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Abstract. Minimal realizations of generalized Nevanlinna functions that carry the information
on their generalized poles of nonpositive type in an explicit form are established. These
realizations are based on a modification of the basic canonical factorization of generalized
Nevanlinna functions whereby the non-minimality problems in realizations that are based
directly on the canonical factorization are circumvented.
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1. INTRODUCTION

Generalized Nevanlinna functions, introduced and studied by M.G. Krein and H. Langer
in a series of papers, see [14—-16], as an extension of the class of ordinary Nevanlinna
functions, can be realized by means of (multi-valued) operators in Pontryagin spaces.
For every generalized Nevanlinna function f there exists a selfadjoint relation A in
a Pontryagin space {II, [, -]} with nonempty resolvent set p(A) and w € II such that

f(2) = f(z0) + (z — %) [(I+(z—20)(A— z)_l) w,w] .

Such an (operator) realization for f is not unique. Of particular interest are those
realization which are minimal; i.e, (operator) realizations for which

D=cls.{(I+(z—2)(A—2)""w:2z€pA)}.

In that case the analytic behavior of f corresponds to the spectral behavior of A
and vice versa; see [8,14]. This connection shows that explicit minimal (operator)
realizations of generalized Nevanlinna functions is an interesting and useful topic. By
means of reproducing kernel methods such minimal realizations have been constructed
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in the literature; the most general case can be found in [1]. However, the nature of
those realization is such that they do not provide much explicit information on the
generalized poles of the function.

More explicit realizations for generalized Nevanlinna functions have recently been
constructed which take into account the following canonical factorization of these
functions that can be found from [3,6].

Theorem 1.1. f is a generalized Nevanlinna function of index k if and only if there
exists an ordinary Nevanlinna function fy and a rational function v of degree Kk such
that f = rfor?. Here r#*(2) = r(2).

Minimal (operator) realizations of generalized Nevanlinna functions based on the
above factorization have been constructed by first constructing a minimal realization
for the following matrix-valued generalized Nevanlinna function

fo(z) 0 0
0 0 r7(2) ],
0 (2 0

where fj is an ordinary Nevanlinna function and r is any rational function. By properly
restricting such realizations, a realization of the generalized Nevanlinna function r for#
is obtained, see [2, p. 3800] or [7, Theorem 3.2]. However, the realization so obtained
need not be minimal; the non-minimality of those realizations is caused by the fact
that fo might have a generalized zero (pole) at 8 € RU{oo}, whilst r has a pole (zero)
at 3; see [2, Theorem 4.1] or [7, Corollary 4.3]; cf. Theorem 4.2 below. In the latter
paper, this possible non-minimal part is taken care of by going to quotient spaces,
while in the former paper the minimality is characterized. Neither procedure explicitly
presents the structure of the nonpositive eigenspaces.

The problem with constructing minimal realization from the product factorization
of generalized Nevanlinna is illustrated by the following example.

Example 1.2. The function f(z) = % belongs to the class of generalized Nevanlinna
functions of index 1. The canonical factorization of this function is given by

1 1

S =r@ o) =2 2

A factorization model for the function f uses a minimal realization of the rational
function r(z)r#(z) = % in a 2-dimensional Pontryagin space, say £, and a minimal
realization of the function fy(z) = z in a 1-dimensional Hilbert space, say $o. The
space that then appears as the corresponding realization space for f is the orthogonal
sum of these spaces: § = 9, & Hg. It is clear that such a realization for f is not
minimal: a minimal realization for f can be established in a 1-dimensional Pontryagin

space with negative index 1 (i.e. in an anti-Hilbert space).

In this paper minimal realizations of generalized Nevanlinna functions are es-
tablished in such a manner that the realization takes into account the canonical
factorization described in Theorem 1.1 while the minimality of the realization is not
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violated. These minimal realizations contain full information on generalized poles
of nonpositive type of the functions in an explicit form. In particular, the negative
index of the functions can be determined from the constructed minimal realizations.
After a couple of basic notions and some central properties of generalized Nevanlinna
functions are presented in Section 2, we introduce a modification of the canonical
factorization which can be used to construct minimal realizations. The main results
for the construction of such minimal models can be found in the last two Sections. In
Section 3 so-called minimal representations of generalized Nevanlinna functions are
introduced, see Theorem 3.5, and in Section 4, corresponding minimal realizations are
established; see especially Theorems 4.2 and 4.3.

2. PRELIMINARIES

2.1. ORDINARY AND GENERALIZED NEVANLINNA FUNCTIONS

A symmetric function f, f(z) = f(2z), meromorphic on C\R is a generalized Nevanlinna
function if the kernel N¢(z,w) := (f(z) — f(w))(z —w) ™! has finitely many negative
squares. This means that for arbitrary z1,..., 2, contained in the intersection of C*
with the domain of holomorphy of f, the Hermitian matrix (Ny(2i, 2;)); ;—; _, has
finitely many negative eigenvalues. The maximum number of negative eigenvalues of
all such Hermitian matrices is called the index of f. If f is a generalized Nevanlinna
function with index x, one writes f € M.

The class of generalized Nevanlinna functions with index zero, 9y, coincides
precisely with the class of (ordinary) Nevanlinna functions 9. Recall that a symmetric
complex function f holomorphic on C\ R is an ordinary Nevanlinna function if
Im (f(2)) -Imz > 0 for all z € C\R. Ordinary Nevanlinna functions are characterized
by their integral representation: f € 91 if and only if there exists a € R, b > 0 and
a nonnegative measure do, called the spectral measure of f, such that

f(z):a+bz+/<tiz _1+tt2) do(t), /fi(?z < 00; (2.1)
R R

here b is understood to be the spectral mass at co: b = do({cc}). Recall that the
notation 2= zy denotes the non-tangential limit from the upper half-plane to a point
of the extended real line if zyp € RU {oo} and otherwise it denotes an ordinary limit.
Using this notation the following basic facts about ordinary Nevanlinna functions can
be derived; for the last statement in Lemma 2.1 below see e.g. [13, Theorem on p. 109].

