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1. INTRODUCTION
The mean operator is defined for a continuous function f on R?, even with respect to

the first variable by

2

Ro(f)(r,z) = %/f(rsin@,x—i—rcos@) ds,
0

which means that %Z,(f)(r,z) is the mean value of f on the circle centered at (0, x)
and radius 7. The dual operator of % is defined by

o)) = 1 [ 1 (Va0 d
R

The operator %y and its dual ‘%, plays an important role and has many applications,
for example, in image processing of so-called synthetic aperture radar (SAR) data
[3,16], or in the linearized inverse scattering problem in acoustics [7,10].
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In [4], the authors have generalized %, and %, by introducing the so-called
Riemann-Liouville operator defined on the space of continuous functions on R2, even
with respect to the first variable, by

Ao (f)(r; )
/ /f Vi—¢ a:—l—rt) (1—7,‘2)&_% (1—32)a_1dtds if >0,

dt
17t29:+7’t)7 if =0,
I e

and its dual transform '%,,, defined on .7, (R?) (the space of infinitely differentiable
functions f on R2, and rapidly decreasing together with all their derivatives even with
respect to the first variable) by

"Aa(f)(r,7)

oo —aE=TZ

20

a / / flu,z 4+ v)(u? —v* —rH)* tududo if a >0,
LL2—72

Many harmonic analysis results related to the Riemann-Liouville operator have been
established see for example [5,6,14,25] and the references therein.

The description of the range and the problem of inverting the mean operator have
been studied by many authors motivated by their applications in several contemporary
domains, like mechanics, physics, medical imaging modalities using the thermoacoustic
tomography technic (TCT) and the radio frequency energy (RF) (see [1-3,10,16,17]).
This problem was taken forward by the authors in [4] for the Riemann-Liouville
operator and its dual. Indeed, they have proved the same results given by Ludwig,
Helgason and Solmon for the classical Radon transform on R? [15,21,26] and for
the spherical mean operator in [23], more precisely they have established that the
Riemann-Liouville operator and its dual are isomorphisms on some subspaces of
7. (R?) and they have provided their inversion formulas in terms of integro-differential
operators. Herein, we invert %, and ‘%, using generalized wavelets associated to the
Riemann-Liouville operator and classical wavelets (see [24,29]). These new expressions
are advantageous because of the large choice of wavelets, that are recognized as
a powerful new mathematical tool in many areas, for example signal and image
processing, time series analysis, geophysics ([8,11-13]).

This paper is arranged as follows.

In the second section, we recall some harmonic analysis results for the Fourier
transform connected with the Riemann-Liouville operator, we also give the inversion
formulas of %, and ‘%, in terms of integro-differential operators and we establish
some new results that will be useful later.
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In the third section, we define and study the generalized continuous wavelet
transform associated with the Riemann-Liouville operator. In particular, we prove
Plancherel’s and Parseval’s formulas and provide an inversion formula.

In the last section, we provide relations between the generalized continuous wavelet
transform associated to the Riemann-Liouville, the classical continuous wavelet trans-
form, the Riemann-Liouville operator and its dual that we use it to prove the main
result of this paper, that is, the expressions of Z, ! and *%, ! using wavelet transforms.

2. THE RIEMANN-LIOUVILLE OPERATOR AND ITS DUAL

In this section, we recall some harmonic analysis results related to the Fourier transform
associated with the Riemann-Liouville operator, and we check out new results that
will be useful hereafter.
In [4], Baccar et al. have considered the function ¢, , where (u, A) € C?, given by
Cu(r,x) = Hq (cos (u.) exp(—iA.)) (r, z),

and they proved that for (u,\) € C?

