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Abstract: This paper is devoted to the discussion of the expo-
nential stability of a networked hyperbolic system with a circle. Our
analysis extends an example by Bastin and Coron about the limits
of boundary stabilizability of hyperbolic systems to the case of a
networked system that is defined on a graph which contains a cycle.
By spectral analysis, we prove that the system is stabilizable while
the length of the arcs is sufficiently small. However, if the length
of the arcs is too large, the system is not stabilizable. Our results
are robust with respect to small perturbations of the arc lengths.
Complementing our analysis, we provide numerical simulations that
illustrate our findings.

Keywords: hyperbolic system, exponential stability, circle, net-
work
1. Introduction

In this paper, we discuss the boundary feedback stabilization of a networked
hyperbolic system with a circle. This is motivated by applications in engineering,
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where networked systems (for example networks of gas pipelines) often contain
cycles, see Schmidt et al. (2017). The stabilization of tree-shaped networks has
been studied in depth (see Gu and Li, 2011; Li and Dao, 2004). Studies, where
cycles are not excluded are scarce (see, for example, Gugat and Weiland, 2021).
Figure 1 shows a network with a circle that we study in this paper. At the end
L1 of Arc 1 a boundary feedback control action takes place.

Boundary Feedback Arc 2
control at L1,
u;ﬁ = —Klutl
| L,
L@ Arc 1 Arc 4 !
Arc 3

Figure 1: A network with a circle in 4 edges

We consider a network with a circle and two additional edges. At one bound-
ary node, feedback control action takes place. At the other boundary node, a
homogeneous Dirichlet condition is prescribed. For k € {1,2,3,4}, let real
numbers ¢ > 0,e; > 0, be given. We consider the following system:

k _ ,k k 2 2\, k
Uy = Uy, — 2epug — (& — ¢u”,

t e (0,400), 2 €(0,Lg), k € {1,2,3,4},
ul(t,0) = u?(t,0) = u3(t,0),
u?(t, Ly) = u®(t, L3) = u*(t, Ly),
Ekzl,gygu’;(t,()) =0,
Sp=2,34uk(t, Ly) = 0,
u(t,0) = 0,
ul(t, L) = —Kyui(t, Ly).

(1.1)

The real number K is the control gain. Besides, the initial state is given:

{U(O,x) = (u!(0,), ..., u*(0,2)) = (u§(), ..., uy(x)), (1.2)
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We give a result about the well-posedness of the solution to the system
(CI) in Lemma 211 in Section 2 of the present paper. The result requires the
regularity, namely uf € H'(0, Ly),v§ € L?(0, Ly). Then we can investigate the
exponential stability of the system. The definition of exponential stability is
given below:

DEFINITION 1.1 The networked hyperbolic system (L) is said to be H*—expo-
nentially stable if there exist a > 0 and C > 0 such that, for every

4

U(0,) € [T H'(0,Lx), V(0,-) € T] L*(0, L),
k=1 k=1

that satisfy the compatibility condition 21), the solution to the system (L))
satisfies:
U, )l < Ce™ U0, )|, t 20,

with

4 Ly
U2 =3 / (b, 2)° + b (1, 2)da.
k=1

The (not necessarily exponential) stability of the system is defined as follows:
DEFINITION 1.2 We say that the system (1)) (L2) is stabilizable if there exists
4
a control parameter Ky € R, such that for all U(0,-) € [] H'(0, L), V(0,-) €
k

=1

4
IT L3(0, Ly), we have
k=1
Jim U =0,
If e > ck, the exponential boundary feedback stabilization is possible for
arbitrary lengths, because, in this case, the source term is dissipative. Thus, for
the examples of the limits of stability, we assume that ¢, € [0, cx].

