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Abstract 
 

Fatigue break of tooth is one of two main mechanisms of damaging the 
toothed wheels. The Teager-Kaiser energy operator (TKEO) can be used 
for detection of transient events such as impulses resulting form 
disturbances of mating teeth in a gearbox related with decrease in the 
stiffness of a given tooth. The paper presents an application of averaged 
signal measures, such as RMS, kurtosis or spectral moments, of TKEO 
waveform in the task of detecting the progressing fatigue break of a tooth 
in a gearbox.  
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Uśrednione miary sygnału przebiegu energii 
Teagera-Kaisera w wykrywaniu wyłamania 
zęba w przekładni zębatej 

 
Streszczenie 

 
Zmęczeniowe wyłamanie zęba jest jednym z dwóch podstawowych 
mechanizmów zniszczenia przekładni zębatej. Z reguły wyłamanie rozwija 
się szybko i jest trudne do wykrycia. Innym głównym mechanizmem 
degradacji przekładni jest zniszczenie powierzchni kontaktu zębów. 
Operator energetyczny Teargera-Kaisera może być zastosowany do 
wykrywania chwilowych zaburzeń w sygnałach takich jak impulsy 
spowodowane zakłuceniem współpracy zębów na skutek obniżenia 
sztywności określonego zęba. Wejście w przypór następnej pary zębów 
jest związane z pojawieniem się impulsu [1]. Czułość operatora 
energetycznego Teagera-Kaisera (TKEO) umożliwia wykrywanie 
chwilowych zaburzeń wcześniej niż przy wykorzystaniu metod bazujących 
na demodulacji sygnału metodą transformaty Hilberta. Artykuł przedstawia 
zastosowanie uśrednionych miar sygnałów, takich jak RMS, kurtoza czy 
momenty widmowe, wyliczanych dla przebiegu energii Teagera-Kaisera 
na potrzeby wykrywania rozwijającego się zmęczeniowego wyłamania 
zęba. Energia Teagera-Kaisera była liczona z przebiegów czasowych 
sygnałów drganiowych zarejestrowanych w trakcie przyspieszonych badań 
zmęczeniowego wyłamania zęba. Badania zostały przeprowadzone na 
specjalnym stanowisku do badań wytrzymałościowych zębów. W trakcie 
badań nie inicjowano sztucznie pęknięcia w stopie zęba.  
 
Słowa kluczowe: operator energetyczny Teagera-Kaisera, zmęczeniowe 
wyłamanie zęba, przekładnia zębata. 
 
1. Introduction 
 

Use of new, lighter materials, care for the environment and socio-
economical costs of machine failures are the main reasons for 
constant development of machines and reliable techniques of 
determination of technical condition. One can list use of different 
physical phenomena for detection of early stages of failures [2, 3, 4], 
new techniques of signal processing [5, 6] or application of sensors 
embedded in a structure [7]. One of interesting signal processing 
techniques is the Teager-Kaiser energy operator (TKEO). 

Formation and development of a failure in a machine or its 
component results in change of the machine technical condition. 

This influences the energetic structure, in particular the amplitude 
and frequency structure, of a vibration signal generated by  
a working machine [8, 9]. Early detection of change in energy can 
allow determining the early phase of a failure and monitoring its 
further development. As a result, it is possible to choose optimal 
maintenance strategy and obtain measurable savings.  

At present a number of techniques are used for detection of 
symptoms of change in the technical state, e.g.: empirical mode 
decomposition [10, 11], wavelet analysis [6], time-frequency 
methods [12, 13]. However, new techniques are developed and 
applied in the task of condition monitoring. One of them is the 
Teager-Kaiser energy operator applied with success to bearing fault 
diagnosis [14, 15, 16, 17] or detection faults of gears [18, 19]. 

The problem of fatigue break of a tooth is one of the basic 
mechanisms of damaging the toothed wheels [9, 13]. The paper 
presents an application of averaged signal measures calculated 
from the energy waveform in detection of the progressing break of 
a tooth in a gearbox. The waveform of energy was calculated from 
the raw vibration signal, recorded during accelerated fatigue brake 
of tooth, using the Teager-Kaiser energy operator.  

This paper is based on poster presentation of research made by 
the author and professor Stanisław Radkowski, presented last year 
during The International Conference on Diagnostics of Processes 
and Systems in Łagów Lubuski. 

 
2. The Teager-Kaiser energy operator – brief 

information 
 

The Teager-Kaiser energy operator is a non-linear operator 
which applied to a time signal calculates the waveform of measure 
interpreted as the waveform of energy of this signal [20]. The 
operator was described and analyzed in many publications [21, 22, 
23, 24]. Its version for continuous signals is defined as:   

 
 )()()())(( 2 txtxtxtx     (1) 

 
while for discrete signals it is:  
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2)(  nnnnd xxxx .  (2) 

 
In this publication the authors will constantly refer to discrete 
signals and TKEO of discrete signals. For simplicity )(x  will be 
used as denotation of the result of energy operator acting on the 
analyzed signal and will be called the measure of energy of a 
signal. 

