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Abstract

The publication describes how diffraction methods and mathematical bases can
be used for measurement of various types of stresses in single-phase and multiphase
materials. Firstly, the paper defines the stresses and classifies them from the scale of their
interactions point of view. Subsequently, the phenomenon of radiation diffraction on the
crystalline lattice is presented including formulas describing this phenomenon and the
dependencies enabling stress measurements. The key part of the paper is the description
of one of the second order stress estimation methods based on diffraction data and a self-
consistent model.
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1. INTRODUCTION: STRESS — DEFINITION AND CLASSIFICATION
Stress can be defined as the measure of force density applied to the surface
of an object. The stress state can be described by a tensor of rank two. In this
analysis, it is assumed that the stress state in the specimen was generated by
a set of forces as in Fig. 1. The forces acting on the specimen are distributed
perpendicular to the surface of the specimen and in two shear directions.
Each stress component 6;; can be described as a partial derivative of the force
component and within the area of surface j:
oy =2H (1)

5

Let 611, 022, 033, represent the normal stress components, while 612,613, G31,
023,032 represent the shear components. The condition of the static balance state,
which in this case corresponds to the equilibrium of moments, reduces the
number of the components from 9 to 6 because 6;;= o;:.
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X1
Fig. 1 The stress state in the infinitesimal cubic volume [1].

Of special interest are the residual stresses remaining in the material after
specimen revealing. The most common reason for the increase in residual
stresses is the heterogeneous plastic deformation, which can be single-axis or
multi-axis and can be caused by machining, e.g. rolling, grinding or polishing.
Residual stresses can also occur during heat treatment due to the temperature
gradient or thermal the mismatch of the grains of the different phases that
compose the material. Other causes may include phase transitions during heat
treatment and hardening processes.

Residual stresses are very important due to the fact that their values add up
together with the values of stresses induced by external forces applied to the
object. Therefore, residual stress may contribute to damage acceleration in the
material or a component. On the other hand, compressive residual stresses are
generally desirable in the surface layer of most materials as they can extend
the service life of a structure by reducing the impact of stresses applied. In
order to introduce compressive stresses into the surface layer, various methods
of material processing have been developed.

When analysing diffraction data, it is necessary to define the scale of the
considerations. The reason for this is that lattice deformations at different levels
have different effects on the diffraction image. Stresses can be classified into three
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types/orders depending on the scale of their impact on a structure. The first order
stresses called macrostress are the mean stresses in the whole volume containing
a large number of grains [2]. Stresses of this type are mainly induced by the
heterogeneity of the process on a large scale, e.g. temperature gradient during
machining. The mathematical definition of the first order stress is as follows:

Ny
1
o*l-"]’-’ = V_A f 0;j(r)dv = ngof]]. )
g

where: Va

Va — examined volume of the specimen,

a;j(r) —local stress in position,

f9=-2 — g grains volume fraction,

Ny — “total number of grains in V4 volume,

0'5 — average stress value for g grains within V4 volume.

5

First order stresses can also be defined as phase stresses for the polycrystalline
material, also called pseudo-stresses (weighed on all grains g of the given ph
phase within the tested volume V), induced by various thermal and elastoplastic
properties of phases or generated during the phase transition process:

Nph
ph _ g 3
oPh = Z f968 ©

where:

Nyp, — total numer of ph phase grains.

The stress on a phase can be derived from the elastic phase response when the
macrostress is applied to the sample (ggh(")) and/or from different thermal
or plastic behaviour of the phases during sample processing leading to phase
mismatch stresses (Ug(ic)) [2], i.e.:

ph _

PR = GPRET) 4 qPRGO @)

g ij ij

The mismatch stresses remain in the sample even after the external forces
are released.

In addition, the relationship between macrostress and stress in phase can be

written as:

M
where: O'g-[ = z f phagh )
rh
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frh = Yor _ yolume fraction of examined phase ph,
A
gg,h — average stresses for phase ph,

M —number of phases.

Second order stresses are the “deviation” from the first order stresses on the
grains (af]’.) . They are generated by the different orientation of the crystalline
lattice with respect to the geometry of the sample, which in turn causes different
behaviour of crystallites [2]. When external forces are applied to the material,
the grain elastic response a{j’,(er)) will depend on the grain orientation because
the elastic constants of a single crystallite are anisotropic. Another reason for
occurring of second order stresses is mechanical machining. During the plastic
deformation of the polycrystalline material, differences in plastic deformation
of differently oriented grains result in mismatch at the boundary leading to
the formation of mismatch stress (ag(ic)). Second order stress may also occur
during cooling/heating processes due to the anisotropy of the crystallite thermal
expansion coefficients leading to grain volume decrease or increase in different
directions in relation to the specimen geometry. The mathematical formula
defining the second order stress is as follows:

g — 59 ! (6)

. h . .
where ¢/, = ¢/ for one-phase materials and af; = af]’- for multi-phase materials.