In Bastin and Coron (2016, Chapter 5.6, pp 197), Coron and Bastin state
that for systems of balance laws, there is an intrinsic limit of stabilization under
local boundary control. A 2 x 2 system with stabilizing boundary feedback at
one point of the boundary has been discussed, for which, if the space interval
is sufficiently long, stabilization is impossible for all control parameters. It is
proven that the following system

Oy + Opy1 +cy2 =0, t € (0,+00), z € (0,L),
Oyo — Oy + cy1 = 0,

y2(t, L) = y1(t, L),

y1(t,0) = ky2(t,0).
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cannot be exponentially stable with any control gain k¥ € R if L > Z. Since

for L € (0, %) the system is exponentially stable for suitable &k, we obtain the
dichotomy value of the interval length of the closed-loop system (L3)), L. = %,
see Huang, Wang and Zhou (2022). This shows that in the boundary control
of hyperbolic systems, the relation between the source term and the length of
the space interval matters. In this contribution, we want to explore the limits
of stabilizability for (ITJ).

Gugat and Gerster (2019) discuss the limits of stabilizability for the star-
shaped networks of strings, inspired by Coron. In Gugat and Gerster (2019),
they show that the system is stabilizable if the lengths of the arcs are sufficiently
small and that it is not stabilizable in some other cases. Naki¢ and Veselié¢ (2020)
consider the perturbation of eigenvalues of our discussed operator, although
their analysis primarily approached the topic here considered from an abstract
operator perspective.

Define the matrices

p=(o %)= (00

Consider the first order 2 x 2 system
Y;+ DY, + MY =0. (1.4)

For ¢ = 0, this yields the PDE in system (L3). If ¢2 = 2, M is positive
semi-definite. Note that twice continuously differentiable solutions of (4] also
satisfy the wave equation

Yie = Yoo — 2eY; — (52 - 02) Y (15)

that is, both of the components satisfy the wave equation from (LIJ). This can
be seen as follows: System ([4)) yields

Yyt = D*Y,, — (DM + MD)(D™'Y; + D"*MY) 4+ M?Y.

Since
D=1
and

(DM + MD)D = 2¢I and M? — (DM + MD)DM = (¢* — e})I

this yields (LH). Systems of the form () can occur as the linearization of
quasilinear hyperbolic systems that appear in many applications, for example of
the isothermal Euler equations that describe gas pipeline flow, see, for example,
Gugat and Giesselmann (2021).
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In this paper, inspired by Bastin and Coron (2016) and Gugat and Gerster
(2019), we study the limits of the stabilizability of a networked hyperbolic sys-
tem with a circle by spectral analysis. This second-order system is equivalent
to the 2 x 2 first-order system (I4) under suitable variable substitution. We
begin with a simple subcase of the system (). It is an instructive result for
the system with circles.

The main result of this article is the following:
THEOREM 1.1 Assume thatcy =cp =¢>0,e, =1 =¢>0, Ly =L, =1L,
that is the length of the arcs in the network and the parameters are the same

for all arcs. Assume that for the initial state the compatibility conditions (2.1I)
are satisfied and € € (0, ¢).

¢ If L < Lyyin = M the system ([LI)-(L2) is stabilizable (with |K|

o
sufficiently small);
o IfL> Ly, = 37—z the system CI)-[@2) is not stabilizable.

For the proof see Proposition 3.1l and Proposition [£.11

REMARK 1.1 Note that if € is sufficiently close to ¢ > 0, the value of L, can
become arbitrarily large. If c is sufficiently large, the value of Ly;n can become
arbitrarily small. There is still a gap between Ly and L., and the idea of
eliminating the gap is to analyze all eigenvalues on the imaginary axis for each
interval length L. However, on account of the complexity of the characteristic
equation, the result cannot be obtained as of this writing.

Now we state a result for the special case, where ¢ = 0. In this case, Liyaqx
is minimal as a function of .

PROPOSITION 1.1 Under the assumptions of Theorem [ 1, for ¢ >0 and € =0
we obtain the statement

o If L > Lyae = 55, system ([LI)-(L2) is not stabilizable.

