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DISTRIBUTION DETERMINATION OF TIME OF EXCEEDING
PERMISSIBLE CONDITION AS USED TO DETERMINE LIFETIMES
OF SELECTED AERONAUTICAL DEVICES/SYSTEMS

WYZNACZENIE ROZKLADU CZASU PRZEKRACZANIA STANU GRANICZNEGO
1JEGO ZASTOSOWANIE DO OKRESLANIA TRWALOSCI
WYBRANYCH URZADZEN LOTNICZYCH*

The paper refers to the modelling of changes in ever-growing deviations from diagnostic parameters that describe health/
maintenance status of one from among numerous aircrafi systems, i.e. of a sighting system. Any sighting system has been in-
tended, first and foremost, to find a sighting angle and a lead angle, both of them essential and indispensable to fight hos-
tile targets. Destructive factors such as, e.g. ageing processes, that keep affecting the aircraft as a whole throughout its op-
eration, make these angles change: actual values thereof differ from the calculated ones. Such being the case, a considerable
error may be introduced in the process of aiming the weapons to, in turn, result in the reduction of values that describe the
quality of the sighting process. That is why any sighting system requires specific checks possibly (if need be) followed with some
adjustments (based on the findings of these checks) to remove negative effects of any ageing processes that might have affect-
ed this system. Determination of the density function of the deviation using difference equations and the Fokker-Planck equa-
tion is a basic element of the presented method, which enables next analyses. Innovative elements of the paper are as follows:
—determination of distributions of time of exceeding the permissible (boundary) condition using the density function of the deviation,
—application of distributions of time of exceeding the permissible (boundary) condition for modification of operation/maintenance

systems of selected aeronautical devices. The paper has been concluded with a numerical example that proves the application-
oriented nature of the issues in question, represented by the earlier conducted assessment of lifetimes of the systems intended to
find the sighting and lead angles (e and p). The in the paper discussed method to assess the lifetime may as well be applied to an-
other systems/devices. It shows a versatile nature and makes a valuable contribution to the methods of maintaining any engineered
systems in good condition (i.e. of providing maintenance to any engineered systems).

Keywords: reliability, life, permissible condition, lead angle, sighting angle, airborne sighting system.

Praca dotyczy modelowania zmian narastajgcych odchytek parametrow diagnostycznych charakteryzujgcych stan techniczny jed-
nego z systemow statku powietrznego, tj. systemu celowniczego. Jednym z glownych zadan systemu celowniczego jest wyznaczenie
kqtow celowania i wyprzedzenia niezbednych do zwalczania celow przeciwnika. Oddziatywanie w czasie eksploatacji statku po-
wietrznego czynnikow destrukcyjnych m.in. procesow starzeniowych, powoduje, Ze kqty te ulegajq zmianie i ich rzeczywiste wartosci
rozniq sie od wartosci kqtow obliczeniowych. Wystgpienie takiej sytuacji powoduje wprowadzenie dos¢ istotnego bledu do procesu
celowania i obniza wartos¢ wskaznikow charakteryzujgcych jakosc jego przebiegu. Z tego tez wzgledu system celowniczy wymaga
okreslonej kontroli i w oparciu o uzyskane wyniki, potencjalnej regulacji majgcej na celu usuniecie ujemnych skutkow procesow
starzeniowych celownika. Podstawowym elementem pracy umozliwiajgcym dalsze analizy bylo wyznaczenie funkcji gestosci od-
chyltki z wykorzystaniem rownan roznicowych oraz rownania Fokkera-Plancka. Do nowatorskich elementow pracy nalezy zaliczy¢:
— wyznaczenie rozkladu czasu przekroczenia stanu dopuszczalnego (granicznego) z wykorzystaniem funkcji gestosci odchytki,
— zastosowanie rozkltadu czasu osiggania stanu granicznego do modyfikacji systemow eksploatacji urzqdzen lotniczych.
Praca podsumowana jest przyktadem obliczeniowym przedstawiajqcym aplikacyjny charakter poruszanej tematyki, odwzoro-
wanej na przykladzie oceny trwatosci uktadow okreslajgcych kqt celowania i wyprzedzenia (¢ i ). Przedstawiona metoda oceny
trwatosci w niniejszym artykule moze byc zastosowania do innych urzqdzen. Ma ona ogolny charakter i stanowi wkiad do metod
utrzymania systemow technicznych.

Stowa kluczowe: niezawodnosé, trwatosé, stan dopuszczalny, kqt wyprzedzenia, kgt celowania, celownik lotniczy.