Lemma 2.1. Let f € M have the representation in (2.1). Then 2
lim  (z—2)f(z) = do({x}) € [0, 00);

Z/—\)IE]RU{OO}
lim &) € (—00,0) or lim /() = o0.
Z:>$€RU{OO} r—z :SzeR | T — 2

2) Here (z — 2)f(z) and % should be understood to be f(z)/z and zf(z), respectively, if = co



752 Seppo Hassi and Hendrik Luit Wietsma

Moreover, for all x € R such that o'(x) exists one has that

lim Im f(z) = 7o' (z) > 0.

z—x€eR

2.2. RELATIONS IN PONTRYAGIN SPACES

A linear space II together with a sesqui-linear form [-, -] defined on it, is a Pontryagin
space if there exists an orthogonal decomposition It + I~ of II such that {II*,[-,-]}
and {II", —[, -]} are Hilbert spaces, at least one of which is finite-dimensional; here
orthogonal means that [f*, f~] =0 for all f* € IIT and f~ € II". For our purposes
it suffices to consider only Pontryagin spaces for which II™ is finite-dimensional, its
dimension (which is independent of the orthogonal decomposition IIT + I17) is the
negative index of II. Recall that the dimension of all negative, nonpositive and neutral
subspaces of {II, [, -]} is less than or equal to this negative index.

A mapping H in {II, [-, -]} is a multi-valued operator (or relation) if H is defined on
a subset (called dom H) of II, maps each element x € dom H to a subset Hx := H(x)
of IT and is linear; i.e., linear relations on II can be identified with subspaces of II x II.
A subspace £ (£ C dom H @ mul H) of II is said to be invariant under H if

H(gNndom H) C £+ mul H,

where mul H = H(0) is the multi-valued part of H. This is equivalent for £ to be
invariant under the resolvents (H — 2I)~1, 2z € p(H). For any relation H in {II,[-,-]},
its adjoint, denoted as H! is defined via its graph as

grHY = {{f, f'y e U x1L: [f, '] = [f, 9] for all {g,¢'} € grH}.

In particular, if H is a densely defined operator, then H*! is the operator such that
[f, Hg] = [H¥ f, g], for all f € dom H and g € dom H. A relation A in {IT, [-,-]} is
selfadjoint if A = Al and an operator V from (a Pontryagin space) {IIy, [-,-]1} to
(a Pontryagin space) {Ilg, [-, ]2} is isometric if [f,gl1 = [V f,Vg]2 for all f,g € dom V.
An isometric operator U from {IIy, [, |1} to {Ila, [, ]2} is a standard unitary operator
if domU =1I; and ran U = II,.

2.3. MINIMAL REALIZATIONS OF GENERALIZED NEVANLINNA FUNCTIONS

If A is a selfadjoint relation in (a Pontryagin space) {II, [-, -]} with nonempty resolvent
set p(A) and w € II is such that f € 91, can be written as

f(2) :mqt(zfzfo) [(IJr(zfzo)(Afz)*l) w,w] , (2.2)

for some zg € p(A), then the pair {A,w} realizes f (and f + ¢ for every ¢ € R). In
particular, in the expression that {A,w} realizes f, the realizing space {II, [-, -]} and
the selection of the arbitrary but fixed point zg € p(A) are suppressed. To a realization
{A,w} we associated a y-field, v., via

Vo= T+ (z—2)(A—2)"")w, z € p(A). (2.3)
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By means of the v-field and the resolvent identity, (2.2) can also be written as

w = 'Yq[:]'}/z = [Vzvryw]’ Zw e p(A)

A pair {A,w} realizes f minimally if
D=cls. {1.:2€p(A)}=cls. {(I+(z—2)(A—2)"Nw:z€p(A)}.

If the realization is minimal, then p(A) coincides with the domain of holomorphy of f,
see [8, Theorem 1.1]. Moreover, if p(A) # 0, then p(A) contains all of C\ R except at
most finitely many points, see e.g. [9, Proposition 4.4]. The preceding implies that if f
is not identically equal to zero, then zj in (2.2) can be taken such that f(zo) is invertible.

All minimal realizations of generalized Nevanlinna functions are essentially equal:
if f € M, is minimally realized by {A;,w;}, where p(A;) # {0}, for i = 1,2. Then
there exists a standard unitary operator from {IIy,[-,-]1} to {Ils, [, ]2} such that
Ay = UAU! and wy = Uwy, see e.g. [11, Theorem 3.2]. The existence of a pair
{A, w} minimally realizing an arbitrary f € 0N, has essentially been established in
[14]; cf. [8, Section 2]. Since those minimal realizations are in a Pontryagin space
whose negative index is k, the preceding facts imply that all minimal realizations of
f €M, are in Pontryagin spaces with negative index x. Non-minimal realizations can
always be reduced to minimal ones by going to a quotient space invariant under the
realizing operator, see [19, Proposition 2.2]. The following criterium for the minimality
of a realization illustrates the preceding.

Corollary 2.2 ([19, Corollary 2.3]). Let {A,w} realize f € M,,. Then {A,w} realizes
f minimally if and only if there exists no non-trivial A-invariant subspace £ such that
[h,w] =0 for all h € £.