The Teager-Kaiser energy operator acting on a time signal 
calculates the waveform of the measure of energy of the analyzed 
signal. As a result, new time signal )(x  is obtained. As pointed 
out in [20, 22, 23, 24], )(x  can have negative values and its 
result can differ depending on the parameters of the analyzed 
signal, such as the depth of modulations, the sampling frequency, 
the influence of noise. 

An interesting property of energy operator (2) is its sensitivity 
to sudden changes in the analyzed signal, for example in the form 
of a transient disturbance of the waveform.  
 
3. Description of experiment 
 

The fatigue break of a tooth is an important research problem in 
condition monitoring of gearboxes. To investigate this problem, 
tests of accelerated fatigue break of tooth were performed on the 
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back-to-back tester (Fig. 1). On this test stand, electric engine (1), 
via clutch (2), puts in motion shaft (4) coupling pinions of 
gearboxes. Shaft (8) was made as one part. Shaft (4) consists of 
two parts allowing introducing load to tested gearbox (7) using 
tightening clutch (5). In tested gearbox (7) spur gears were used 
(6). The gears were made form carburized steel 20H2N4A 
hardened up to 60 HRC. In closing gearbox (3) helical gears were 
used. During tests, the tested gearbox was damaged. 
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Fig. 1.  Schematic diagram of the test stand [25] 
Rys. 1.  Schemat stanowiska badawczego [25] 
 

In the examined samples no artificial crack was introduced. The 
accelerated fatigue break of tooth was performed until complete 
break of tooth (Fig. 2).  

The back-to-back tester has the following parameters [26]: 
 maximum  tightening moment 1500 Nm; 
 engine rotation speed 1500 rpm; 
 gear ratio of in both gearboxes 1,296; 
 module pitch of gears in tested gearbox 4mm; 
 number of teeth of pinion in tested gearbox z1 = 27; 
 number of teeth of wheel in tested gearbox z2 = 35; 
 distance of wheels axes 125 mm. 
 
 

 
 
Fig. 2.  Broken tooth – effect of tests [27] 
Rys. 2.  Wyłamany ząb – efekt badań [27] 

 
The vibration signals were recorded using a Bruel&Kjaer 

4504A vibration sensor mounted on the housing of the gearbox 
with sampling frequency 20000 Hz. The trigger signal was 
recorded for information regarding the rotation speed. During the 
presented measurement, the waveforms were recorded 
continuously. The total time of the experiment was 71 minutes and 
18 seconds. For the purpose of analysis the complete recording 
was divided into 6-second segments (files) of the signal. Each 
segment was immediate continuation of the preceding segment 
with no loss of data.  

The vibration signal measured in the vertical direction was 
chosen for further analysis, as more informative, because this 
direction was more parallel to the line of contact.  
 

4. Analysis of vibration signal from fatigue 
tooth break test 

 
The TKEO measure of energy of the vibration signal from  

a single segment was calculated. Next, the averaged signal 
measures, such as RMS, kurtosis or spectral moments were 
calculated from the waveform of the measure of energy. The 
change in their values was analyzed. 

Unfortunately, the averaged signal measures, calculated from 
the waveforms of the TKEO measure of energy obtained for raw 
vibration signals, revealed no unique changes or their changes 
appeared just before the brake of the tooth. This was related with 
the wide band of the analyzed signal. Also the vibration difference 
signal [28] appeared to be insufficient for early detection of the 
fatigue break of tooth. As a result, attention was focused on the 
measure of energy calculated form the band-pass filtered signals.  

Next, the analysis of the vibration signal from the fatigue tooth 
break test were preformed in 2 stages: first the analysis was 
performed for narrow-band signals filtered around the meshing 
frequencies (e.g.: 640-700, 1310-1370, 1980-2040 etc.), next the 
narrow-band signals filtered between the meshing frequencies 
were analyzed (e.g.: 0-640, 700-1310, 1370-1980 etc.).  

The raw vibration signal, from each 6-second segment, was 
band-pass filtered in aim to extract different bands of signals. 
Next, from each such filtered signal, the TKEO measure of energy 
was calculated giving the waveform of )(x . The waveforms of 

)(x  were analyzed using time-domain and spectrum-domain 
approaches. As a result, from each segment, the number of  
6-seconds )(x  waveforms was achieved, each for different band 
of filtration of the vibration signal. Single values of parameters, 
such as RMS, kurtosis, spectral moment, were calculated from 
each )(x . Figure 3 presents the flow diagram of the performed 
analysis. 
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Fig. 3.  Flow diagram of the performed analysis 
Rys. 3.  Schemat wykonanych analiz 
 

It shows the filtration of the raw vibration signal around the 
meshing frequencies, which was the first stage of the performed 
analysis. Later, the filtration was made between the meshing 
frequencies.  

