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Abstract: The control problem with random horizon at finite
number of events is investigated in this paper, where the general aim
of control is the stabilization (in mean square sense) of linear system
at minimum cost. This problem is reduced to the task of optimal
control with established finite horizon. Moreover, the differences
between stabilization with fixed and random horizons are also given.
To illustrate those differences a numerical example is included.
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1. Introduction

The problem of optimal control for linear and non-linear systems has been
given a lot of much attention for a long time (see e.g., Aoki, 1967; Bellman,
1961; Feldbaum, 196); Fleming and Rishel, 1975; Zabczyk, 1996). For discrete
time systems, many problems (e.g. adaptive control, approximation, quadratic
control, stabilization, identification, active learning etc.) have been studied by
researchers during the past few years (see e.g. Banek and Kozlowski, 2005A,
2006; Bubnicki, 2000; Dong and Mei, 2009; Fleming and Rishel 1975; Harris
and Rishel, 1986; Kozin, 1972; Liptser and Shiryaev, 1978; Rishel, 1985; Rung-
galdier, 1998; Saridis, 1995). Each of the above tasks consists in optimization
of performance criterion for fixed finite or infinite time interval. A lot of results
have been presented for the established horizon, with solutions of the above tasks
obtained using the iterative technique (see, e.g., Bubnicki, 2000; Xu, 2011) or
dynamic programming with approximation (see, e.g., Aoki, 1967; Banek and
Kozlowski, 2006; Bellman, 1961; Chena, Edgarb and Manousiouthakisa, 2004;
Fleming and Rishel, 1975; Feldbaum, 1965; Zabczyk, 1996). The question arises
how to design the controller (control law) when the horizon of control is unknown
or random?
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The problems with random horizon are less noticeable in the literature of
the subject and they can be divided into two types. The first type is based
on classical optimal stopping of decision process (optimal stopping control, see
Benht and Reikvam, 2004; Boetius and Kohlmann, 1998; Karatzas and Shreve,
1984, 1985; Shiryaev, 1978), which is modeled by a Snell envelope construction
and stopping moment definition. We could also solve this problem by changing
stopping into control, which is designed by an auxiliary task (see Banek and
Koztowski, 2005B). The second type is based on the assumption that the horizon
does not depend on the behavior of the system (the system state does not
influence the horizon). We obtain such a situation when we define the control
horizon as, e.g., the number of losses or number of requests. In such a case we
design the horizon by a random variable independent of state. The solving is
based on the construction of a substitute task, where the functionals of losses
and heredities are modified.

This paper presents a general stabilization problem of linear system, which
is controlled. This stabilization must be realized in a random horizon which is
independent of system state. The horizon of control is modeled by a random
variable. The problem mentioned is replaced by an auxiliary task of control with
finite horizon. In both cases the aim of control is the same but has different
forms. The above problem is adapted to linear systems.

The organization of article is as follows. Section 2 introduces the Lyapunov
stability. Section 3 presents task of optimal control with random horizon. Op-
timal controls of linear systems with quadratic criterion for deterministic and
random horizons are given in Sections 4 and 5, respectively. Basic results (op-
timal control for stabilization of linear systems) and an illustrative example are
provided in Section 6.

2. Stability

The common stability properties of stochastic systems that have been stud-
ied in the literature have generally been related to Lyapunov stability (see e.g.
Bolzern, Colaneri and Nikolao, 2008; Hoagg and Bernstein, 2007; Kozin, 1972).
Recognizing that stability in the Lyapunov sense is merely a uniform conver-
gence with respect to initial conditions, the various concepts of stability for
stochastic systems can be immediately defined by invoking one of usual models
of convergence of probability theory. This means convergence in probability,
convergence in the mean and almost sure convergence. Let y; € R™ denote the
system state at time ¢ (with initial state yo € R™ at time 0) and ||y|| denote a
norm, such as an absolute value or quadratic norm.

DEFINITION 1 (Lyapunov Stability). The system is stable if for given & > 0,
there exists 6 (€) > 0 such that for ||yol| < 9, there is

sup [lye|| < e.
t>4o
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Here, ty is called stabilization time. For a deterministic system we can
calculate this time exactly.