1. Introduction and various areas they are functioning in, and many and various fac-
tors that considerably affect processes of providing maintenance to

The i f idi int t i d t . . .
© 155ues Ol providing maintenance to any engineered systems the engineered systems [1, 21, 32, 35, 36, 42]. The available literature

require to be approached from many aspects. The reasons are: many

(*) Tekst artykutu w polskiej wersji jezykowej dostepny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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on the designing of strategies of how to provide maintenance to en-
gineered objects delivers numerous classifications of models in ques-
tion [2, 4, 5, 19, 26, 29]. Among them, there are some of extremely
great significance, i.e. ones where the system’s renewal is based on
checking some specific diagnostic parameters. These are models of
the so-called condition-based maintenance [7, 8, 12, 17, 22]. Further-
more, there are many studies where authors have assumed that a fail-
ure to a system is a rapidly occurring event. In the 1970s an idea of the
Delay-Time Analysis (DTA) was developed. A good deal of publica-
tions on the modelling and implementation of the DTA concept have
been issued up to the present [20, 25, 40]. The maintenance-dedicated
literature proves both the significance of keeping devices/systems op-
erational and the ever growing costs of maintaining this serviceability.
At the same time, it should be emphasized here that there is a good
many works in the available literature that deal with the problems
of the environment/ambient conditions, ageing and wear-and-tear
processes, etc. that affect the functioning of any engineered system
[14, 31, 33, 37].

Devices/systems used in military aircraft are usually highly tech-
nologically advanced. This is the reason why formulation/generation
of optimum operational models of these systems proves a complicated
task. Methods based on changes in diagnostic parameters prove then
extremely useful for the assessment of reliability and life of aeronauti-
cal devices/systems [24, 38, 39, 41, 43, 44]. The primary objective of
a military aircraft is to perform a specified mission, in the course of
which it quite often happens that air warfare agents have to be used.
Effectiveness of applying them depends on many and various factors,
just to mention:

1) health/maintenance status of an aircraft weapon system,
2) conditions for performing the combat mission in question,
3) the kind of a target to be attacked,

4) pilot’s skill, etc.

Since the range of topics in this area is really wide, the main fo-
cus of attention is analysis of health/maintenance status of a selected
subsystem of an air weapon system, in the case given consideration,
a sighting system which remained under examination throughout its
operation.

The sighting system is considered serviceable (fit for use), if check
parameters remain within the tolerance limits (interval). If not, the
system should be subjected to maintenance to restore nominal values
of its functional qualities/parameters. Therefore, the essence of the
whole process of the sighting system’s operation resolves itself into
that diagnostic parameters are not permitted to exceed the specified
level of error, which makes the system fully and successfully used.
Destructive processes affecting the sighting system are unavoidable.
What results is the loss of nominal values by the diagnostic param-
eters. Hence, it is essential to determine the moment values of the
diagnostic parameters reach the permissible (boundary) level. Such
being the situation, it is necessary to interfere in the system’s structure
to remove negative effects of destructive factors affecting it.

The sighting marker displayed on the reflector of a sight head is
probably the most essential functional parameter of a sighting system.
While aiming at a target, the pilot/operator is expected to make the
sighting marker stay in alignment with the target. Its position is de-
fined with two angles, i.e. a sighting angle and a lead angle. Hence,
final effects of the aiming process are conditioned by the accuracy of
values found for these angles.

Let us assume that deviation from the analytical value can be
found in the following way:

o= <| [~ R [F- R[5 -m] |, 0

where:

X  — analytical value of the lead angle at the final instant
of the aiming process;

Wy, — a real-time value of the sighting angle or the lead
angle found at the final instant of the aiming process;

[X -X } — an error of the model of calculating the sighting
angle or the lead angle;

[)? —)?1} — a transferred error of data for calculating the
angle of interest;

[)? 1— W0] — an error generated by the algorithm for calculat-

ing the X; function.
Destructive processes result, among other things, in some change

in W, . Hence, deviation effected by these processes can be deter-
mined in the following way:

Z= |W(t) - Wo| ; @)

where:
W(t) — destructive-processes-affected value of an angle;

Z(t) — deviations described as an increasing stochastic pro-
cess.

Increments in the value of deviation result from the deterioration
in the health/ maintenance status of assemblies and units of a system/
device due to destructive processes of the ageing, wear-and-tear, and
fatigue nature that affect the system’s/device’s components, assem-
blies, etc. Deterioration in health of the system’s assemblies/units is
not always directly indicated and warned of, which makes any evalua-
tion thereof rather difficult; hence the idea of applying the ever grow-
ing deviations in diagnostic parameters or operating characteristics
of the system/device in question to estimate probability that a fail-
ure occurs within the interval (0, #) by means of a reliability function
determined on the basis of the distribution of time of exceeding the
permissible (boundary) condition.