During the first stage of analysis, the vibration signal was band-
pass filtered around first 6 harmonics of meshing frequency. The 
bands of filtration were 60 Hz wide and symmetric around the 
nominal basic value of the harmonic of meshing frequency, equal 
to 670 Hz.  

Figure 4 presents a part of the vibration signal filtered in the 
band 1310 – 1370 Hz, i.e. around the second harmonic of meshing 
frequency (top figure) and the corresponding waveform of the 
measure of energy (bottom figure).  
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Fig. 4.  Filtered vibration signal and corresponding waveform of TKEO measure  

of energy 
Rys. 4.  Przefiltrowany sygnał i odpowiadający mu przebieg miary energii  

Teagera-Kaisera 
 
Only last 213 segments were chosen for the detailed analysis 

aiming at detecting the development of the fatigue break of tooth. 
The vibration signal, from each of these segments, was band-pass 
filtered in the defined bands. As a result, a set of waveforms was 
obtained. Next, from each filtered signal, the waveform of )(x  
was calculated. From each )(x  the time-domain and spectrum-
domain parameters were calculated, such as: mean value, RMS, 
variance, kurtosis, skewness, crest factor, spectral moments of 
order 0 and 1, coefficient of width of band [9].  

Figure 5 shows the change in the mean value of the waveform 
of )(x , calculated for different bands of filtration of the 
vibration signal. The values of the parameter change in a wide 
range. For most bands there is no significant change that could 
testify the development of crack in the base of tooth.   
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Fig. 5.  Change of the mean value of )(x , from vibration signals filtered  

in different bands 
Rys. 5.  Zmiany wartości średniej )(x , dla przebiegów z różnych pasm filtracji 
 

The analysis of other averaged signal measures of measure of 
energy reveal that information about the developing break is 
hidden only in some bands and does not manifest itself in a clear 
way. Also the results of the analysis of the spectral parameters of 
spectrum of measure of energy, calculated based on band-passed 
around the harmonics of mesh frequency of the filtered vibration 
signals, were unsatisfactory. None of parameters reveal unique 
tendency of change resulting from the growth of fatigue crack.  

Searching for the diagnostic information, attention was paid to 
bands between the harmonics of mesh frequency of the raw 
vibration signal (2nd stage of analysis). Filtration bands of the 
vibration signal were chosen in the following way: the first band 
covered the range from the lowest frequency (constant component 
was not analyzed) to the frequency equal to 30 Hz lower than the 
nominal mesh frequency. Next bands covered the frequency range 
from the frequency higher by 30 Hz than the harmonic of mesh 
frequency to the frequency lower by 30 Hz than the next harmonic 
of mesh frequency. From so filtered signals the TKEO measure of 
energy was calculated and analyzed. The mentioned above, time-
domain and spectral-domain parameters were calculated form the 
successive waveforms of measure of energy.   

Figure 6 presents the changes in the RMS value calculated from 
)(x  for different bands of filtration of the vibration signal. For 

some bands, such as 2710 – 3320 Hz or 3380 – 3990 Hz, the 
values of the parameter have clear increasing tendency testifying 
the development of fatigue breaking of tooth. For those bands 
behavior of other parameters such as kurtosis or skewness reveal 
similar character of changes.  
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Fig. 6.  RMS value of waveform of )(x , from vibration signals filtered  

in bands between harmonics of mesh frequency 
Rys. 6.  Wartości RMS dla przebiegów )(x  wyliczonych z sygnałów 

przefiltrowanych w pasmach między harmonicznymi zazębienia 
 

Also the spectral parameters calculated from )(x  waveforms, 
of mentioned above bands of the vibration signal, can be used in 
inference on developing break of tooth. For the bands of filtration 
of the vibration signal: 2710 – 3320 Hz and 3380 – 3990 Hz, 
majority of parameters change their values in a unique way 
(increase or decrease in values) with development of crack. Figure 
7 shows the change in the value of the coefficient of band width.  
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Fig. 7.  Coefficient of the band width of )(x  spectrum calculated for a given 

filtration band 
Rys. 7.  Współczynnik szerokości pasma widma )(x  wyliczony dla danego 

pasma filtracji 
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A unique change in the parameters can be observed at least 
from 660th segment, i.e. for more than 5 minutes before the 
complete break off of tooth. Similar changes can be observed for 
other spectral parameters. 
 
5. Conclusions 
 

The Teager-Kaiser energy operator calculates the measure of 
energy of signal )(x  whose changes reflect the changes 
occurring in the analyzed signal. The analyzed signal should be 
processed in order to reduce noise. The interesting results are 
obtained if the vibration signal, from which the TKEO measure of 
energy is calculated, is band-pass filtered. Due to ease of 
calculations and sensitivity to transient events, the waveform of 

)(x  can be used as diagnostically useful information. The 
measure of energy of band-pass filtered signals reveals unique 
information on development of crack caused by loads during the 
accelerated fatigue test.  
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