DEFINITION 2 (Asymptotic Lyapunov Stability). The system is asymptotically
stable, if it is stable and if there exists § > 0 such that for ||yo|| < there is

Hm [ly || = 0.

DEFINITION 3. The system is BIBO (Bounded-Input Bounded-Output) stable if
to any bounded input corresponds a bounded output.

It should be noted that BIBO stability is a ”weak” stability. It is sufficient to
consider the system, which for unit input signal (stroke, jump) responds with a
sinusoidal signal. Of course, this system is BIBO stable, but in Lyapunov sense
it is not. The stability, asymptotic stability, time stabilization can be extended
to stochastic case in a similar way. By analogy we define

DEFINITION 4. A stochastic system is stable if for given € > 0, there exists
0 (&) > 0 such that for ||yoll < 0, it follows that

sup E ||ly]| < e.
t>1

For a stochastic system the stabilization time 7 depends on internal dynam-
ics, disturbances, knowledge of system parameters. Thus, we see that stabiliza-
tion time is a random variable.

DEFINITION 5 (Mean Square Stability). The system is mean square stable (MSS)
if

lim E |y||> =0
t—o0
for any yo € R™ and ||yo|| < 0.

3. Problem formulation

The stabilization problem of linear or non-linear systems has attracted the in-
terest of an increasing number of authors in the last years (see e.g. Abouzaid,
Achhab and Wertz, 2011; Bolzern, Colaneri and Nikolao, 2008; Dong and Mei,
2009; Hoagg and Bernstein, 2007; Phat and Nam, 2007; Tian and Xie, 2007).
The Lyapunov stability suffices for practical applications, and so there are a lot
of results for this stability. However, in some practical applications the behavior
of the system over fixed finite or random time intervals is important (see e.g.
Koztowski, 2010, 2011; Liu and Sun, 2007).

Let us consider the stability problem of a linear system at random horizon.
In this task stabilization means MSS, and additionally we must stabilize the
linear system at minimum cost. The objective function determines total costs,
i.e. the sum of control costs and costs associated with instability of the system.
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This total cost is called composite costs function (CCF). Let (2, F, P) be a com-
plete probability space. Suppose that wi,ws, ... are independent n-dimensional
random vectors on this space, with normal N(0, ;) distribution, and let 7 be a
random horizon with the same discrete distribution P (d7). We assume that all
the above mentioned objects are stochastically independent and an initial state
1ol < oc.

We will consider the stabilization problem via control for a stochastic linear
system with state equation

Yi+1 = Ayz + Bg - O’U,l + OWi+41 (1)

where i =0,..,N—1,y, e R", A € R**" B € R™F C € R"* and o € R"*".
On (Q, F, P) we define a family of sub-o-fields F; = o {y; : 1 = 0,1, ...,j}. Below
we assume that the parameters of linear system & € R* are known, ||A|| < oo,
IBII&ll < oo, |IC]| < o0, |lo|| < oo, where ||| for matrices A, B,C, o denotes a

matrix norm || A|| = ”rn”aX ||Az|| (system (1) is BIBO stable). A Y,;-measurable
z||<1

vector u; € R! will be called a control action, and u = (ug,u1, ...) an admissible
control. The class of admissible controls is denoted by U. To specify the aim of
control, we introduce a cost of control at time i as ul Ru; and a heredity function
yX'Qy, as losses associated with system instability. The random variable 7
represents the horizon of control and has discrete distribution P (7 =14) = p;,

N
where 0 < p; < 1fori>0and > p; = 1. We assume that the system (1) is
i=0
controlled until random time 7 and after this time the system remains in the
terminal state (y, = y, fort > 7). We put ul; Ru_1 = 0 or u_y = ¢0l (0,0, ..., 0)
and define the objective function as

7—1

J(u)=F Z ul Ru; +y2 Qy. | . (2)

i=—1

At any time 0 < j < 7, which is not equal to horizon of control, we take control
u;, and at time 7 we do not take control but only calculate the value of the
heredity function. If the linear system (1) can be stopped at time 7 = 0, then
we calculate only the value of heredity function.

The main aim of optimal control is stabilization of system (1) at lowest cost,
which is the sum of control costs and stability losses. Then, the task is to find

inf J (u) (3)

and to determine a sequence of admissible control u* = (uf‘), cey uifl) for which
the infimum is attained.