The sight to be used on an aircraft has to be set up in some cor-
rect position (aligned to its axis), so that the optical line of the sight
points to the null position. Destructive effect of ageing processes re-
sults in the deviation of the optical line of the sight from the null posi-
tion. Therefore, relationship (2) can be written down in the following
form:

z2=|Z -2y, 3)
where:

z — deviation from the null position of the line of sight-
ing, treated as a diagnostic parameter;
Z  — position of the line of sighting as evaluated with ac-
count taken of effects of destructive processes;
Zy — required value of the null position of the line of sight-
ing.

2. How to find the density function of the null position
of the line of sighting
The following assumptions have been made in the model pro-

posed to evaluate stability of the null position of directions of sighting
and allowance:
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1) the system’s health/maintenance status is determined with one
diagnostic parameter “z” in the form of deviation from the ini-
tial (zero) value:

:|Z_Znom| > (4)

where: Z,,,, — nominal value (null position) of the diagnostic param-
eter;

2) deviation of the diagnostic parameter changes throughout the
whole operational phase of the aircraft, i.e. while in the air and
during parking;

3) the “z” parameter is non-decreasing;

4) therate of changes in the diagnostic parameter can be described
with the following relationship:

dz
—=c, 5
% ®)
where:

¢ — random variable that describes changes affected by fea-

tures of the system’s components;

t — calendar-based time.

[T

The dynamics of the rate of changes in the deviation of “z” can
be described, when approached stochastically, with the following dif-
ference equation:

Uz,t+At = (1 - P)Uz,t + PszAz,t > (6)

where:
U, , — probability that the diagnostic parameter takes value
z at time instant ¢;
P — probability that value of the deviation increases
throughout time interval At by the amount of Az;
Az —increment in the deviation.

For probability equal to P = 1, eq (6) can be written down - with
the functional notation applied - in the following form:

u(z,t+At)=u(z—Az,t), @)

where: u(z,f) — density function of values of deviations of the diag-
nostic parameter as affected by time.

Eq (7) should be read in the following way: probability that at
time instant # value of the deviation was z - Az and throughout time in-
terval At increased by Az. Eq (7) is now to be rearranged into a partial
differential equation. Therefore, the following approximations are to
be introduced now [10, 13, 28, 30]:

u(z,t+At): u(z,t)+ 6u(z,t)At’

®)
u(z Azt) u(zt)_éu(zt) 16u(zt)( )
Now, if we apply eq (8) to eq (7), the latter takes the form:
2
8u(z,t):_b8u(z,t)+la6 u(z,t), ©)
ot Oz 2 622

where:
b = E[c]— an average increment in the diagnostic parameter’s
deviation per time unit;

b = E[c*] — amean square of the increment in the diagnostic
parameter’s deviation per time unit.

Let us find a particular solution to eq (9), such that for t — 0 is
convergent to the so-called Dirac function, i.e. u(z, £) —> 0 for z # 0
and u(0, £) > +eo but in such a way that the integral of function u
equals ‘1” for all > 0.

Solution to eq (9) for the above-formulated condition takes the
form [10, 13, 28, 30]:

EBO)Y

24(t)

1
SR = ToN ’ o

where:

t
B(t)=[bdt=bt =z,

(: (11)
A(t): .[adt —at=ct.

0

The density function of the increase in value of the diagnostic
parameter’s deviation can be directly applied to evaluate reliability of
the system/device in question.

3. How to find distribution of time of exceeding the
permissible (boundary) condition

Probability that the diagnostic parameter exceeds the permissi-
ble (boundary) value can be presented — using the density function of
changes in the diagnostic parameter’s deviation (10) — in the follow-
ing form [3]:

(z-bry
e 2at (z, (12)

< o1
Q(’;Zg ): | N
Zg

The density function of the distribution of time the permissible
value z, has been exceeded for the first time takes the following form:

f(t):gg(t;zg). (13)

With account taken of eq (10), the following is arrived at:

- (z—brY
f(t):gj. L o 2 g (14)
ot} \omar
g
Therefore,
(z—bt)2
1 2a |l (15)

f( ) '[ 6t N ZTca
Having accepted definition (10), we get:

1= I{ u(z, t)} (16)
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Furthermore, the time derivative of function (10) takes the following
form:

—[u(z t)] u(z t)[z—bt—at]. a7

Eq (17) has been substituted into eq (16):

r)., -1 [u (= t)(zbz_mﬂdz (s

Zg

Now, we are looking for the antiderivative of the function for the inte-
grand in eq (18). We predict that function of the following form:

w(zt)=u(z, t)( “’”j,

is the antiderivative of the function for the integrand in eq (14).
Let us make a check:

[(Z )[ z+sz}7u(2 )( z— bt)( z+sz u(zt)( ]
=u(z,t){%§+bt)_2ﬂ (I){Z‘bzt“”}.