For the proof see Proposition Il Note that for e = 0 the spectral analysis for
L < Ly, does not yield eigenvalues with strictly negative real parts. Therefore
we do not have a stabilizability result in this case. The structure of this paper
is as follows. In Section 2, some preliminary results are presented. Then in
Section 3, we use spectral analysis to prove the stability result and we make
perturbations on the length of arcs Ly and on the control parameter K; and
obtain the first statement of Theorem [Tl In Section 4, we find a real eigen-
value that is bigger than 0 under a certain condition for all discussed control
parameters, which means the system is not stabilizable. This demonstrates the
second statement of Theorem [Tl Finally, some numerical results are given in
Sections 5 and 6.
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2. Preliminaries

In this section, we first introduce the well-posedness of the system and then
give some preliminaries that will be used in the proof of our theorem.

The well-posedness issue is fundamental to the control problems. Here we
only present the results without proof, which can be derived by classical meth-
ods, such as the method of characteristics or by the theory of strongly continuous
one-parameter semigroups of linear operators, see Pazy (1983).

LEMMA 2.1 Assume uf € H*(0,Ly),v§ € L?(0,Ly) and that they satisfy the
compatibility condition [ZI)) defined below:

{u§<0> = H0) = 0, 102 = wi(Ls) = L) o)
0

(%

Then, for each T > 0, there exists a unique weak solution
uF(t,x) € C([0,T); H(0, Ly,)) N C([0,T); L*(0, Lx)), K € {1,2,3,4}

of the initial boundary value problem ([L]).

Let u*(t,z) = u*(t, z)e!. For the functions u*, from (), we obtain the system

ak, =ak, +c3uk, te(0,400), z € (0,Ly), k € {1,2,3,4},

ul(t,0) = u?(t,0) = u3(t,0),

u(t, La) = u3(t, L3) = u*(t, L4),

Yke1,23Ur(t,0) =0, (2.2)
Yk—o34ur(t, L) = 0,

u*(t,0) =0,

uL(t,Ly) = Ky (Ui (t,Ly) —eu'(t, L)) .

REMARK 2.1 From the results of Catherine Bandle and Joachim von Below
(von Below, 1988), the eigenvalue problem of the system (22) is a Sturm-
Liouville eigenvalue problem on the network with K1 = 0. As stated by Joachim
von Below and Gilles Francois at the end of the second section in von Below
and Frangois (2005), the eigenvalue problem of the system 2.2)) is still a Sturm-
Liouwille eigenvalue problem with K1 # 0. Although in von Below and Frangois
(2005), only the boundary condition with e = 0 is covered explicitly, the corre-
sponding result for € # 0 also holds. The corresponding eigenfunctions of the
discussed system ([Z2) form a complete orthonormal system in the solution space
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‘H, which is the completion with respect to the norm corresponding to the scalar
product (2.3) of the set

{(ﬁ(x)a .};(m)v f’;(x)a ﬁl(‘r)’gl(w)’EQ(x)a§3(x)a§4(x))T €

4

4
[ c?0, L) x T] €00, L]
k=1 k=1

|ﬁ(w)7§k(x) (k = 1a27374) Satisfy M}v
with the condition (BQ) defined as follows:

F1(0) = J2(0) = f5(0), fa(Ls) = fo(Ls) = fa(La),

f100) + f5(0) + f3(0) = 0, f2(L2) + f3(Ls) + fi(La) = O,

f1(0) =0,

91(0) = 92(0) = g3(0), ga(L2) = g3(L3) = ga(La), (BC)
91(0) + g5(0) + g5(0) = 0, g5(L2) + g5(Ls) + g3(La) =0,

30) =0, )

fi(L1) = —=K1(91(L1) — e fi(L1)).