Stresses on the grain alr;’. can be expressed as the combination of stresses
being the elastic response of the grain a{‘]’.(e”) and those resulting from the
mismatch of shape or volume of the individual grains to its surroundings
(249 21:

g — ,9(er) g(ic) 7
o; iy = o; | +0; | (7)

The stresses that define the material on the smallest scale are the stresses of
the third order. They describe the level of homogeneity on the grain scale. Their
source is local stress fields around defects in the crystalline lattice and can be
defined as follows:

Uilju(r) = 0;(r) — Uf? (®)
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Changes in the diffraction image are different for different orders of stress.
Stresses of first and second order cause the diffraction peak to shift in relation
to the position of the peaks from stress free material. The second and third
order stresses cause the diffraction peak to widen. For the summary of stress
information for all orders see Table 1 [2]:

Table 1. Types of stresses and their origins [2].

SCALE
I order 1T order [T order
single phase | multiphase single and multiphase
macrostress
X X
loads oM
long scale forces
elastic stress
Z X
9 X gPbher) O.Ilg(er
e
© incompatibility stress
thermal processes P <
plastic processes x g Phlic o119
lattice imperfections X X X '@

Fig. 2 illustrates the idea of stress classification in two-phase materials.
The first order stresses (green line) are the mean macro scale stresses on the
specimen. The first order stresses for the different phases of the material (black
line for the first phase and purple one for the second) are directed in opposite
directions in relation to the value of the mean macrostress. The stresses of the
second order (orange line) are the deviation of a single grain for a given phase
from the stress values of the first order. The stresses of the third order (red line)
deviate from the mean value of grain stress.
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Fig. 2 Types of stresses in two phases material: I order stress for the whole specimen

(™), I order stresses for different phases ( a?"! and o?"2 ), Il order stresses (a'19) as a
deviation from I order stresses for phases and III order stress (¢'") as a deviation from
the second order stress.

2. THEORETICAL BACKGROUND OF DIFFRACTION PHENOMENON

Until 1912, when Max von Laue conducted his experiment with the use of
copper sulphate crystals, crystalline materials had only been suspected of having
a periodical internal structure, which could be observed during the diffraction
experiment (as in the case with other periodical structures, e.g. diffraction
grating). The Laue experiment served as the stimulus for W. H. Bragga and
his son W. L. Bragga to further explore this phenomenon. The phenomenon
of diffraction is related to phase relationships occurring between two or more
waves (electromagnetic but also other types, e.g. matter waves). When waves
are diffracted on a periodical structure, the amplitude of the diffracted waves
may be increased or decreased in relation to the incident wave depending on
the phase relationship between the diffracted waves. The obvious conclusion
following from the above is that the difference between the distances the
diffracted beams have to pass is the key occurrence of the constructive (higher
output wave amplitude) or destructive (lower amplitude) interference. The
phenomenon of constructive interference occurring for non-periodic quasi-
crystalline structures is now also known.
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Fig. 3 The idea of diffraction on lattice planes.

Analysing Fig. 3, where diffraction is considered on the periodic crystalline
lattice, it can be observed that constructive interference occurs when the
difference in pathways between the incident and diffraction beams is equal to
the total multiple (n) wavelengthA. These considerations led to the formulation
of Bragg’s law:

nd = 2dsinf ©)

Wheref is the angle between the incident / diffracted beam and the
crystallographic plane while the angle of 26 is the angle between the incident
and diffracted beam.