Theorem 1.1 shows that if f € N, \ {0}, then also —f~! € N,. There is an
explicit connection between (minimal) realizations of those two generalized Nevanlinna
functions if f is not constant: let A be a selfadjoint relation in {II, [, -]} and w € II be
such that {A,w} realizes f € M. Note here that since f is not constant p(A) # 0 and,
in particular, there exists zg € p(A4) such that f(zg) # 0. Using any such zy define
& € 11 and the selfadjoint relation A in {IL, [-,-]} via

O=—(f(20)) "w and (A-z)7"=(A=2)"" = 7(f(2) [, (2.4)
see (2.3). Then {A,w} realizes f (minimally) if and only if {A,&} realizes —f~!
(minimally), see e.g. [18].

2.4. GENERALIZED POLES

Recall, see [17], that if f is a generalized Nevanlinna function, then 8 € R or 8 = oo
is a generalized pole of positive type of f if

lim (8 — 2)f(z) € (0,00) or  lim /() € (0, 00), (2.5)

z—f 2= fB=00 *
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cf. Lemma 2.1. Furthermore, § € C U {oo} is a generalized pole of nonpositive type
(GPNT) of f ifi) p € C\ R is a singularity of f in which case the (positive) order of
the pole § is its multiplicity, or if ii) 8 € R or § = oo and the smallest nonnegative
number 7 such that

lim (8 — 2)* ! f(2) € [0,00) or lim f(2)z"?""! € [0,00) (2.6)
z—p Z—00

is positive; in this case 7 (= mg(f)) is the multiplicity of 5. In particular, 5 € RU{oo}
is a generalized pole of f if it is either a generalized pole of positive or nonpositive
type. Similarly, « € CU {oo} is a generalized zero (of positive type, or of nonpositive
type (GZNT)) of f if and only if « is a generalized pole (of positive or nonpositive
type) of —f~1 € M,, respectively. The multiplicity of the GZNT « is defined by
ka(f) = ma(—f~1). Using the introduced terminology, the following well-known, see
[17], characterization of the index of a generalized Nevanlinna function is obtained
from Theorem 1.1 and Lemma 2.1.

Corollary 2.3. Let f € M. Then [ has precisely k GPNTs and k GZNTs in CU{o0}
when taking into account their multiplicities.

The following basic result slightly extending [4, Lemmas 2.2 & 2.3| shows that
the generalized poles of generalized Nevanlinna functions correspond in their operator
realization to the spectral points of the realization.

Lemma 2.4. Let {A,w}, p(A) # 0, realize f € N, minimally. Then v € CU {oo} is
a generalized pole of f if and only if v € o, (A).

For v = oo the equivalence should be interpreted as follows: co is a generalized
pole of f if and only if A has a non-trivial multi-valued part.

Proof. The cases v = oo and v € R are contained in [4, Lemmas 2.2 & 2.3]. Hence,
only the case v € C\ R needs to be considered. Since p(A) coincides with the domain
of holomorphy of f, see e.g. [8, Theorem 8.8], and p(A) contains all of C\ R except
finitely many points, f has an isolated pole at « if v € 0,,(A) and is holomorphic at
if v ¢ o,(A). This proves the statement in this case by the definition of a non-real
generalized pole. O

Finally, for a generalized Nevanlinna function f define Py to be the set of all
B € RU{oo} for which there exists a positive integer 7 such that

lim (8 — 2)* 1 f(2) € (—00,0) or lim f(2)z 2" € (—00,0). (2.7)

z—f3 Z—00

In particular, Py is a subset of the set of all GPNTs of f, see (2.6). Furthermore, define
Z; to be P_g-1. These sets are more easily understood when expressed by means of
the product factorization of generalized Nevanlinna functions in Theorem 1.1; for an
analogous characterization, see [5, Section 3.2 & Proposition 6.6].
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Proposition 2.5. Let rfor®, where fo € M, be a factorization of f € N, as in
Theorem 1.1. Then

Pr={B€RU{oo}: 3 is a pole of r and a generalized zero of fo},

2.8

Zy={aeRU{oo}:a is a zero of r and a generalized pole of fo}. (28)
Proof. Tt suffices to prove the expression for Py. If 5 € R, rewrite r as (z — 5)""s(z)
where n € N and s is a rational function not having 8 as a pole or zero, then

lim (8 — 2)*" 71 f(2) = lim (8 — 2)*™r(2) fo(2)r7 (2)

z—p z—f3
(2.9)
= s(3)s(0) lmn =

Recall that im_~ (8 — 2) fo(2) € [0, 00) for all B and that lim_~ , 222) ig negative if 3

z— z—fB B—=z

Jo(2)

B| Bz
Lemma 2.1 and (2.5). With this in mind, (2.9) shows that if 5 € Py, then n =7 >0
(B is a pole of r) and S is a generalized zero of positive type of fy. Conversely, if § is
a pole of r and a generalized zero of positive type of fo, then (2.9) shows that (2.7)
holds with m = n > 0. Since a similar argument holds if 8 = oo, the expression for Py
has been proven. O

is a generalized zero of positive type of fo and that lim_~ = oo otherwise, see

3. A MINIMAL REPRESENTATION
OF GENERALIZED NEVANLINNA FUNCTIONS

Theorem 4.2 below shows that a minimal realization for f is readily obtained when
Pr and Z, see Proposition 2.5, are empty. When they are nonempty, a minimal
realization for f cannot directly be constructed from the product representation of f
as in Theorem 1.1. Instead in those cases that representation needs to be rewritten
into what we propose to call a minimal representation, see Theorem 3.5 below. This
minimal representation of f is obtained from the product representation of f € N, in
Theorem 1.1 by making explicit how that representation can be modified if Py # 0.
This is done by means of three statements starting with the following basic lemma. In
this first lemma the equivalence of (i) and (ii) can be considered as folklore.