REMARK 1. For @Q = I (identity matriz) we have the heredity functional as a
value of MSS.
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REMARK 2. Without loss of generality the above mentioned problem can be
extended to the case when the vector £ is unknown. This problem is called
adaptive optimal control problem and the design of optimal control must take
into account also the estimation of unknown parameters of linear system (1)
(see Liptser and Shiryaev, 1978).

4. Linear quadratic control

Let the linear system be described by state equation (1) and the quadratic
criterion with deterministic horizon N be

N-1
inf E (Z [ulTRZul + leszz} + yjz\}Qin> . (4)

uelU ‘
1=0

The theorem below presents the optimal control of system (1) and the value
of the composite costs function. The solution of task (4) for linear system (1)
where Q; = 0 and B = 0 (matrix of zeros) can be found in Kozlowski (2010).

THEOREM 1. Let
Ki=Q;+ AT (Ki-i-l — KiT_HC (Ri + CTKi+1C)_1 CTKZ'-H) A (5)
L;=AT

(Li+1 +2K; 1B — K C (R + CTKiJrlC)_l

C" (2Ki11 BE + Li+1))
(6)
M; =¢"B"Ki1BéE+tr (6" Kiy10) + "B Liyy + M
1 —1
— 7 QK BE+ Lis1)" C(Ri+ CTK;1C) ™ OF (2K 11 BE + Lita)
(7)

fOT’iZO,l,...,N—l andKN:QN, LN:O, MNZO.
If det (Ri + CTKHlC) # 0, then the optimal control is

1 _
uf = 5 (Ri+ C"KiniC) YOT (2K ;41 (Ay; + BE) + Lig) (8)
and
N—-1
. Tp . o T T _
JngE { ; [uf Riwi + v Qiyi + yNQNyN} Wo (yo)
where

Wi (yi) = yi Kiyi +y{ Li + M;. (9)
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Proof. First we define the Bellman functions which are non-negative (they are
defined as a sum of quadratic forms). For the time N we have

Wy (yn) = yNQnyn (10)

and
Wi (yi) = HilnE { ul Rivi + 47 Qiyi + Wi (yi+1)] F;} (11)

for 7 =0,1,...,N — 1. The value of the Bellman function in step N is given by
(10) and in step N — 1 we have

Wn-1(yn-1) =
min E{ul_1Ry_1un—1+ Y _1QN-1yn—1+ Wn (yn)| Fn-1}
UN -1

= 42%12 {ul_1 (Rn-1+CTQNC) un—1 — 2uly_,CTQn (Ayn_1 + BE)
+ (Ayn_1+ BT Qn (Ayn—1 4 BE) + yh 1Qn_1yn_1 +tr (UTQNU)}
Thus, the optimal control is

wy_1 = (Rv—1 +CTQNC) " CTQy (Ayn—1 + BE)
and

Wr-1(yn-1) =

— (Ayn—1 + BE) QNC (Ry—1 + CTQNC)_1 CTQn (Ayn_1 + BE)

YN 1 Q@v-1yn—1 + (Ayn—1 + BT Qn (Ayn—1 + BE) + tr (6" Qo)
=01 (@ + ATQuA — ATQRC (B + CTQNC) " CTQuA)
vyl (ATQw — ATQEC Ry + CTQC) T Q) Be

+tr (6" Qno) + ' BT (QN —QLC (Ry-1+ CTQNC)fl CTQN) Be

=k Ky 1yn-1+yh Ln_1+ My_1.

We assume that equations (5)—(7) and (9) are true for ¢ + 1. From (11) and
using the properties of conditional expectation we have

Wi (ys) = D%IHE {ul Riwi + vy Qiyi + Wiga (yi+1)’ F;}
= H}lln {ulT (Ri + OTKi+1O) u; —u] CT (2K;41 (Ay; + BE) + Lit1) + vl Qiyi