A condition equivalent to Bragg’s law may be expressed by the use of wave
vectors k; 1 kg for incident and diffracted waves (Fig. 4).

ki
N

Fig. 4 Directions and angular dependencies of wave vectors associated with incident
and diffracted beams. The wave vector as a sum of incident and diffracted ones
is denoted by Ak.
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As can be seen in Fig. 4, the diffraction scattering vector is as follows:

- - - 4msi
AR = By = B[ = ”SA‘”@ (10)

When Bragg’s law is taken into account, the above can be written as:

" 21
AF| = — (11)
| | A

Then the distance between the plane dp;; will be linked to the vector of the
reciprocal lattice vector G by the equation:

= 21
|Gria | = _d . (12)
hkl

Taking these two equations into account, it can be concluded that constructive
interference occurs when:

Since both 4k and Guu vectors are parallel to the crystallographic Akl
plane, a more general conclusion can be written as:

Ak = Gy (14)
3. DIFFRACTION METHODS USED FOR STRESS MEASUREMENTS

3.1. Isotropic specimen — sin’?y method
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Fig. 5 The example of peak shift as a result of elastic strain of the lattice.
Measurement performed on ferritic phase in 17-4PH stainless steel with chromium
X-ray tube.
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The existence of stress in the material conjoins with a systematic increase
or decrease in interplanar distances. Distances between the lattice planes can
be measured by diffraction and Bragg’s law. Based on Bragg’s law, it can be
deduced that if the distances between the Akl planes increase, the 260 angle
decreases.

The most frequently diffraction stress measurements are carried out for one
specific ikl plane. In this case, the sample rotates around the scattering vector
Q and for each sample orientation 2 — 26 the position of the diffraction peak
is determined. In order to describe the measurement, two reference systems
should be defined: the first associated with the sample and the second, related to
the measurement geometry, known as the laboratory system (Fig. 6).

i
83

b

SZ

- S\
Fig. 6 Directions defined for the diffraction stress measurements. The specimen (S)
and the laboratory (L) systems are defined.

The idea behind the measurement is to tilt and rotate the sample in order
to get information about the distance between the Akl planes for different sets
of angles (¥, ¢), i.e. dp (W, ) values for such Akl planes for which the
scattering vector is perpendicular. The average deformation value perpendicular
to Ls direction (for grains for which Bragg’s law is fulfilled) is given by the
equation:

(@, PIiniry — Aieny (15)
d?hkl}

(e33(Y, ¢)){hkl} =

Using the generalised Hook’s law, the relationship between the measured
mean lattice strain values the (e33(3, )}k and the strain on the a{j’.’ grain
is defined in the laboratory system L:

(e33(Y, P)inrty = (Ség_’;ijrag Yniey (10
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where s3;; ;/ is the appropriate component of the elastic compliance tensor
for a single crystallite defined in the L laboratory system. The prim character
was used to distinguish between the values defined in the L laboratory system
(only in the notation of the mean deformation (€33(Y, P))rkty measured along
the scattering vector the prim character was omitted). The sign of average value
(..} is very important, as it determines the average value of the interplanar
spacing for a special group of diffracting grains that comply with Bragg’s
law. Despite the fact that the averaging operation is not commutative with
a multiplication and the stresses in eq. 16 are not averaged after all grains in the
sample under consideration, the relationship between the measured lattice strain
and the stress of the first order ;" in the examined phase can be described as:

(€33, D)) iy = Rij (W, ¢)0'th’ (17)

where R;j(¥, @) are diffraction elastic constants (DECs) and Jilj' are
the first order stresses becoming from different sources, i.e. in the case of a

single—phase material o[j' =a}f " and in the case of the multiphase material

ailj’ O_ph — O_;;h(er), +o ph(tc),‘
It should be noted that the DECs’ values generally depend on angles (i, ¢)
and ikl Miller coefficients, while for the quasi-isotropic sample (without texture)
there is no reason for angle dependence. Replacement R;;j = (S33;; )nkry is
only justified if the stress values are identical for all crystallites in the sample
(i.e. when the Reuss model is used). As the first and easiest case, a formula
will be considered that links the state of stress in the specimen in a given
direction with the lattice strain in the quasi-isotropic specimen without texture.
A polycrystalline sample can be considered as isotropic only on a macro-scale
because within a single grain its elastic anisotropy will always be observed.
Due to the cylindrical symmetry of the set of diffracting grains, the compliance
tensor can be defined in the form of Voigt notation [1]:

'S11' Sz Si37 0 0 0 7
S’ S’ S5 0 0 0
S I S13" S13' S33' 0 0 0 (18)
mn 0 0 0 Su' O 0
0 0 0 0 S4u' O
L 0 0 0 0 0 Se6'
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Using this matrix, the general equation bonding stress and strain may be
written [1]:

(e33(¥, ¢)){hkl} = 531"7111’ + 532’0'212’ + 533’031.3’ = 513’0'111’ + 513’0212’ + 533’U§3’ (19)

The three components of this equation were neglected because
S34' = S35 =536 = 0.