Lemma 3.1. Let f € M have spectral measure do and let foo(2) := f(2) — bz, where
b is the spectral mass at infinity; see (2.1). Then equivalent are

(i) there ewists c € R such that lim_~__ 2 (foo(2) — ¢) ewists;

(ii) there ewists c € R such that lim_~__ foo(2) = ¢ and [pdo(t) < oo;
(iii) for every a € R there exists h € M for which co is not a generalized pole (of

positive type), and mq, ma, ms € R, such that

(z — )2 f(2) = m32® + ma2® + myz + h(2). (3.1)
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Moreover, if any of the above three equivalent conditions holds, then, with c

lim_~_ foo(2), the constant my, ma and mgz in (3.1) are
ms = b, meo = ¢ — 2ab,
m1 = a’b—2ac+ lim 2 (foo(2) — ¢) = b — 2ac — /U(t),
zZ—00
R

and the spectral measure of h is (t — a)?do(t).

Proof. We make use of the integral representation of f in (2.1):

R (e e

R

(3.2)

(i)=(ii). If (i) holds, then certainly there exists ¢ as in (ii). Let fi(z) :=
(f(z) —bz—c) € M, then (i) implies that limp_, ihf1(ih) exists. Therefore, by
[12, Lemma S.1.1.1] the spectral measure doy of fi satisfies [, doy(t) < co and
hence, (ii) holds, because doq(t) = do(t) for all t € R, cf. Lemma 2.1.

(ii)=(iii). If (i) holds, then @ in (3.2) is equal to ¢+ [, tfj:tz Hence,

(2 = @)?f(2) = (z = a)® bz+c+/j%(tz)
R

The integral condition satisfied by do shows that

(Z‘“)QR/(ZU_(Z) (:—a) /da /f—ta_)icr()

—(z — ) /da(t) +/ (t i o 1th2> (t — a)%do(t)
R R
+R/ (t(lt;;‘) - 1) (t — a)do(t).

Note that the integrant of the last expression is equal to

(A tai(t-a

1+¢2 do(t)

and, therefore, integrable by the assumption on do in (ii). Combining the preceding
calculations shows that (iii) holds, where the spectral measure of h is (t — )?do(t)

(iii) = (i). If (iii) holds, then clearly mgs = b; see (3.2) and Lemma 2.1. Therefore

(z — a)?(f(2) — bz) = (mg + 2ab)2* 4 (m1 — a?b)z + h(2).
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This shows that ¢ :=1lim_~ _(f(z) — bz) = (ma + 2ab), because lim_~ SUICIR

z2—00 z—00 (z—a)?

by Lemma 2.1. Consequently,
(z — )*(f(2) — bz —¢) = (m1 — a®b + 2ac)z — a’c + h(2).
From this it is easily seen that (i) holds. O
Transforming Lemma 3.1 to any point of the real line by means of the transformation
7(2) = (B — 2)71, B € R, yields the following result.

Lemma 3.2. Let f € 9 have spectral measure do and for 8 € R let fz(z) =
f(z)— % Then equivalent are
(i) there exists ¢ € R such that lim_~, %
(i) there exists c € R such that lim_= , fa(z) = ¢ and f0<‘t_,8|<1 % < 00;
(iii) for every a € (CU{oo})\ {B} there exists h € N for which [ is not a generalized
pole (of positive type), and mi,mgo, m3 € R such that

exists;

(z—a)(z-@) ms my m

CEE B-2P  (B-27 B-z

Moreover, if any of the above three equivalent conditions holds, then, with ¢ :=
lim = fa(2), the constant mq, mo and mg in (3.3) are

f(z) = Fh(z).  (33)

ms =8 —alfo({8}),  m2=|6-afc+(at+a-28)0({8}),

m =18 - o tim P2 4 o)) + (@ v w - 29

z— B -

and the spectral measure of h is E;:ggz do(t).

If @« = 0o in Lemma 3.2, then (z — «)(z — @) in (3.3) should be interpreted to be
fa(z)—c

z—B B—z
By means of the preceding lemmas, a certain class of generalized Nevanlinna

functions can be rewritten into a form being more amendable to a minimal realization.

Proposition 3.3. Let f € I and let r be a rational function of degree n which has n
distinct poles By, ..., Bn € RU{oo}. If these B; are generalized zeros (of positive type)

of f, i.e. if d; :==1lim_~ 1(z) (—00,0), then

z2—Pi Bi—z

(&

Bi — z

r(2)f(2)r#(z) =)

i=1

+h(2),

where ¢; = d;lim,_,, (2 — B;)?r(2)r*(2) € (—00,0) and B; is not a generalized pole of
heMn, fori=1,...,n.
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Cn

If one of the constants 3;, say 3, is 0o, then d,,, - and ¢, should be interpreted

to be lim_~_ 2f(2), cpz and d, lim, r#(2)r(2)2 72, respectively. Observe that

m) ==X 5
i=1 """

is a rational Nevanlinna function whose degree is equal to the degree of r.

Proof. First assume that all §; are finite. According to Theorem 1.1 the function
fn(2) == 71(2)f(2)r#(2) is a generalized Nevanlinna function with index x = n and it

can be written as
[[io, (2 — i)z —@)

[Timi (= = 8:)?
where the a; € (CU{o0})\ {S1,...,8n}. Here (z — ;) should be interpreted as one if
o; = oo. The assumption d; = hngﬁ Bf(f)z € (—o0,0) implies that o({8;}) = 0 and
that lim_~ . f(2) = 0; see Lemma 2.1. Applying Lemma 3.2 n times yields that there
exists f; € M for which 3; is not a generalized pole such that

fn(z) =

f(z)7

d;lBj — ay?