+ (Ayl + Bf)T KfL'Jrl (Ayl + Bf) + (Ayl + Bf)T Li+1 + tr (UTKfL'JrlO') + Mi+1} .
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Thus, the optimal control is
uf = % (Ri +CTK;1C) " CT (2K ;1 (Ayi + BE) + Livy)

and finally
Wi (yi) =
vl (Qi + AT A— ATKT O (R + CTKZ'+IC)71 CTKH—IA) Yi
+y! (AT Liy1 + 2ATK; 41 BE) —
yT (ATKE;lc (Ri + CTK; 11 C) 7 (2K 1 BE + Li+1))
+¢"BTK 1\ BE+ tr (0" Kiy10) + € BT Liy1 + M
—i (2K 1 BE+ Lis1)" C (Ri + CTKi11C) ™ CT (2K;41 BE + Liyr)
=y Kayi +y{ Li + M;

what finishes the proof. |

5. Linear quadratic control problem with random horizon
at finite number of events

This section presents a transformation of the LQC problem (2) - (3) with ran-
dom horizon to a task with deterministic horizon. The obtained task is still the
LQC problem but has a modified objective function. Using the definitions of
conditional probability and conditional expectation the composite costs func-
tional (2) can be presented as

7—1

Z uiTRui + yZQy‘r

i=——1
+FE (ugRuo +y{ Qu1) P(r=1)+ ..+

J(u)=E =FE (ys Quo) P (1 =0)+

N—-1
+ F (Z u;‘FRul—i—y]:GQyN) P(TZN)

=0
N-1 N N

=E|> ulRu Y P(r=j)+> ylQuP(r=1i)
i=0 j=i+1 i=0

=F

N-1 N
Z ul Ru; P (1 > i) + ZyiTQyiP (r= 2)1 .
i=0

i=0
Finally, the above mentioned functional can be presented as

N

J(u) = EZ (ul Rju; +y] Qju;) (12)
=0
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where
Ri=P(r>j)R and Q;=P(r1=3)Q (13)

forj =0,1,..., N. From distribution of random horizon 7 we see that P (1 > N) =
0 thus Ry = [0] (matrix of zeroes). Therefore, we replace the task of optimal
control with random horizon at finite number of elementary events (3) by the
task of optimal control with finite horizon

N—-1
ﬁngE Z (u] Rjuj +y; Qiy;) + ynQnyn | - (14)
=0

The CCF value is the same but the design of optimal control for a task with
established horizon is easier. Below we consider the auxiliary (replacement) task
(14) to design the optimal control of system (1) with random horizon 7. From
Theorem 1 we have

COROLLARY 1. Ifdet (RZ— + CTKZ'+1C) # 0, then the optimal control of system

(1) is

(Rl + CTKi+1C)_1 CT (2Ki+1 (Ayl + Bf) + Li+1)

*
ui—

N =

where Ky = Qn, Ly =0, My =0 and K;, L;, M; fori=0,1,.... N — 1 are
given by (5)-(7), respectively, but R;,Q; are given by (13).

6. Stabilization of a linear system

Let us consider the case, where the BIBO system (1) functions in random horizon
7 and the maim aim is stabilization. Thus, this system may be controlled
only at times 0,1,...,7 — 1 and must be stabilized at lowest cost. The cost of
control (energetic cost) in each step has a quadratic form ul Ru; but from the
definition of stabilization (quadratic Lyapunov function) the value ||y||* must
be minimized. In case where horizon of control 7 is random, the task

T—1
inf 7 TRu; + ||y-|)? 15
inf {;u | } (15)
is replaced by the one with deterministic horizon

N-1

inf B Z;(P<T>j>u?Ruj+P<T=j>||yj||2)+P<T=N>|yN||2 (16)

N
where P(1=1i)=p;, 0<p;<1lfori>0and ) p; =1
i=0
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THEOREM 2. Let R; = P(1 > j)R, Q; = P (7 =j)I where I is an identity
matriz, the matrices K;, L;; M; for i = 0,1,...,N — 1 are given by (5) - (7)
and Ky = P(tr=N)I, Ly =0, My =0. If ||A|| < oo, ||B¢]| < oo, ||C] <
oo, tr (UTU) < oo and det (RZ- + CTKZ-HC) # 0, then the optimal control to
stabilize system (1) is

1 _
u; = 3 (Ri + CTKi_HC) ! ct (2K;+1 (Ay; + Bf) + Li-',-l) . (17)