Assuming the two-dimensional state of stress on the surface of the specimen (as
for X-ray measurements), i.e.: i, #0, di, #0, 043 = 0}, = 6l; = al, = 0;
defined in relation to the sample reference system S and using the direction cosine,
the state of stress in the laboratory reference system may be described by means
of three equations [1]:

ol = ol cos?*pcos?yp + ol,sin*pcos?yP (20)
ol,' = ol sin?¢ + ol,cos%¢p 21)
ol3' = ol cos?psin®yP + ol,sin®psin®y (22)

b, . . . . .
where the stress tensor 0jj (without prim character) is defined in relation to the
sample reference system S§.

Applying the equations eq. 19, eq. 20, eq. 21 and eq. 22 it can be written:

ol = ol cos?Ppsin®P + o, sinPpsiny 23)

+S15' (ol sin?¢ + al,cos?p) + S35 (0l cos?psin?y + ol,sin®Ppsin?y)

Applying the trigonometric identity cos?y = 1 — sin?y :

(e33(Y, ¢)){hkl} = 513’(0{1 i 0212 - 0{10052¢5i”2¢ - aézsin2¢sin21,b)
+ 833" (0l cos? psin*yp + al,sin? psin?e) (24)

(330, Piniyy = (S33" — S13")(011c052 + 05, 5in*P)sin* + Sy3(01; + 03)  (25)

substituting:

1 .
5331_5131 =§Sz 1 5‘13’ =51
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the following equation is obtained:

1
(e33(, P ity = 552(01115052(1’ + 0gp5in@)sin®P + s1(01; + 03,)  (26)

Using the formula for the interplanar distance in deformed crystal lattice (eq.
15):

1
(d@, PNnryy = [E sa(ai1cos? + azpsin®P)sin®h + s, (af; + ‘7212)] d?hkl} + d?hkl} 27

Relations for (£33, ®))nkry and (AW, ®))nky are linear in relation to
sin1 . An example is shown in the figure below.

Fig. 7 Typical sin*y plot obtained for 17-4PH stainless steel specimen.

The slope of the straight line determined by this method shall be proportional
to the stress measured in the ¢ direction. For cases where the values of 015, ai;
and o33 are negligible (i.e. for neutron or synchrotron radiation when internal
parts of the material are tested), the equation for (€33(¥, ®))iakiy assumes the
following formula:

(e33(, ¢)){hkl} = %52(”{15052‘15 + 013 sin 2 + 03, 5in%P)sin®p (28)

1 1
+ Esza§3cosztp+sl (ol + 0k, + o) + Esz(allgcosqb + alzsing)sin2y

and, consequently:

1
(A, N gnry = [Esz(al'lcoszd) + o, sin2¢ + al,sin?Pp)sin®yP

1 i
+ Esza§3coszw+sl(a{1 + ol +0d) + ESZ (ot5cosp + 02’3sin¢)sin21lzl d{ohk,}
- (29)
1
(A, P)niay = [Esz{(afl — 043)cos2¢ + a1, 5in 2¢ + (03, —043)sin*P)}sin*P+s; (11 + 03,

1
+al) + 552 (ol3cos¢ + alssing)sin2y d?h,d} + d?hkl)

In the most general case (anisotropic sample without special symmetry) the
general equation eq. 17 should be used. In this case, the determination of Rjj,
which depends on the measuring direction, is essential.

3.2. Multireflection method — anizotropic specimens with texture

In a standard X-ray experiment, it is usually assumed that the stress
component perpendicular to the specimen surface d4; is equal to 0. The key
feature of the sin*p method is measuring the mean interplanar spacing
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of (d(¥, ®))niiy. These values are averaged only for grains participating in
diffraction, i.e. for which the orientation of the scattering vector is perpendicular
to the crystallographic planes Akl. Therefore, the analysis method with the use of
quasi-isotropic elasticity constants s, and s, is adequate when the second order
stresses and texture in the test sample are negligible. In this case, and when the
stress state is of the two-axial nature (i. e. when gl = g, = 0) eq. 29 can be
illustrated as a linear dependence (Fig. 7). If the shear stresses o{; and o, are
significant in the specimen, the splitting phenomenon occurs (which consists
in curvature of the plots sin?y dla ¢ and ¢+180° in opposite directions) [2].
Moreover, in the standard version of this method, the observed diffraction peaks
correspond only to single Akl planes and the measured lattice strains do not
represent the whole volume of the tested sample [2].