R =) (4=

L50)). (3.9

where

pj(z):- H W, ji=1...,n;

see (3.3) with ms = mo =0 and my = |3; — oj|?d; < 0. Next define

filz) ==Y d;15; ﬁjai-lzpj(ﬂj)_ (3.5)

j=1
Then f; € M, because —d; and p,(B;) are nonnegative. Therefore h := f,, + f; being
the sum of a generalized Nevanlinna function and an ordinary Nevanlinna function is
a generalized Nevanlinna functions whose GPNTs are a subset of the GPNTs of f,;
cf. (2.6). For every (3; we have that

lim (8; — 2)h(2) = lim (B — 2)fu(2) + lim (B; — 2) fi(2) = 0,

Z—)ﬂj Z—)ﬂj Z—),@j

see (3.4) and (3.5). This shows that no ; is a generalized pole of h. Since the j; are
the only GPNTS of f,,, we conclude that h has no GPNTSs (see (2.6)). Therefore, h €
by Corollary 2.3 and the statement holds in this case.

The case that one (3; is infinite can be treated analogously by making again use of
Lemma 3.1; the details will be omitted here. O
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Remark 3.4. If f has the integral representation in (2.1), then Lemma 3.1 and
Lemma 3.2 (or Lemma 2.1) yield that & in Proposition 3.3 has the integral representa-
tion

1 t
t—z 1+12

h(z) = Reh(i) +br2+/ (

A

where A, =R\ {f1,...,6n} and b, = lim_~__ br#(2)r(z) if co is not a pole of r and
zero otherwise.

) r# (t)r(t)do(t),

Making use of Proposition 3.3, a minimal representation of generalized Nevanlinna
functions is established.

Theorem 3.5. A function f is a generalized Nevanlinna function with index k

satisfying # 25 < #Py (see (2.8)) if and only if
F(2) = r1(2) (W(z) = ro(2)) r (2), (3.6)

where

(i) ro € M is a rational function automatically of degree #Py with poles at Py;
(ii) h € 9 and no pole of ro is a generalized pole of h;
(i) r1 is a rational function of degree k — #Py and if B € CU {oo} is a zero (pole)
of r1, then (8 is not a generalized pole (zero) of h — ry.

Proof. (=) By Theorem 1.1 there exists a rational function r of degree x and f, € N
such that f = rfor#. Let r17y be any decomposition of 7 such that r, is a rational
function of degree #P; whose set of poles is Py and whose set of zeros contains Zy.
Then by Proposition 3.3 r fOr;{7£ can be written as h — rg, where h and ry have the
properties (i)—(iii) listed in the statement.

(«=) Assume that f has the representation (3.6) and that (i)—(iii) hold. Clearly,
h — 7o is a generalized Nevanlinna function and hence by Theorem 1.1 it admits
a (unique) factorization of the form

h — To = ’I“Qfo’l“#. (37)

It follows from (i) and (ii) that the index of the generalized Nevanlinna function
h — rq is equal the degree of ry, see Corollary 2.3. In particular, degr, = degrg, see
Theorem 1.1. Moreover, (iii) implies that 71 and 7o are relatively prime, i.e., the poles
(zeros) of r1 cannot be zeros (poles) of ro. This means that f can be written as

f= T17‘2f07’;$’l“1 =rfor?. (3.8)

Here r = ryrs is a rational function of degree x. Thus f € 91, by Theorem 1.1.

Next it is shown that the set of poles of ry coincides with the set P, and, in
particular, that #P; = degrg. Let 8 € R be a pole of 1y, then there exists n € Ny
such that 71 can be written as (z — ) ~"s1(z), where s; does not have a pole or zero
at . Now (3.6) shows in light of conditions (i) and (ii) that

lim (8 — 2)2" D71 f(2) = lim (B — 2)s1(2) (A(2) — 70(2)) s (2) € (—00,0).

z—p3 z—pB
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Therefore § € Py, see (2.7). Conversely, if 5 € Py, then 3 is a generalized zero of f
as in (3.7) and (3.8) by Proposition 2.5 while by (iii) it cannot be a generalized zero
of h —rg = ’I"Qfo?"#. Hence, # must be a GPNT of rgforfE and, therefore, also a pole
of rg. Since a similar argument holds for § = oo, we have shown that the set of poles
of ry coincides with the set Py. In particular, one has #P; = degro(= degrz) and
k = degri + #Py.

Finally, if o € Zy, then, in view of (3.8), Proposition 2.5 implies that r(a) = 0.
If r9(a)) # 0 then r1(a) = 0 and, moreover, a as a generalized pole of fy is also
a generalized pole of 7o for;# ; a contraction to the assumption (iii). Therefore, ro(a) = 0
must hold and consequently #Z¢ < degro = #Py. This completes the proof. O

4. A MINIMAL REALIZATION

Theorem 3.5 shows that any generalized Nevanlinna function can be represented as

f(z) =r1(2) (h(z) = r0(2)) 7] (2),
where

(i) h,ro € M, where r( is a rational function, and no generalized pole (of positive type)
of h is a generalized pole (of positive type) of ro;

(ii) no pole of the rational function r; is a generalized zero of h — ry and no zero of rq
is a generalized pole of h — rg.

According to the above decomposition an explicit minimal realization for f can be
constructed in the following manner:

(Step 1) a minimal realization for h is constructed;

(Step 2) given a minimal realization for h, a minimal realization for h — rq is con-
structed;

(Step 3) given a minimal realization for any g € 9, and any rational function r of
degree one, whose pole is not a generalized zero of g and whose zero is not
a generalized pole of g of nonpositive type, a minimal realization for rgr# is
explicitly constructed;

(Step 4) repeating the procedure in Step 3.