S%,A(ﬂ x) = Ja (m/W) exp (fi/\x) ,

where j, is the modified Bessel function of first kind and index « (see [9, 20, 30])
given by

' . . +oo (_1)71 E 2n C
Ja(z) =T(a+ )Z—n!r(a+n+1)(2) , zeC.

n=0

The function ¢,  is the unique infinitely differentiable function on R? even with
respect to the first variable satisfying

Aqu(r,z) = —idu(r, x),
Aoqu(r,x) = —pu(r, x),
u(0,0)=1, 2%(0,z)=0 forall z€eR,

where A; and A, are the singular partial differential operators, given by

0
Ty
2 2
Ay 0 2atl0o O (r,z) € (0,400) xR, «a>0.

T o r o Or Oz%

In addition, the function ¢, » is bounded on [0, +00) x R if and only if (1, A) belongs
to the set
T=R*U {(in,\) : (n,A) € R, [u] <[]}
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In this case

sup |oua(rz)| =1 (2.1)
(r,z)ER?

Define the measure v, on [0, +00) x R, by

1
dve(r, ) = —————1?*Tldr @ du.

©V2r2eT (a4 1)

The translation operators (., (r,z) € [0,+00) x R, associated with the
Riemann-Liouville operator are defined on LP(dv,), p € [1,+o0], (the Lebesgue
space on [0,+00) X R with respect to the measure v, with the LP-norm denoted by

I o) DY

T(r,x) (f)(& y) =

Then, for every f € LP(dv,), 1 < p < 400 and (r,z) € [0,+00) x R, the function
T(r,z)(f) belongs to LP(dv,) and we have

76y (D) S Wl - (2.2)
The convolution product of f,g € L'(dv,) associated with the Riemann-Liouville

operator is given by

+oo
fho(r,z) = / / Ty ()5 9)9(5,y)dva(s,y) forall (r,z) € [0, +00) x R,
0 R

where f(s,y) = f(s,—y).

The Young inequality for the convolution product “” states that if p, ¢, € [1, +00]
are such that 1/p+1/¢ = 1+ 1/r, then for every functions f in LP(dv,) and g in
L%(dv,), fig belongs to the space L"(dv,) and we have

189llrva < N llpwallgllave-

The Fourier transform .%, associated with the Riemann-Liouville operator is
defined for f in L!(dv,) by

+oo
fa(f)(,u,)\)://f(r,x)goﬂyk(r,w)dya(r,x) for all (u,\) € Y.
0 R

Then, we have

Fo (7—(7-,—x)(f)) (,LL, )‘) - (P/L,)\(Ta x)joz(f)(:uﬂ )‘) for all (Ma /\) €. (23)
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Let T be the subset of T given by
T+ = ([0, +00) x R) U {(ip, A) : (1, ) € B2,0 < < A},
We define on it the g-algebra By+ = 9_1(B[O,+OO)X]R), where 6 is the bijective function
defined on YT by
= (V2 + A% ),
and the measure 7, by
Ya(A) = v4(0(A)), A€ Bry+.

We denote by LP(dv,), p € [1,+00], the Lebesgue space on YT with respect to the
measure 7, equipped with the LP- norm denoted by || - |, - Then, for all non negative
measurable functions f on Y,

//f(u,A)dva(uJ) QQ\/%F {//f 1, \) (12 + A2 pdpd\
r

N
+O/R/f(iu7A)(A2 —u2)“udud/\}~

If f is a measurable function on [0, +00) x R, then the function f o6 is measurable on
T*. Furthermore, if f is a non negative or an integrable function on [0, +00) x R with
respect to the measure v,, we have

// £00) (1, Ndvali, \) //fr:z:dz/arx)

Moreover, the function f belongs to LP(dv,) if and only if f o 8 belongs to LP(dve)
and we have

Hf Oa”pﬁa =|f |p,ua~ (2-4)

According to these notations, the following facts hold.

