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The paper concerns the beginning of a modeling study for supercapacitors. A data 
acquisition (DAQ) based system is presented, where an automated procedure has been 
implemented for the measurement of frequency characteristics. For a typical range of the 
supply voltage the characteristics are obtained. A model basing on fractional calculus is 
recalled and parameters for the model are obtained. The frequency characteristics of the 
model are compared with those obtained from measurements. Later the tested 
supercapacitor has its characteristics taken for various amplitudes and offsets of the 
source voltage. A few remarks are given for a possible expansion of the model when 
nonlinearity should be considered. 
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1. INTRODUCTION 
 
 The study of supercapacitors is important due to their role in high energy 
density storage systems [1]. They also find applications in hybrid electric vehi-
cles [2]. Their presence in circuits requires simulations including models that 
can closely recreate their behavior. For various types of analyses with complex 
circuit elements and nonstandard source waveforms it is useful to have models 
that are both applicable in steady state analyses and in simulations of dynamics. 
There are various approaches in the modeling of supercapacitors, where charg-
ing and discharging waveforms are studied [3] or frequency characteristics [4], 
or sometimes both in order to allow a model to accurately resemble various dy-
namics. This paper is a part of a larger project aiming at the modeling of 
supercapacitors. This particular study focuses on obtaining the frequency charac-
teristics of a supercapacitor for various offsets and amplitudes of the supply 
voltage. Initial remarks for modeling using fractional derivatives are also made 
along with a discussion on possible nonlinearities that could be modeled. 
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 Fractional derivatives are a part of a mathematics branch called fractional 
calculus. There are various definitions of the fractional derivative [5], where in 
this paper only the Caputo definition [6] is applied: 
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In the equation above x(1)(t) is the first derivative of the variable x(t), α is the order of 
the derivative (where only α  [0, 1] is considered) and () is the gamma function: 
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Models using fractional derivatives have been applied with much success recent-
ly not only for supercapacitors [7–9] but also for coils with ferromagnetic cores 
[10–13]. 

 
2. MEASUREMENT SETUP 

 
2.1. Considerations for voltage operating range 

 
 There are a few factors that need to be taken into account when considering 
the measurement of frequency characteristics for supercapacitors. One of them is 
the operating range of the input voltage. Because of their composition – they 
should operate below their maximum voltage (e.g. 2.7 V [14] or 5.5 V [15]). 
They should also not be charged with reverse polarity [16, 17], i.e. the user 
should connect the supercapacitor according to its appropriate marking. 
 Another factor is the frequency range. For the purpose of this paper the fre-
quency range [0.1, 500] Hz has been selected (reflecting components of slow 
responses up to those where frequency characteristics still change with some 
significance). All measurements have been performed in a room temperature – 
in this paper temperature dependencies are not studied. 
 

2.2. The setup 
 
 The setup assembled for the frequency characteristics is depicted in 
Fig. 1, where: 
– the voltage source is an arbitrary function generator (AFG) – in the study the 

GW Instek AFG-2105 [18] has been applied, 
– the AFG output waveforms are constructed according to commands sent from 

a PC through the USB interface, 
– the DAQ (data acquisition) device consisted of a NI-9239 voltage input mod-

ule [19], which was mounted on the cDAQ-9174 chassis [20], 
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where: 

 
π

j exp j .
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 
 (8) 

 

 
Fig. 5. Studied supercapacitor model (the fractional capacitor is depicted as a capacitor in curly 

brackets along with the order of the element – a symbol introduced first in [23]). 
 
 An estimation procedure has been completed in order to obtain the parame-
ters of the model. The parameter estimation has been done through an original 
program written in C#, applying the Accord.NET Framework [24] where the 
COBYLA [25] method has been applied for constrained optimization. The ob-
tained parameters are (values rounded to four significant digits): 
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A comparison between the measurement results and the frequency response of 
the model is depicted in Fig. 6 (for two different frequency ranges for better 
readability). 

A very good reflection of the measured characteristics has been observed in 
the model response. 

 
4. CHARACTERISTICS FOR VARIOUS AFG OUTPUTS 

 
 In the previous section the frequency characteristics have been obtained 

for the same amplitude and offset of the AFG for each frequency. This approach 
is valid if the model is linear and the object is also assumed to mostly exhibit 
linear behavior. This section puts in question if the linearity can be assumed and 
if not then what are the conditions for the model to be valid. 

No evident differences can be observed for various amplitudes when compar-
ing the characteristics for common source offsets. 
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 0D ( ) ( ).t q t i t   (9) 
In the above equation q is not the charge but an artificial variable with the 

unit Csα 
–

 
1. As is the case with the fractional (linear) capacitor itself – the ele-

ment should be considered as a means to phenomenologically capture certain 
features of real objects and not as an element, which can be derived from physics 
principles. The nonlinear equation of the element would then be either a q(u) 
function or a u(q) function. The modeling attempts including nonlinear elements 
are planned for future studies. 
 

5. CONCLUSIONS 
 
 A DAQ-based measurement system has been introduced and applied on a 
tested supercapacitor in order to obtain its frequency characteristics. For a typi-
cal source voltage range the modeling of the fractional capacitor has been per-
formed, where the fractional-order model very accurately allows to resemble the 
frequency characteristics of the real object. 

The frequency characteristics for various source voltage amplitudes and off-
sets have also been compared. It has been observed that for source voltages 
around 2 V and above the linear model can very accurately describe the behavior 
of the supercapacitor. For lower voltages the frequency characteristics are slight-
ly different and a nonlinear model could be considered in the future. 
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