A more general case occurs when a zero stress value of o33 cannot be
assumed, i.e. when neutron or synchrotron radiation that penetrates deep into the
material is used. Then the differences (o1, —o43) and (¢!, —al,) are determined
on the basis of the standard sin?y (cf. eq. 29). In addition, in the case of the
significant texture, anisotropic elastic constants (s, and s,) cannot be used
because DECs depend on the orientation distribution function and change with
¢ iy angles. The result of the above is that (d(¥, ¢))py function with respect
to sin*y changes its form — it is no longer a linear or an elliptical function, but
a complex nonlinearity is observed, i.e. a more general equation is necessary to
describe changes in the interplanar distance [2]:

(AW, P iy = [Fij(hkl, ¢, )0l diniry + diiery (30)
where:

(d@, ¢)){hk1} = [Fij(hkluﬁb"/))‘fi]j]d{ohkl} + d?hkl} (31)

Fl-’j (hkl, ¢,) — diffraction elastic constants for anisotropic material or for
a given phase of the multiphase material, usually called X-ray stress factors
XSF; Vij results from the transformation of the sample reference system into
the laboratory reference system:

cos¢pcosy singcosy —siny
Yij = —sin ¢ cos ¢ 0 (32)

cos¢psiny singsiny  cosy
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Different Akl reflections can be used simultaneously in the multireflection
method, the idea of which is to obtain al-’j and a, (when the regular structure
is tested) based on the calculated diffraction elastic constants Fj;j(hkl, ¢,1) and
after the transformation of Eq. 30 by substitution:

(a(d, V) inky =AW, Pinry -V h* + k* + 12 (33

a® = dgygy - VhR? + k2 + 12 (34)

The resulting equation is:

(al(e, V))niy = [Fij(hkl, p,)a];]a® + a® (35)

As a result of this transformation, instead of many values of unstressed
interplanar spacings dg,,,;, only one parameter of the unstressed crystalline
lattice (i.e. @) is used in the analysis [2].

The advantage of the multireflection method is that the results obtained are
representative for a large number of grains, to a much greater extent than it is in
the case of the single reflection method.

3.3. Diffraction methods used for estimation of second order stresses

The effect of the second order stresses on the sin?y plots consists in the
introduction of non-linearity into these functions. A number of methods have
been developed to calculate approximate values of second order stress. One of
them is the method proposed and developed by Baczmanski [3] — [4]. In this
method, the quantitative approximation of the first and second order stresses is
the result of reference to the diffraction data and to the self-consistent model.
In addition, the multireflection method enables obtaining more representative
data by the simultaneous fitting of different 44/ reflections.

The equation that conjoins the strains and stresses, including the first type of
stresses (macrostresses or phase stresses) and mismatch stresses, is [2]:

(€(d Y nicry = Fnn(hkL 0, Y)0hn + VamVsnSmnijo; iy 36)

It should be noted here that the second order mismatch stresses ailjg e
do not disappear after the specimen is unloaded. In addition, their value can
be approximated by model-based calculations of the self-consistent model, in
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which the input data include the type of reinforcement mechanism that occurs
during plastic deformation. Since the description of the hardening process is
complicated (requires consideration of additional empirical laws) and not
always possible to simulate with the use of the model, it is usually assumed that
values (o’lljlg(lc)(g) approximated by the model values, which are not equal to
the actual stresses of the second order but proportional to them, i.e.:

a7 g) = 4.0,°"(®) (37)

These two values, i.e. actual and model second order stress values, are
related to each other by the scale parameter ¢, which is not dependent on the
grain orientation g.

Taking into account Eq. 37, Eq. 30 and Eq. 35 will change:

(A, d))inkry = [Fi j(hkl, d,9)a; + q (Y3m}’3n5mm;f’l[]lg(w) (g)){nkz}] Ay + iy (38)

(a(¢' tp)){hkl} = [Fij (hkl: ¢, tp)o'ilj + q <V3my3n5mmjo'gg(w) (g)){hkl}] a° + ao (39)

The alignment procedure using the least square method provides information
on the parameters, i.e. the first order stress j;, the scale parameter ¢, the lattice
parameter a® and the interplanar spacing d?hkl} (lub a?hkl}) for the unstressed
specimen. If the value of ¢ parameter is close to 1, model predictions of second
order mismatch stresses are correct while in the case when g < 1, model values
will be overestimated, which is associated with stress relaxation in the actual
sample. When g # 1, the reinforcement process was not correctly predicted.
If the value ¢ is determined by the procedure of the least square procedure, the
actual value of second order stresses may be determined by multiplying the
model values, cf. Eq. 37
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