— For (4, A) € T, we have

Fol )11, A) = Fal(f) 0 0(, ), (2.5)

where %, is the Fourier-Bessel transform defined on L' (dvy) (see [28,29]) by

“+o0
FalHu ) = / / F(r, @)ja(rpezp(—ire)dva(r, @), (1, A) € R2.
0 R

This shows that the Fourier transform .%, is a continuous mapping from .7, (R?)
into itself.
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— (Inversion formula) For every function f in L'(dv,) such that the function .7, (f)
belongs to L'(dv,), we have

f(rz) = / / ol F) (s N g D)) e, (2.6)
T+

— (Plancherel’s theorem) Since the mapping % is an isometric isomorphism from
L?(dv,) onto itself, then the relations (2.4) and (2.5) show that the Fourier
transform .Z,, is an isometric isomorphism from L?(dv,) into L?(d7,). Namely, for
every f € L?(dv,), the function .Z,(f) belongs to the space L?(dv,) and we have

[ Fa(F)ll27a =

As a corollary of Plancherel’s theorem, we have the following Parseval’s formula

for .
Corollary 2.1. For all functions f and g in L?(dv,), we have

//frx g(r, x)dvy (r,z) = //Ja ) N)ZFa(9) (s N drya (2, N). (2.7)

In addition, we state the following results that will be used in the next sections.
Proposition 2.2.
1. For f and g in %.(R?) (respectively f in L'(dv,) and g in L*(dv,)), we have
Fa(flg) = Fa(f)-Falg) (2.8)

2. Let f and g be in L*(dv,). The function fig belongs to L?(dvy) if and only if
Zo(f).-Fulg) belongs to L?(dv,) and we have

Fa(ftg) = Fu(f)-Falg)- (2.9)

In [4], the authors have showed that the dual transform '%, maps continuously
Z.(R?) into itself and that for all f in .7, (R?),

Fo(f)(, N) = Ay o ' Bo(f)(, N) forall (u,\) € R? (2.10)

where A, is the usual Fourier transform on R? defined by

+o00
A) = f(r,z) cos(rp)e " dmg (r, x),
/]

and m, the measure defined on [0, +00) x R by

1
dmy(r,z) = ——————dr ® dz.

V2r2eT (o + 1)
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In the sequel, we use the following notations.

— We denote by LP(dm,), 1 < p < 400, the Lebesgue space on [0, +00) X R with
respect to the measure m,, equipped with the LP-norm denoted by || - ||p,m., -

— For a function f defined on R? even with respect to the first variable, the usual
translation operators, o, ., (1, ) € R? is defined by

S (N5y) = U0 +sy—0)+ [ =s,y=2), () €R. (211)

— Classical convolution product “x” is defined for functions f and g even with respect
to the first variable on R?, in L!(dm,), by

+oo
frg(rz) = / / Sty ()5, 9)9(5,9)dma(s,),  (rz) € B2,
0 R

with f(s,y) = f(s, —y)-
For all functions f and g in .7.(R?), the function f x g belongs to .7.(R?) and we
have

Ao(f * g) = Aa(f)Aa(g)- (2.12)

Moreover, for all f and g in L?(dm,,), the function f * g belongs to L?(dm,,) if and
only if Ay (f)Aq(g) belongs to L?(dm,) and the relation (2.12) holds.

Proposition 2.3. For f and g in .7.(R?), we have

"R (f9) = "Ra(f)* 'Ralg).
Proof. Since f and g are in .7, (R?), we get from relations (2.8), (2.10) and (2.12)
Aa("Za(f19)) = Za(ftg) = Falf)Falg)
= Aa("Za(f)Aa('Zal9)) = Ma("RZa(f) * ' Ralg))-
The result follows from the fact that A, is an isomorphism from .7, (R?) onto itself. [
We denote by
— N the subspace of .7, (R?) consisting of functions f satisfying

1 k
VkeNVz e R: (;%) £(0,2) =0,

— #9(R?) the subspace of .7,(R?) consisting of functions f such that

Supp.Za (£) € {(1,A) € R [u] = [A]}
~ 7 0(R?) the subspace of .7, (R?) consisting of functions f such that

+oo
Vk e NVz e R: / f(r,x)r*dr = 0.
0
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To palliate the fact that the dual transform ‘4, is not injective when applied to
7. (R?), the authors, in [4], have proved the following results.

Theorem 2.4.

1. The transform '%q is an isomorphism from #2(R?) into .7, o(R?).
2. The Riemann-Liouville operator R, is an isomorphism from .7, o(R?) into .#2(R?).

Lemma 2.5.