The value of the composite costs function is

N-1
. . 2 2
if B 3 (uf Ry + P (r = ) lul) + P (- = N)llyw |
j=0
=y Koyo + g Lo + My. (18)
Proof. Results from direct application of Theorem 1. [ ]

COROLLARY 2. The above formulas can be used for the classical linear quadratic
control with established horizon. Let the system be described by (1) and the task
have the form

N-1
inf £ { Z ul Ru; + ||yN|2} . (19)

cU
v i=0

In this case we put P(r=N)=1and P(r =i) =0 fori=0,..., N—1, then the
optimal control has the form (17), where R; = R and Q; = [0] (matrixz of zeros)
fori=0,...N—1, and Ky = I (identity matriz). The value of performance
criterion s

N-1
g St} = s i+ 2

where Ko, Lo, My are given by (5) - (7).
COROLLARY 3. Let the linear system be described by the state equation
Yir1 = ¥i — Cui + owi (20)

and the performance criterion with random horizon have the form (15), which we
decompose to auziliary task (16), where R, = P (Tt > i) R and Q; = P (1t =14)I
fori=0,1,2,...,N. Using (17) and (5) - (7) we have: if det (R; + CTG;41C) #
0 for i =0,1,..., N — 1 then the optimal control of system (20) is

ul = [Ri + CTKiJrlC} - CTKi1y:
where

Ki = Qi—FKiJrl —KEHO [Rl + OTKiJrlC} -t OTKfL'Jrl and KN =P (7’ = ’L)I
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and the value of performance criterion of auxiliary task (16) is

N-1
. Tp.,, . — 112 _ 2
JngE{;_O: |ul Riwi + P (7 =) |al*| + P (- = N) llyw] }

N
=yl Koyo + Z tr (o K;o).

Jj=1

REMARK 3. In present case the external stopping time of stabilization of linear
system (1) can be zero (T = 0) (it is the case, where system is disturbed and can
not be stabilized). From the mathematical point of view this is correct, while the
theory of control says that if we stabilize we do act. In this case it is sufficient
to put P (1 =0) = pg = 0 which means that we surely undertake an action to
stabilize the system at time 7 = 0.

EXAMPLE 1. Let us stabilize a linear system with state equation (20) for random
and fized time. Let us assume

po[027 0037 L _[ 13 02 [12 -03
1003 035" YT | —04 21 |> 7702 09

We must stabilize the system (20) , which is at an initial point yo = ( —95(5)6 )

. The random horizon has a Bernoulli distribution

P(r=k)= (Z)p’“ (1-p)" "

10
fork=0,1,2,...,10. The Bellman’s function W; (y;) = nyjyj—i— St (oTKio)
i=j+1

represents a CCF at time j. For p = 0.56 and p =1 we have Tab;e 1 presents
a possible trajectory of system states y;, optimal controls u} and values of Bell-
man’s function. It can be seen that until possible time [ET] we try to stabilize the
system, but after the moment [ET] we suppress (level) external disturbances by
control (the symbol [| means the integer part). In case with random horizon the
control values are higher at the beginning and successively decrease in following
moments until time [ET|, whereas in case with fized horizon the control values
are evenly distributed.

Fig. 1 shows dependencies between the composite costs function and prob-
ability of success p. We can see that with increasing p the expected horizon
of control is being extended and the energetic costs are more spread over time,
therefore we have lower costs during system stabilization.

EXAMPLE 2. To uncover the additional differences between the control system
with random and deterministic horizons, we consider the problem of stability of
linear system (20) without cost of controls.