(19)

Hence the inference that the antiderivative of the function against the
integrand in eq (18) takes the form:

w(z.t)=u(z, t)( (”bt)j (20)

Therefore, if the integral (18) is calculated, we arrive at what fol-
lows:

_(zg —bt)z

z, +bt
£ L o . @21

2t 2 at

f(t) (e, t)( z+btJ

‘g

Relationship (21) determines the density function of time the
boundary (permissible) condition has been exceeded for the first time
by the diagnostic parameter’s deviation.

4. Evaluation of lifetimes of some selected structural
units of the sight

A formula for the reliability of the aircraft system’s/device’s unit
takes the form [11]:

R(t)zl—jf(t)z dt, (22)
0 4

where the density function f (t)z is defined with eq (21).
g

On the other hand, the unreliability of the aircraft system’s/de-
vice’s unit can be found from the following relationship:

~ zg—bt)z

e 2a gr. (23)

z, +bt 1

Q()Ig, N

The integral (23) should be reduced to some simpler form. It can
be noticed that the integrand can be written down in the following
form:

B (bt—zg)2

2at , (24)

(zg—bl‘)z
zg+bt 1 *T:zg+bt. 1 .

. e
2t \2nrat 2t N 2mat

the problem can then be reduced to solving the indefinite integral:

e 2 gr. (25)

After substitution

(bt—zg)zzu

2at

the integral (25) takes the form:

z, +bt 1

g . —u 2at®
'[ 2t \/21'5 at ¢

(bt 2 )bt~ 2)

|-
Iﬁe du. (26)

Then, another substitution should be made:
u=w,
du =2wdw )

Taking account of the above written relationships the integral (23)
can be written in the following form:

_ -
—e w? 2wdw=——|e 27
5 f E N3 | @7
After substitution:
2
W2
2
Y
dw=—=,
V2
the integral of the form:
L
[e 2 ay. (28)
21
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has been arrived at, where:

bz‘—zg

Jat

If the results found are introduced into eq (22), the following for-
mula for reliability is arrived at, providing that the limits of integra-
tion are properly written down:

bt-z 4
a2
R(t)=1- [ e 2ay. (29)
NP

Cumulative distribution function for the standard normal distribu-
tion takes the form [27]:

2
b

1t 2
(D(x)_ﬁ,{o e dy. (30)

With eq (29) taken into account, the final form of the formula for
reliability of the aircraft’s structural component can be expressed with
the following relationship:

R @)=1-0| % | (1)

where:
b*and a"— coefficients estimated on the basis of data received
from the aircraft operation-and-maintenance processes.

Therefore, the probability that an aircraft’s system/device suffers
a failure can be found from the following relationship:

0" =1-R'()=0(y), (32)
where:

*
_b t—zg4

y = (33)

*
at

Eq (33) is multiplied by ‘—1°. This is the way to pass from the
negative semi-axis to the positive one; now, the ‘reliability’ can be
referred to instead of the ‘“unreliability’.

. z,—b't
Y == (34)
at

To settle the reliability level, one has to find the y* value from the
normal distribution tables. Then, with the y*value known, stability of
the null system can be determined:

2
(26%2 + () a)- \/(Zb*zg O I G
T= o~ . (39)

To make use of eq (35), one needs to find (estimate) values of con-
stants in this formula. Therefore, it is assumed that observation of the
system/device in question throughout the whole operational phase (i.e.
operation and maintenance) thereof has delivered data on the growth
of the diagnostic parameter’s deviation, in the following form:

[(zo,to),(zl,tl ),(zz,tz),...,(zn,tn)]. (36)

The best way to find values of ‘a’ and ‘b’ for the data at hand is
a method that uses the likelihood function. The general-case form of
this function can be presented as the following relationship [6, 27]:

-1
L= g(tk,zk,91,92,...,9m), (37)
0

=

=~
Il

where:

g(t.24.61,0,....6,,) — density function of the total prob-
ability of variable z;
(61,6,.....6,,) — parameters of the density function;

z;  — measured values of the parameter z consumption at

time instants (11,%5,...,7; ), respectively.