1. The mapping A, is an isomorphism from .7, o(R?) into N.
2. The Fourier transform %, associated with the Riemann-Liouville is an isomorphism
from 2(R?) into N.

Theorem 2.6.
1. The operator .} defined by

200 =03 (gm0 A A D) () (213

is an automorphism of . o(R?).
2. The operator X2 defined by

220000 = 72 (gm0 + D) ) 29

is an automorphism of /2(R?).

The inversion formulas for the Riemann-Liouville operator and its dual in terms of
the integro-differential operators J#,! and .#,2 are given by the following theorem.

Theorem 2.7.
1. For f € .%.0(R?) and g € #2(R?), we have the inversion formula for Ze

9= Ray "' Ral9),
f =K Raa(f).
2. For f € Z.0(R?) and g € S2(R?), we have the inversion formula for '%,,
f="Ra K% (f),
9= KR Ra(9).
The following result gives a connection between the maps J#.! and #,2.

Corollary 2.8. For f in /2(R?), we have

K (f) = "% 0 Hy o ' Ralf)-

[e3%
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Proof. From relations (2.10), (2.13) and (2.14) and using the fact that the function f
belongs to .70 (R?), we get

™

(e
= B oAt (

Jﬁ+VWW%UO

m 2 2\a ¢
A Ay 0%,
22a+1(r(a+1))2(“ + A7) ulAa o (f)>
= B o H] o R (f). O
Next, we provide some properties involving the convolution products “x” and “f”.

Proposition 2.9.

1. For every f in S, 0(R?) and g in 7,(R?), the function f x g belongs to S o(R?).
2. For every f in S2(R?) and g in Z.(R?), the function fig belongs to 2 (R?).

Proof.

1. The result follows from the relation (2.12) and (1) of Lemma 2.5.

2. According to (1) of Theorem 2.4, the function ‘%, (f) belongs to .7, o(R?). Then
from (1) the convolution product ‘%, (f) * ‘%a(g) is also in .7, o(R?). In virtue of
Proposition 2.3, we have

"Ro(fh9) = "Ba(f) * 'Aalg).

We deduce the result using again (1) of Theorem 2.4. O
Proposition 2.10.
1. For all f € Z.0(R?) and g € Z.(R?), we have

o (fg9) = Ao (f) *g. (2.15)
2. For all f € S2(R?) and g € 7.(R?), we have
3 (fg) = A3 (Nig- (2.16)

Proof.

1. From the expression of %, given by the relation (2.13) and (1) of Proposition 2.9,
we have

HH(fxg)=A" (22a+1(p7(ra +1))2

_A—1
- Aa <22a+1(r
s

0 (gm0 A (0)) o = A2 ()

<ﬁ+vwmmuW0

(

) A (£)a(0))

2. The proof is the same as in (1). O
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Corollary 2.11. Let f and g be in . o(R?). Then,

Ko (f % 9) = Bo( )8 25 (9)- (2.17)

Proof. Since the function ‘%, *(g) belongs to the subspace .#2(R?), then from (2) of
Proposition 2.9 the function %, (f)t 1%, *(g) belongs to .#2(R?). Using the inversion
formula for #, given in Theorem 2.7, Proposition 2.3 and the relation (2.15), we get

R (Ra () HS (9)) = Ko ' Ra (R (£)E %5 ()
= Ao ((Raa(f) % 9) = Ho ' RaRa(f) * 9.

Thus, from Theorem 2.7 we have

RN Ra (1) %5 (9) = [ g,

and therefore

R ()t "R g) = Balf % 9). O

3. CONTINUOUS WAVELET TRANSFORM ASSOCIATED
WITH THE RIEMANN-LIOUVILLE OPERATOR

In this section, we define and study the wavelets and the continuous wavelet transforms
connected with the operator Z,,. Using the harmonic analysis results related to the
Fourier transform, we establish in particular an inversion formula and the Plancherel
theorem ([18,19,22]).
Let a be a positive real number. We define the dilation operator D, of a func-
tion ¥ by
1 Ty 9
Da(w)(xvy)zmdj(aag)? (Iay)ec .
— For all a,b > 0, we have D, o Dy, = Dg,.
— For every a > 0, the operator D, is an isometric isomorphism from L? (dv,,) onto
itself.