Thus, in case with random horizon the task has the form

. 2
Inf By, | (21)
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7 =056 p=1
J | Wi (y) Yi u; W; (y;) Yi u;
0 | 34182 | 90 | -36 | 18.36 | 2.73 | 127.13 | 90 | -36 | 6.75 | -0.44
1 | 24020 |64.49 | 2312 | 16.84 | 2.09 | 115.36 | 81.35 | -32.85 | 6.76 | -0.46
2 | 13411 | 40.18 | -13.01 | 15,58 | -2.10 | 110.29 | 75.05 | -30.36 | 6.99 | -0.48
3 | 69316 | 20.34 | 2.60 | 9.65 | 0.23 | 97.15 | 65.77 | 25.73 | 6.99 | -0.43
4| 1617 | 7.63 | 043 | 414 | 0.38 | 86.09 | 57.31 | 22.20 | 7.09 | -0.43
5 | 208 | 151 | 033 | 088 | 0.01| 7631 | 49.36 | -19.69 | 7.28 | -0.51
6 | 089 | 053 | 0.62 | 031 | 0.22| 6892 | 42.03 | -16.43 | 7.69 | -0.51
7 | 056 | -119] 032 | 075 | 0.02 | 55.65 | 32.71 | -12.13 | 7.88 | -0.46
§ | 022 | 095 | 094 | 059 | 032 | 4222 | 2331 | 771 | 8.23 | 0.32
9 | 001 | 031 | 041 | 022 | 021 | 2467 | 12.63 | 2.69 | 8.33 | 0.16
10| 001 | 131 | 081 ] 0 | 0 108 | 099 | 032 | 0 | 0

Table 1. The CCF, states and control values for random and fixed times.

which we reduce to the form

N
. . 12
f B P =)yl |- (22)
Jj=0
The optimal control is
N -1
u; = (CTKH_lC) CTKH_lyi (23)
where Ky = P (= N)I and
Ki=P(r=i)T+K; — K5,C(CTK;1C) " CTK, 4y (24)
fori=0,1,..., N—1 and I is identity matriz. The value of performance criterion

(22) is yg§ Koyo + f) tr (6T Kjo).
In case with deterrrjl;iistic (fixed) horizon the task has the form

inf B |lyw’ (25)
where the optimal control is also given by (23), where Ky = I and

K= Kip1 — K5, C(CTKi11C) ' CT Koy (26)
fori=0,1,..., N—1 and I is identity matriz. The value of performance criterion
(25) is yd Koyo + iv:l tr (6T Kjo).

j=

We see that the formulas, which determine the values of performance criterion
(22) and (25) and controls, are the same. The matrices K; for the above task
are different!
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Figure 1. The relationship between CCF and probability p

EXAMPLE 3. If y;,u;,w;,C,0 € R, then for the case with deterministic horizon
of control from (26) we have Ko = K1 = ... = Kny—1 = 0 and Ky = 1, while
the optimal control is ug =uj = ... =un_2 =0, uly_; = ch’l thus

. 2 _ 2
Inf Blyw|” = 0.

Thus we see, that the system evolves freely (without controls) in steps0,1,...N—2
, and we must take control at time N — 1 only.

In case with random horizon we act completely differently, from (24) we have
Ki=P(r=1) andu; = % fori=0,1,..., N —1. For one-dimensional case we
see that control does not depend on distribution of control horizon. The value
of performance criterion is

N

N
. . 2 _ _ 2 2 _
nfE ;,OP(T_])”‘%H P(r=0)|lyoll” + 0 jEilP(T J)

= o2+ P(r=0) (Hy0||2 - 02) .

REMARK 4. The one-dimensional case for system (20) showed the significant
differences of control. For a fixed horizon we take control only in the penultimate
step N — 1, the system evolves freely until time N — 2. For a random horizon
we take control from time O wuntil time T — 1 (all the time we must stabilize
the system; we are aiming at a target, wich is the origin of coordinates). The
control at time 0 depends on the initial state yo, while the controls in subsequent
moments depend on system states and eliminate external disturbances.
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7. Conclusion

In this article, the stabilization problem of stochastic discrete-time linear system
for random horizon via control was presented. The random horizon was mod-
eled by a random variable at finite number of elementary events. The described
problem was reduced to optimal control task with finite horizon. The aims of
control for primary and substitute tasks are the same. Solution of auxiliary task
gives the optimal control laws to stabilize the linear system. Additionally, a sim-
ple example shows that the optimal controls for stochastic system stabilization
in random and fixed time intervals are different. Thus, to design stabilization of
a linear system for random time we cannot directly refer to the task with estab-
lished horizon, we must necessarily modify the composite costs function. The
considered stochastic system has known parameters, but the obtained results
could be extended to the task of stabilizing a system with unknown parameters.

The extension of the described problem can be used, for example, to system
identification, image recognition, perfect tracking etc. in random time interval.
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