Finding estimates 01* ,9;,..‘,9:,

of unknown parameters
6,,0,,...,0,, with the maximum likelihood method means nothing

but having solved equations of the following form:

OlnL

26,

0, (38)

where:
Jj=12,....m;
m — the number of parameters that describe a given engi-
neered object.

Such being the case, finding estimates b" and " of unknown
parameters b and a with the maximum likelihood method means hav-
ing solved the following system of equations [6,27]:

. (39)
OlnL —0
oa

Having solved the system of equations (39) the b* and " are
found:

b'=n, (40)
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2
. 1l [(an —2)=b" (a1 — 1k )}
a ==y . (4D
M k=0 (trs1 1) 1,00 X:
0.30 \

5. A numerical case and final remarks \ \

A sighting head is one of the major components of m 0,60 5 Bl
an airborne sighting system. A sighting marker is dis- — b
played thereon. At the stage of the manufacture all the ik || —reoos
components are adjusted to have them furnished with ' \
nominal values to, in turn, perform a combat mission \ :
with the smallest error possible. 020

In the course of operation a check of the system’s
components being adjusted against each other is per- e | | |

formed, i.e. two parameters € and 3 are analysed. These N ® £ & &
are parameters that describe co-ordinates of the sight-
ing marker’s position for some pre-set conditions of the
system’s operation. With the operation-delivered data  Fig. 3. A graphically presented form of function of sighting head's reliability with account taken of

t [months]

on these co-ordinates it has been confirmed that values the diagnostics parameters under consideration
of these parameters change with time of the system’s ) ) ) ) .
operation (Fig. I). Numerical Verlﬁcatlo_n of the methqd in _questlc_)n, based on the
data shown in Fig. 1, consisted in finding values of the
120 density function coefficients ‘a’ and ‘b’ for both the di-
agnostic parameters; respectively, these values were as
follows:
1.00 - o——

a, =0.009,  b; =0.0076,  agz=0.0001, by =0.0001.

050 T (42)
e Bl
0,60 =DO=beta .
With the reliability level assumed to be R (t)=0.98,
i value of the diagnostic parameter has been found from
B ® Weime-epslon | o normal distribution tables: ¥ =2.32 . Then, the Zg
B lifetime - beta parameter has been found using technical documenta-
020 tion dedicated to maintenance services (e.g. Mainte-
nance Hanbdbook/Manual); what is to be found there is
information on permissible values of deviations of the
e 5 ’Q' o Py \@ & above-mentioned diagnostic parameters.

With the relationships derived above and values
found, time after which values of deviations of the diag-
Fig. 1. Graphically presented changes in values of diagnostic parameters of the sighting head against nf)?tlc parameters in question exceed the boundary .Con'

time of its operation dition has been calculated. For the case given consider-
ation, the time in question is as follows, respectively:

t [months]

0,04

Y t: =93 [months], tE =108 [months]. (43)

0,035

0,03 / \ 7\ Furthermore, using the above presented data, graph-
\ / \ ical forms of: the density function of the time the de-

viation keeps growing up to finally reach the boundary
) - / A G0 spiilon value (Fig. 2), and the reliability function R(¢) for the

\ analysed parameters (Fig. 3) have been found.

0,025

==l bets The discussed method of estimating effects of de-
0015 . o .

/ / \ structive processes upon the availability of airborne
s ; | | sighting systems seems correct and proper. The present-
/ / \ ed numerical case has both enabled verification of the
0.005 | formulated model and emphasised application-oriented

/ J advantages of the developed method. The in this way
0 -
& &

obtained results enable:
= * & L4 ® 1) The assessment of residual life of the sighting system
 [months] with the required reliability level maintained;

Fig. 2. A graphical form of the density function of time the deviation increases up to the boundary
value

62 ExspLOATACIA I NIEZAWODNOSC — MAINTENANCE AND REeLIABILITY VOL.18, No. 1, 2016




SCIENCE AND TECHNOLOGY

2) Estimation of the system’s reliability on the basis of a group of The above-presented method may prove useful in further efforts to
parameters recorded in the course of the system’s operation: make the process of operating and maintaining the aircraft furnished
3) Estimation of the system’s reliability on the basis of a selected with sighting systems more efficient.
diagnostic parameter; Considering the fact the method proves extremely versatile, it
4) Verification of the process of operating the sighting system may be successfully applied to determine residual life of any engi-
(making correction) to maintain the suitable level of reliability neered object, the health/maintenance status of which is found using
between particular checks. values of diagnostic parameters.
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