4.1. A MINIMAL REALIZATION FOR ORDINARY NEVANLINNA FUNCTIONS

There are several (unitarily equivalent) minimal realizations of ordinary Nevanlinna
functions stated in the literature. Here we present the L?(do)-realization from [10].
Recall that if h € 91, then it has the integral representation (2.1):

B 1 ¢ do(t)
h(z)—a+bz+/(tz—Ht2>da(t), /1+t2<oo7
R R
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where a € R, b > 0 and do is a nonnegative measure. Using these objects define
{9,(-,-)} as § = L%(do) x C with the inner product being given by

{f(®): oo} {9(); goo}) = /g(t)f(t)do(t) +9obfoes {F (1), foo} {9(1), 900} € 9.

R

Here {8, (-, )} should be interpreted to be L?(do) if b = 0. In this space define the
operator Ay via

gr(An) = {{{7(1), 0}, {tf (1), foo}} : f(1),tf(t) € L*(do), fu €C},

and let wy,(t) := {(t — 20) "', 1} (again these objects should be interpreted properly if
b=0). Then {A,wp} realizes h minimally, see [10, Theorem 2.5].

4.2. A MINIMAL REALIZATION FOR THE DIFFERENCE
OF ORDINARY NEVANLINNA FUNCTIONS

In this second step we construct a realization for h — ry where h is an ordinary
Nevanlinna function and rg is a rational ordinary Nevanlinna function from the explicit
realization of h presented in the preceding section.

Proposition 4.1. Let {Ap,wy} realize h € 9N minimally (see Section 4.1) and assume
that the distinct points by, ..., b, € RU{oo} are not generalized poles (of positive type)
of h:lim_~, (bi —2)h(z) =0, 1 <i <n. Then

n

h(z)—zbci , ¢ >0.

i T F

is minimally realized by {A,w} defined as
A=A, @diag (by,...,b,) and w:=wp® (b1 —20)" 4 ..., (bn —20)7h).

The corresponding realizing space is the Pontryagin space {11, [-, |} with negative index
n defined as II = $H & C" and

[9,0] :==[90 © {91, gn}, ho ® {h1, ..., hn}] = (g0, ho) — ZcigiEa g, h eIl
i=1
If any of the b;, say by, is oo, then lim_~, (2 — b,)h(2) = 0 should be interpreted
to be lim_~__h(z)/z =0 and A should be interpreted as

gr(A) ={{fo®{fi,..., fu-1,0}, Anfo @ {bif1,...,bn—1fn—1, fn}} € I X II:
fO € domAh7 fla"'7fn717f’n € C}

Since lim_~, h(z)/z =0, Ay, itself is in this case an operator; see Lemma 2.4.

bn



762 Seppo Hassi and Hendrik Luit Wietsma

Proof. Only the minimality of the realization will be shown to hold; all other assertions
are easily established. If {4, w} is not minimal, then by Corollary 2.2 there exists
an eigenvector = {xg,21,...,2n}, x5 € H and z; € C, of A such that [z,w] = 0.
Since b; ¢ 0,(Ay,) by the assumptions, see Lemma 2.4, for x to be an eigenvalue of A
either i) all the x; should be zero or ii) zg and all but one of the z; should be zero.
Taking into account [z,w] = 0 and the assumption of minimality on {4, wp} both
cases are easily seen to be impossible. This contradiction shows that {A,w} realizes
h(z) — iy ci(b; — 2) ' minimally. O

4.3. MULTIPLYING WITH A RATIONAL TERM OF DEGREE ONE

Let r(z) = % where o, f € CU{oo} and a # § # @. Here it is shown how a minimal

realization for 7gr# can be obtained given a minimal realization for g € M, in two
cases:

(a) the pole and zero of r are not a generalized zero and pole of g, respectively;
(b) the pole of r is not a generalized zero of g, but the zero of r is a generalized pole
of positive type of g.

Using this technique inductively one obtains an explicit representation for any gener-
alized Nevanlinna function.

Case (a): The following two theorems show how a minimal realization of rgr#
can be explicitly constructed from any minimal realization of g € I, under the
assumptions in (a); these two theorems are extensions of [19, Theorem 3.2].

Theorem 4.2. Let f € M, \ {0} be minimally realized by {A,w}. For g = {gi,9c,9r},
h = {hlahcahr} €l :==Cx1Ix (C7 deﬁne [ga @r = [gmhc] + grhl + glhr; and fOT‘
a,B,n€C, a# B #£a, and any zo € p(A) \ {8, 5, a, @}, define A, and w, as

— -1
g ['aw] —-€ d— #(_aiﬁ_

AT _ 0 A Lj 7 W, = (20 wfj’)(zo B) 7
0 0o 3 B-a

where a
d = 2z=B-a)ww] _r(z0)f(z0)
2(z0—p)(z0—B) (20—B)(Z0—B)’

o = L) TCH(BAB—20-T0)ww]
2(z0—p)(z0—P) '
Then {11, [-,-]+} is a Pontryagin space with negative index k + 1, A, is a selfadjoint
relation in this space and {A,,w,} realizes

P@imat gtk P @), ) =
for every a € R. Moreover, {A,,w,} realizes f. minimally if and only if a is not

a generalized pole of f and B is not a generalized zero of f(z) + %
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Proof. The proof consists out of two steps. In the first step all statements except the
characterization of the minimality of {4,,w,} are proven.