Property 3.1. Denote by (-,-),.. the inner product of L* (dvy). Let a > 0. Then for
all 1, o in L? (dvy), we have:

1. <Da(¢), <P>ya = <w7 D%(w»l/oﬂ
2. Da(T(0)(1)) = Taran) (Da(¥)),
3. Fa(Da(¥)) = D1(Fa(¥)).

Definition 3.2. Let ¢ be a measurable function on [0, +00) x R. We say that v is
a generalized admissible wavelet associated to the Riemann-Liouville operator if for
almost every (u, A) € T\{(0,0)}, we have

i A 2 da
0<C¢,:/‘£Za(¢)(“7> = < +oo.
0
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Let 1 be an admissible wavelet in LP(dv,), 1 < p < 4o0. For all @ > 0 and (r,z) €
[0,4+00) x R, we define the function ¢, ,, by

Q/Ja,r,m(svy) = T(r,—x)(Da(d}))(say) for all (Svy) € [07+OO) x R. (31)
Proposition 3.3.

1. For all ¢ in LP(dvs), 1 < p < 400 and for all (a,r,x) € (0,+00) x [0,400) x R,
the function g ., belongs to LP(dv,), and we have

2a+3

(a4t
”wa,r,m”p,va <a » (a+2)||¢||pyua' (3.2)

2. For all generalized admissible wavelets 1 in L*(dv,) and for all (a,r,x) € (0, +00) x
[0, +00) X R, the function g, is a generalized admissible wavelet in L?(dv,) and
we have

Cp e < a2273Cy.
Proof.

1. The case p = 400 is trivial. Let 1 < p < 4o00. From the relation (2.2) and by a
change of variables, we get

+oo

o rallpv. < //IDa(w)(s,y)lpdVa(s,y)Saz“”’(a*?’/z)p\lwllp,ya-
0 R

2. Using (3) of Property 3.1, for all (u, A) € T, we have

Fo(Vare) (11, A) = 0 (1, 2) Fa(Da(¥)) (11, ) = @pa(r,2)a T2 Fo () (aps, al).
Thus,

i A
[ |7atara(83)
0

=, gu7 b b )
+00 d
o c
=@t [ o alra)PIFaw) o, AL
0
Using the relation (2.1), we get
Cwamm < a2a+30¢. O]

Example 3.4. Let us consider the function

2

1 2
P(r,z) = 5(332 —r2 4 2a+ 1) exp (—% — %)

By a simple calculus, we get
2

Zal)w ) = (4 3 exp— (1 1 32).
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Then, for all (u,A) € T\ {(0,0)},

The function 1 is a generalized admissible wavelet associated with the Riemann-
-Liouville operator in .7, (R?).

Definition 3.5. Let 1 be a generalized admissible wavelet in L?(dv,, ). The generalized
continuous wavelet transform T, associated with the Riemann-Liouville operator is
defined for a function f in LP(dv,), p = 1,2, and for all (a,r, z) € (0, +00) %[0, +00) X R,
by

+oo
Ty(f)(arr,z) = / / 15, 9)bama (5 )dva(5.).
0 R

We have the following expressions of the transform T,.

1. For f in L?(dv,), p=1,2,

Ty(f)(a,r,x) = [EDa(0)(r, ). (3.3)
2. For f in L3(dv,),

Ty(f)(a,r,2) = (f, Yara)va- (3.4)

We denote by p, the measure defined on (0, +00) X [0, +00) x R, by

dpa(a,r,x) = ——da ® dv,(r, x),

2a+4

and LP(dpy), p € [2,+00], the Lebesgue space on (0, +00) x [0, +00) x R with respect
to the measure p, equipped with the LP-norm denoted by || - ||, p.. -

Theorem 3.6. Let 1 be a generalized admissible wavelet in L*(dvy).

