pushes more fluids in the radial direction with higher
speeds by the action of a wall slip mechanism. Not much sensible change is ob-
served in the circumferential velocities of the fluid as compared to Fig. 2(b), with
the exception that there occurs a crossover in G(η) near η = 1, see Figs. 5(a, b).
This implies that an increasing interaction between the solids and fluid together
with the wall slip alters the rotation character of fluid near the wall and away
from the wall. This is certainly due to the consequence of mixture distribution
shown in Figs. 3(a, b). In comparison with the no-slip axial velocities exhibited
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(a) (b)

Fig. 6. Tangential fluid velocities;(a) L = 1 and (b) L = 2.

(a) (b)

Fig. 7. Axial fluid velocities; (a) L = 1 and (b) L = 2.
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Fig. 8. Fluid temperatures; (a) L = 1 and (b) L = 2.

in Fig. 2(c), the magnitudes of sucked velocities are dropped when the slip effect
is considered as demonstrated in Fig. 6(a, b), also refer to the list in Table 4.
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(a) (b)

Fig. 9. Radial particle velocities; (a) L = 1 and (b) L = 2.

(a) (b)

Fig. 10. Tangential particle velocities; (a) L = 1 and (b) L = 2.

(a) (b)

Fig. 11. Axial particle velocities; (a) L = 1 and (b) L = 2.

In addition to this, profiles are monotonic and the inflectional character of axial
velocity is no longer present under the influence of wall slip.
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Fig. 12. Particle temperatures; (a) L = 1 and (b) L = 2.

Figures 7(a, b) indicate that slip increases the temperature profiles by grad-
ually thickening the thermal layer during the fluid phase. Table 4 justifies that
slip leads to decrease in the rate of heat transfer at the wall, owing to the heat-
ing effect. The slip is also seen to reduce the radial wall shears leading to less
drag, as expected [25]. The radial shears are further decreased by the action of
interaction. On the other hand, tangential wall shears are enhanced by both slip
(less) and interaction (much) mechanisms.

Table 4. Fluid velocity and temperature properties for changing slip parameters.

L β −F ′(0) G′(0) −H(∞) −θ′(0)

0 0.0 0.64683711 2.15600161 1.70352586 1.91142531
0 0.5 0.57689166 2.30374958 1.76248349 2.13503044
0 1.5 0.53951688 2.43421587 1.79842079 2.28978804
0 1.5 0.51917165 2.54527058 1.82139817 2.41025336
1 0.0 0.23750746 2.20200353 1.43162670 1.75937273
1 0.5 0.19445671 2.32376296 1.56101755 2.03869279
1 1.5 0.17163557 2.44822751 1.63448410 2.21224880
1 1.5 0.15845967 2.55741215 1.67891940 2.34177489
2 0.0 0.14816311 2.21913731 1.35966570 1.71619029
2 0.5 0.11825758 2.32990200 1.51472604 2.01600191
2 1.5 0.10285817 2.45206646 1.60028097 2.19570303
2 1.5 0.09408281 2.56048765 1.65105118 2.32808598

To gain insight into the velocity field of particle phase, radial velocities are
increased in magnitude as for the fluid phase, depicted in Figs. 8(a, b), recall also
Fig. 1(d). Due to the distribution of particles close and midway to the wall as
previously discussed from Figs. 3(a, b), less interaction gives rise to the backward
radial flow. Moreover, weak interaction with an increasing slip parameter causes



170 M. Turkyilmazoglu

the particles next to the wall, revolve at smaller and smaller angular speeds than
those at the infinity, as it can be inferred from Figs. 10(a, b). As a result, particle
axial velocities are decreased from Figs. 11(a, b), and particle temperatures are
increased from Figs. 12(a, b) pronouncedly for weak interactions. Table 5 sum-
marizes the features of particle phase to emphasize the aforementioned physical
indications.

Table 5. Particle velocity and temperature properties for changing slip
parameters.

L β Fp(0) Gp(0) −Hp(∞) θp(0)

0 0.0 0.03140947 1.00768640 2.02516567 0.00000000
0 0.5 0.06851472 0.93720578 2.05590190 0.11183009
0 1.5 0.08888897 0.87159614 2.05984018 0.18606236
0 1.5 0.10075881 0.81490411 2.05844785 0.24319613
1 0.0 0.04463133 1.00097462 1.78350041 0.00000000
1 0.5 0.09883966 0.94684029 1.90973779 0.13037873
1 1.5 0.12818831 0.88136506 1.94940321 0.20592463
1 1.5 0.14610618 0.82341386 1.96764064 0.26254666
2 0.0 0.05043344 0.99652041 1.71956014 0.00000000
2 0.5 0.10644347 0.94963302 1.87846214 0.13530892
2 1.5 0.13676477 0.88395260 1.92786386 0.21042896
2 1.5 0.15526895 0.82551095 1.95095220 0.26655047

4. Conclusions

The classical Bödewadt flow is considered here when the revolving fluid far
above a cylindrical wall is interacting with the particles having the same density
as the fluid. Hence, the resulting two-phase flow is numerically studied first
solving the system of similarity equations. Having resolved the velocity field of
fluid and solids, energy equations are also numerically treated to conceive the
thermal responses of both fluid and particle phases. The effects of interaction
parameter and slip parameter on the physical phenomena can be summarized in
the following list:

• When the phases are separate, the fluid moves rapidly downwards with
increased radial velocities.

• The density of the mixture drops proximate to the wall, signifying parti-
cles lighter than fluid accumulated therein, the lightest occurring without
interaction.

• The slip mechanism is more effective on the fluid, but slightly changes the
particle phase.
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• A region of particles revolving at smaller angular speed than the unity is
anticipated by the presence of a wall slip, which implies a radial outward
flow contrary to the inward one in the absence of a slip.

• Interaction reduces the fluid temperature, and enhances the particle tem-
perature. Therefore, surface cooling of the fluid is achieved by more inter-
action.

• A slip leads to thicker thermal layers, and hence heating.

Data availability

The data that support the findings of this study are available from the cor-
responding author upon reasonable request.
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