Step 1: By construction, {II,,[-, -]} is a Pontryagin space with negative index
k + 1. The selfadjointness of A, can be easily checked after noting that e € R. Clearly,

_1 (A he] et(A—2) T w]
) = == (z—B)(==P)
(Ar=2)7 = 0 (A—2)" % : (4.1)
_ 1
0 0 -

In order to simplify the calculations the realization {A,,w,} is transformed by the
standard unitary mapping U (in the Pontryagin space {IL,, [, -], }) defined as

1 —[w —ww]/2 Z—0B 0 0
U=10 1 w 0 1 0
0 0 1 0 0 (20—-p)"

Recall that {A,,w,} = {UA,U"! Uw,} realizes the same generalized Nevanlinna
function as {A,,w,}, see Section 2.3. Let v, := (I + (2 — 20)(A — 2)"1)w be the y-field
of f, then one obtains

_ 1 _ [l f(z) _ (@=8)"ptr(zo)f(z0)
Z=p z=p (z=B)(z—B) z0—B
(As=2)"'=[ 0 (A-2)! g , Ws = r(20)w
0 0 S —2=b
z—pB z0—f3

In the calculation to establish the above identity one has to make use of the identity
f(z0) — f(20) = (20 — Z0)|w, w], see (2.2). Now a further calculation shows that

o \T
7= (T + (2 = 20)(Ay = 2) N, = (EL G (), —of)
Recall that Ny (z, w), the kernel of f, is defined to be @ and that for this kernel

the following identity holds

N, gy (210) = ()N w)r (@) + £(Ir() L) Fa(ay 2L =),

see e.g. [3, (3.14)]. Using this identity, one gets

=I

i
@ - B) (Zﬂ)(zoﬂ))
= rfr#(ZaZO) JrJsz (szo) = Nfr(ZaZO);

[7§7WS]T = Nrf’r#(z7z0) + ((

here f;(2) := (B — 2)~! + @(B — 2) 1. By definition, v = U~ and w, = U~s, and,
hence,
[7:70-}8]7‘ = [U7§7 Uwr]r = [’YZT,WT}T,
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because by construction U is a unitary operator in the Pontryagin space {IL,, [-, ], }.
Combining the above two results shows that {A,,w,} realizes f,, see (2.2).

Step 2: Corollary 2.2 implies that the realization {As,ws} (and, hence, the real-
ization {A,,w,}) is non-minimal if and only if there exists an Ag-invariant subspace £
orthogonal to ws. Let {0, z.,0} € II, be such that

0= [%f» {vacvo}]r = [T(Z)’YZ,IEC], AS p(As) - p(A) \ {aaavﬁ’g}'

Then the assumed minimality of {A,w} yields that z. = 0. This shows that £ C
(cls. {75 : z € p(A)H)H is at most two-dimensional. Therefore, the realization
{A;,ws} is non-minimal if and only if there exists no eigenvector = {xz;, ., z,} € II,
of A, satisfying [z,w,] = 0, and z; # 0 and/or x, # 0. If there does exist such an
eigenvector, then there exists a 6 € CU{oo} such that x satisfies for all z € p(A;)\ {d}

x [Im'YZ] f(z):vr Y -1 YzZr  Te
F-z ' Bz T @oapos -z UTH Ty
T, T, (a—B)"'u — fZo)zr|  pB—a
i i T +1(20) |[Te, W] + 5= | ﬁ_%w
(4.2)

The third equality shows that there are two cases to consider: § = 8 or z, = 0. In the
latter case the remaining equalities reduce to

el = 000, (A=) we= T @] = (BB (43)

The second equality shows that the first one is satisfied if and only if (§ — Zg)[z.,w] =
(8 — §)x;. Thus the equalities in (4.3) are satisfied if and only if 6 = @ and
{z¢, @z} € gr(A); here it was used that [x.,w] # 0, because of the assumed minimality
of {A,w}, see Corollary 2.2. Recall that {z.,az.} € gr(A) if and only if @ (and, hence,
also ) is a generalized pole of f, see Lemma 2.4.

On the other hand, if § = 3, then the equalities in (4.2) reduce to

(e, 72l + fﬂ(Z)xT = f;_ﬁa?z; (A—2)"te.+ gzi — BL;
—F —Z —z -z
B (4.4)
_p7F, ,2-% @) f-a
B-7 errﬁ—ZT) [xc’w]JrB_% *ﬁ_%xz.

Taking z to be Zj in the first equality and comparing with the third equation allows
one to simplify the above set of equalities to

L f(Z)‘TT 7573 . —1 V2T o Te .
[z07’yz]+ B—Z 7B—le7 (A Z) IC+B—27B_Z,

fir, = (B —a)(a— B)w.

(4.5)
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If 3 € R, then the first identify in (4.5) can be rewritten as % = —(f(2)) e, 72)-
Here one should note that f is invertible on C\ R for all but finitely many points, cf.
Theorem 1.1. Combining the preceding identity with the second one in (4.5) yields
that (8 — 2) "z, = (A — 2) "o, + 7., [zc, 7). Thus, we can solve (4.4) for 3 € R if
and only if 8 € ap(g). Here A is as in (2.4): it is a selfadjoint operator such that
{//1\7 —(f(20))"*w} realizes —(f(z))~! minimally. Hence, Lemma 2.4 shows that the
minimality statement holds if 5 € R.