1. (Plancherel’s formula for Ty) For every function f in L* (dv,), we have

+oo +o0

//\frx|d1/a7’x ///|Tw fla,r,2)|?dpa(a,r,z). (3.5)

2. (Parseval’s formula for Ty) For all functions f and g in L? (dv,), we have

+oo +o0

7oo/f(r’x)g(r’x)dya(rvw) 11# / //Tw (a,7,2)Ty(g)(a,r,x)dps(a,r, ).
0 R

’ (3.6)
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Proof.

1. Using relations (2.9), (3.3) and applying Plancherel’s theorem for the Fourier
transform %, we get

+oo

/

0

+
8

|T¢(f)(a’ T x)‘dea (a7, x)

o

o\-é—

/ 4D () (r, 2)|2dpala. T 2)
R

%\ o\§ o\%» %\

+

()01 0) P (Da() (1 NP1 )

s Ny
S

+oo
%(f)(u,A)F( / |aa+%%<w><ua,xa>|2(;i‘L> o (1. 3)
0

—+oo

:Cw//|f(r7x)\2dua(r,x).

2. We deduce the result from (1) and from the polarization identity. O

Theorem 3.7. Let ¢ be a generalized admissible wavelet in L*(dv,). For every
f € L%(dv,), the function Ty(f) belongs to LP(dp,), p € [2,+0], and we have

1Ty (Pllp,pa < N fll2,ves
where N () = (|3, + Cy)?.

Proof. For p = 2, the Plancherel’s formula for the generalized continuous wavelet
transform (3.5) gives

1T ()ll2.po = CZI/]

200 < NSl

For p = 400, from relations (3.2) and (3.4) we have

Ty ()@ r, )] < arallzvallfllzve < Pl2vallfll2v.;

SO

1Ty (Nlloorpe < N fll2v-

We get the result from the Riesz-Thorin theorem ([27]). O
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In the following, we establish a reconstruction and an inversion formula for 7.

Theorem 3.8 (Reconstruction formula). Let 1) be a positive generalized admissible
wavelet in L?(dv,). Then, for all f in L? (dv,), we have

+o00 +0oo

)= o / / / Ty ()@, . ) ara (- Jdpalasr, )

0
weakly in L*(dvy,).

Proof. From the relation (3.6) and Fubini’s theorem we have for all g € L? (dv,,),

J]oo/f(r, 2)g(r, z)dvy (r, x)
0 R

1 +00 +00 +oo
=& / / /Tw(f)(a,r,x) //9 V) bara(t,y)dve(t,y) | dpala,r, x)
v 0 0 R 0
+0oo 1 +o00 +oo
B // 7/ //Tw(f)(a’“x)w‘”’vz(tvy)d/’a(“mx) g(t, y)dva(t,y),
0 R v 0 0 R
which gives the result. L)

Theorem 3.9. Let ¢ be a generalized admissible wavelet in L? (dv,). For all
[ € LY(dvy) (respectively f € L?(dva)) such that Z.(f) € L'(dva) (respectively
Zo(f) € L (dva) N L®(dVs)), we have

+oo [/ +oo
da
f(s,y) / / /Td, (a,7,2)Ya,r(s,y)dve(r, ) prrew LS
0

where both the inner and the outer integrals are absolutely convergent but possibly not
the double integral.

Proof.

1. Suppose that f € L*(dv,) is such that Z,(f) € L'(dv,). From the relation (3.1)
we have

T (£)(a, 7, 2)0ara (5,9) = (FEDa(8))(r, 2)7(s.—y Da () (r, ).

Then, for all @ > 0 and (s,y) € [0,+00) x R, the function

(’I", l’) — Tw(f)(av T, x)wa,r,m(Sa y)
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belongs to L!(dv,), because the functions f#D, (5) and T _y) (Da (1&)) clearly
belong to L? (dv,). On the other hand, we have from the relations (2.3) and (2.8)

Fa (T(s,—y)Da('lZ))) (/La )‘) = QO,LL,)\(Say)ya(Da(/J)))(N; )\)

and

Fa([8Da(1)) (11, A) = Fa () (1 \) (D (1)) (12, A)

Thus, applying Parseval’s formula for the Fourier transform .%#, given by the
relation (2.7), we get