If 3€ C\R and 8 € 0,(A), then also 3 € 0,(A). Let ys # 0 be an eigenvector
of A corresponding to 5. Rewrite the second equality in (4.5) in the form 7.z, =

(I + (z—pB)(A—2) 1)z, This implies that for all z € p(A)
e, ys] = e, (I + (2 = B)(A = 2) ")yl = [2e,y5 + (2~ B)(B—2)")ys] =0

and thus the assumed minimality of the realization {A,w} of f implies that x, = 0.
Since a # B # @, the third equality in (4.5) gives x; = 0. Thus the first equation in (4.5)
cannot be solved in this case. Consequently, the minimality statement holds in this case.

Finally, if 3 € C\ R and, additionally, 3 € p(A), then the second condition in
(4.5) can be rewritten to be x. = YTy Plugging that identity in the first equality

in (4.5) and using that (8 —z)[v5,7z] = f(B) — f(2), cf. (2.2), yields that the equalities
in (4.5) are in this case equivalent to

f(B)xr = (8- E)l'l, Te = VgTr, Hxy = (B —a)(a— B)xl

Clearly, this system of equations has a solution if and only if f(3) = f(B8) = %;
note that here (3 — @)(a — 3) # 0 by assumption. Thus the minimality statement also
holds in this case. O

The above statement also holds if « or § is co. The former case is presented below.

Theorem 4.3. Let f € N, \ {0} be minimally realized by {A,w}. For g = {gi,gec, 9r},
h = {hlah£7 hr} €Il :=CxII xC, deﬁnj [97 h]r = [gcahc] + grhi + gihy, and for
B, € C, B # 00, and any zo € p(A) \ {8, 5,0}, define A, and w, as

B [,w —e d+ (Zofg)ﬂ(%,g)’
AT =10 A g ,  Wp = 0 ,
0 0 B8 1
where
d— r(20) f(20) [w,w]

"GPP | 2z-p)0—B)’
o = $G0)+FG0)+(B+F—z20-50)[w,w]
2(z0—B)(z0—8) ’
Then {11, [-,-]+} is a Pontryagin space with negative index xk + 1, A, is a selfadjoint
relation in this space and {A,,w,} realizes

Z)i=a L 7ﬁ riz Z?"#Z r\z) = —
fre) = at gl b L IR, () =
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for every a € R. Moreover, {A,,w,} realizes f,. minimally if and only if o is not a
generalized pole of f and 8 is not a generalized zero of f + u(B — 5).

Case (b): Let g € M,, and let r(z) = z:% where o, f € CU {00} and a # 8 # @.
Moreover, assume that the zero («) of r is a generalized pole of positive type of g and
the pole (B) is not a generalized zero of g. Under these assumptions we will here show
how to construct a minimal realization for rgr# given a minimal realization for g. In
order to do this one must start by rewriting the product rgr# such that Theorem 4.2
or Theorem 4.3 is applicable; the following basic lemmas show how that can be done.

Lemma 4.4. Let a € R be a generalized pole of positive type of g € M-
lim_~ (a—2)g(2) =m > 0. Then for every f € (CU{oo}) \ {a, @}

—

a=B_m 4 a=f _m +%h(z), BeC\R;

(a — z)? B-BB-z = BB ?—z ) (B—2)(B~—=2)
——————9(2) = m__ _m a—z __m_ .
(ﬁ — Z)(ﬁ — z)g( ) B—a B—z + (B—2)2 (h(’z) ﬁfa) ’ B € Ry
ma —mz + (a — 2)2h(z), B = oo,
where h(z) := g(z) — ;25 € N, does not have « as a generalized pole.

Here (z — ) should be interpreted to be one if § = oo.

Proof. Clearly, go(2) := — 2= € 1(2). Hence, h := g+g, is a generalized Nevanlinna
function whose index is k by Corollary 2.3. If 8 € C\ R, then
a—z)? a—z)? oa—z
O ) gu) = O e O
(B—2)(B~-2) (B—2)(B—2) (B—2)(B—2)

which shows that the statement holds in this case. If 8 € R, then
m m B-a m (ﬁ—z_l)

a—z f-aa—z [-o

Therefore in this case

(a— 2)? (a— 2)? m m a—z
—=(h(2) — ga = —% | h(z) — .
This shows that the statement also holds in this case. The final case (8 = co) can be
obtained by similar arguments. O

Remark 4.5. Let g and & be as in Lemma 4.4. Then « is not a generalized pole of h,
if v is not a generalized pole of g. Moreover, if 8 is not a generalized zero of g, then g
is not a generalized zero of h + aL—B’ if g € C.

For a = oo the preceding statement takes the following form.

Lemma 4.6. Let co be a generalized pole of positive type of g € Ny lim_~ g(zz)
m > 0. Then for every g € C

B m . B_m 1 )
9(2) 5 V5 T pEen ) FECAR
— Bt g (h(z) T mp), BER;

=l
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where h(z) := g(z) — mz € N,, does not have 0o as a generalized pole.

Remark 4.7. Let g and h be as in Lemma 4.4. Then oo is not a generalized pole of
h, if co is not a generalized pole of g. Moreover, if 8 is not a generalized zero of g,
then g is not a generalized zero of h +mp, if g € C.

Evidently, if {A,,T'y} realizes g minimally, then % as in Lemma 4.4 or 4.6 (and,
hence, h + ¢ for any real ¢) is minimally realized by {PA,P,T'yP} where P is the
orthogonal projection (in the realizing space {Il,,[-,-];}) onto the orthogonal com-
plement of ker (A — a); hereby the new realizing space becomes {PIIg, [, ]4}. The
afore-mentioned projection is well-defined because if = € ker (A — a) \ {0}, then
[z, 2], > 0 by definition of a generalized pole of positive type. From the minimal
realization of h so obtained, a minimal realization of 7gr# can be obtained by means
of Theorem 4.2 or Theorem 4.3, see Remark 4.5 and Remark 4.7.
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