70/ Ty(F)(asr @) a,ra(s, y)dva(r, o)
0

/ / D)), 2)7(s gy (D)) (1, )i, 2)
/ / o D) Fal ) (11 \) | Fn (D)) (1 W) 2 (12, V)

The relation (2.1) yields

+o0; +oo
1 d
7 b/ 0/ R/Tw(f)(a, Tax)'l;/}a,r,x(svy)dya(rv :E) GQTCLL

2da
a

< [ [1#a0) ( /\f

Then, by Fubini’s theorem and the inversion formula for %, (2.6), we get

) Ay, A) = |\3Za(f)||1,7a )

—+o0

/ (/oo/ﬂz (a,7,2)a,r(s,y)dva(r, x)) %
0
//9 ey (01” / ’% dj) o, )

- / / ZalF) (s Nopa o) dals N) = F(5,) e
T+
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2. Let f € L*(dva) be such that Fo(f) € L'(dva) N L™(dva), the function
Fof)Fa(Da(1)) belongs to L? (dv,). Then from the relation (2.9) the function

f#D, () belongs to L? (dv,) and we have

~

Fa(f1Da()) (1, A) = Fa(£) (1, A)-Fa(Da(¥)) (1, A).-

The remainder of the proof is the same as in (1). O

4. INVERSION OF Z,, AND ‘%, USING WAVELETS

In this section, we will give the inversion formulas for the Riemann-Liouville operator
and its dual in terms of continuous wavelet transforms ([18]). We recall first some
facts for the classical wavelet transforms.

A measurable function ¢ on R? is said to be a classical admissible wavelet if for
almost every (u, A) € R?\ {(0,0)}, we have

0<Ay= 7‘/\&(1@(2, 2) Qi‘z < too0. (4.1)
0

For a classical admissible wavelet ¢ in L?(dm,,), the classical continuous wavelet
transform Sy, is defined for a function f € LP(dm,), p = 1,2, and for all (a,r,z) €
(0, +00) x [0, +00) x R by

+oo
So(f)(a,rz) = / / 105, 9)Baren (5, 9)dma (s, 9),
0 R

with _
wa,r,w (57 y) = U(r,z) (Ha (w))(sa y)7

where o, ;) are the translation operators given by the relation (2.11) and H, (a > 0),
is the dilation operator defined by

This transform can also be written in the form

Sw(f)(a, T, :L‘) =fx* Ha(’@[v])(rﬂ $)7
and have the following inversion formula

“+oo [/ 4o
da

f(s,y)—Alw/ //Sw(f)(a,r,x){/)vamac(s,y)dma(r,z) -5 ae (4.2)
0 R

0

when f and A, (f) are integrable on [0, +00) x R with respect to the measure m,,.
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Proposition 4.1.

1. For ¢ in Z,(R2), we have

"RoDa(V) = a** Dy "R (V).
2. For 1 in S (R?), we have

Ho 0, () = a** LA Ho ().
3. For ¢ in 9(R?), we have

Do A2 () = a** LA Do ().

Proof.
1. From the relation (2.10) we have

Aoc t%aDa(w) = yaDa(’(/}) = D%ya(’@[]) = D%Aa t%a(w) = a2a+1AaDa t%a(’@[])'

The result follows from the fact that A, is an automorphism on .7, (R?).
2. From the expression of #,! given by the relation (2.13) we have

1 _A-1 ™ 2 2\a )
A =0 gm0 2 A () )
— g~ CetDp-1

a <22a+1(r(a + 1))2 (:LLQ + >‘2)QM|Aa(w)>
_ a7(2a+1)Ha:%/al(1/})'

3. The proof is the same as in (2). O
Remark 4.2. According to relations (2.10), (3.2) and (4.1) we have:
1. if ¢ is a generalized admissible wavelet in .7, (R?), then ‘%, (¢) is a classical
admissible wavelet in .7, (R?) and
Cyp = Atz ),

2. if ¢ belongs to .7, o(R?) such that ', (1) is a generalized admissible wavelet,
then v is a classical admissible wavelet and

Coazw) = Av-

In the following, we provide relations between the generalized and the classical
continuous wavelet transform via the Riemann-Liouville operator and its dual.

Theorem 4.3. Let v be a generalized admissible wavelet in .7,(R?) (respectively in
FI(R?)). Then for every function f in .#2(R?) (respectively in .7.(R?)), we have

Ty(f)(a,ra) = a® 2 B (Sig, () ("Ba(f))(a, -, ) (1, ).
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Proof. Let v be a generalized admissible wavelet in .7, (R?) (respectively in .72 (R?))
and f a function in .2 (R?) (respectively in .7, (R?)). Then from (2) of Proposition 2.9
we deduce that for all a > 0, the function

(r,) = Ty (f)(a,7,2) = F2Da () (r, 7)
belongs to .#9(R?). Using the fact that ‘%, is an isomorphism from .#2(R?) into
Z..0(R?), (1) of Remark 4.2, Proposition 4.1 and Proposition 2.3, we get
"R (f4D ( 0))(r,z)

T (f)(ara) = 25 (A 2
(B )+ Ral DalD) (1 2)
(ol )

)

=

-1 'R, )*af"+2H (%a( (7, )
_ ot (St 200 ('Za(£)) (@, ) (). -

Corollary 4.4. Let 1) be a generalized admissible wavelet in .72 (R?). For every f in
Ze0(R?), we have

a

Seapow)(Flar,2) = o= CTDR(Ty(Aa(f)) (0, ) (1, 7). (4.3)
Proof. In the previous theorem, replacing f by Z.(f), using the relation (2.15) and
the inversion formula for *%, given in Theorem 2.7, we get the result. O

Remark 4.5. The proof of the previous corollary can be established by direct calcu-
lation as follows. Let 1 be a generalized wavelet in .72 (R?) then, from Remark 4.2,
' %, (1) is a classical admissible wavelet in ., o(R?). Using the relation (2.17) and
Proposition 4.1, for all f in ye,O(R2), we get

Segpo ()@, ) = fx Ho(*RBa(9))(r, 2)
— BN Ba( ) a= @D DL (D)) (r, )
= a~ TR (T (%a(f)) (-, ) (r,2).

In the following theorem, we state the main results that is inversion formulas of
the Riemann-Liouville operator %, and its dual using continuous wavelet transforms.

Theorem 4.6.

1. Let 4 be a generalized admissible wavelet in .7, (R?), then for all f in . o(R?),
we have a.e.

"R (f)(s,y)
1 N da
= C—w (/ /%a (S’fj (%1.}0)( )) (’r7 I)iba,r,x(&y)d%(ﬁ I) anr% .
0 0 R
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2. Let ¢ be a generalized admissible wavelet in SO (R?), then for all f in #2(R?),
we have a.e.

%5 (f)(s,y)
+oo/+oot

2f ¢ 5,y)dme(r, x da_
Ty (w/ //%’ (T2 ) @2 )) (22) () (5, ) 1,)|

Proof.

1. We get the result form the inversion formula of %, given in Theorem 2.7, Theo-
rem 3.9, Theorem 4.3 and the relation (2.15).

2. We get the result form the inversion formula of #Z,, given in Theorem 2.7, relations
(4.2), (2.16) and Corollary 4.4. O

Remark 4.7.

1. If ¢ is a generalized admissible wavelet in .2 (R?) and f in .7, o(R?), then, in
virtue of Proposition 4.1, the inversion formula of the dual transform, !Z,1(f) can
be written as

"% (F)(5,y)

+oo / +oo
1 da
= [ ] [ Sy oD@ ) Oyt | =T
0 0 R

noting that ! '%,(1) is not necessarily a classical admissible wavelet.
2. Using Proposition 4.1, the expression of Z; ! (f) given in (2) of the previous theorem
can be written as follows:

Z5 (F)(s,9)

+o0 /+oo

—— da
P / / / BaToz ) ()0 DTl 5,9 r,2)|

The function #,2(1)) is not necessarily a generalized admissible wavelet.
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