Let F = (f17f27f37f4>Ta§: (91,92, 93,94)". Let
K(F,G) = Z/ fi(@)g; (x)de.
j=1"0

The inner product in the Hilbert space H is

c<(§1)<§>> — k(B Bo) + K(Gr, o). (2:3

4
Thus, H is a subspace of [] L?(0,Ly).
k=1

From Remark [2.1] the spectral properties of the system (1) directly determine
on the growth of the solution.

We will apply the analytic implicit function theorem in Theorem Bl The
analytic implicit function theorem is stated as follows:

LEMMA 2.2 (FRITZSCHE AND GRAUERT, 2002) Let B C C™ x C™ be an open
set, f = (f1,.es fn) : B — C™ a holomorphic mapping, and (29, wo) € B a point
with f(zo,wo) =0 and

=1,...m
H );Ao.

v=n+1,...n+m

0
det <a£Z(zo,w0)
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Then there is an open neighborhood U = U’ x U"” C B and a holomorphic map
g:U" — U" such that

{(z,w) e U xU": f(z,w) =0} ={(2,9(2)) : 2 € U'}.

We also use Rouché’s theorem in the following form:

LEMMA 2.3 Let C be a closed, simple curve (i.e., not self-intersecting). Let
h(z) = f(z) + g(2). If f and g are both holomorphic on the interior of C, then
h must also be holomorphic on the interior of C'. Then, if

[f(2)] > [h(z) = F(2)];

for every z in C, then f and h have the same number of zeros in the interior of

C.

3. Stability results
3.1. The essential result

In this section, we discuss the stability of the system using spectral analysis.
We suppose that for all arcs the parameters ¢ and ¢ in the partial differential
equation are constants, i.e. ¢ = ¢; = ¢, = €1 = €. First, in this subsection,

2
we can prove that for L < L, = % the system (LI) with K; = 0

and Ly = L (k = 1,2,3,4) is L?— exponentially stable. Here all arcs have the
same length L. Then, in subsection 3.2 we consider small perturbations of the
lengths of the arcs. The system is still exponentially stable even though the
input edge and the output edge have slightly different lengths. In Section 3.3
we study perturbations of the control gain K;. For L < Ly, the system (L))
with L, = L (k = 1,2,3,4) is L?— exponentially stable if |K;| is sufficiently
small.

PROPOSITION 3.1 Assume that ¢ > 0 and € € (0,¢).

2
The following system B1)) is L?>— exponentially stable if L < %
k k

ulf, =k, —2euf — (2 — )P, t e (0,4+00), x€(0,L), ke {1,2,3,4},
ul(t,0) = u?(t,0) = u(t,0),

u?(t,L) = u’(t, L) = u'(t, L),

Sk=1,2,3u%(¢,0) =0,

Ek:2,374u’;(t7 L) = 07

ut(t,0) =0,

ul(t,L) =0.

2

(3.1)
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PRrROOF From Remark 2Tl the eigenvalue problem is a Sturm-Liouville eigenvalue
problem. We can make a spectral analysis of the system (B.1).

Let A € C be the eigenvalue of the system (B.J)); we look for a nontrivial
solution

Ult,z) = (ul(t,x), ...,u4(t,x))

of the system (B.I)) with the form u*(t,z) = e*yp(x), where ¢(x) are the
corresponding eigenfunctions.

Such a U(t,x) is a solution of the system only if for all k¥ € {1,2,3,4}
N op = o} — 2 epr — (62 — Aoy, (3.2)
which yields:
(A +¢)? =) or = @i (3.3)
From (33), we have ¢i(z) = Ry xe"" + Ra re”"" and note that:
n”?=\+¢e)?-c% (3.4)
Using the boundary condition (BC)), we have

Rin+Ryg1=Ri2+Ro2=Ri3+ Ra3s,
Rig+Rip+Riz=Ra1+ Rao+ Rags,

Ripe" 4+ Ry e = Ry 3¢ + Ry 3¢ = Ry 4™ + Ry 47 "F,
Ri2e™ + Ry 3™ + Ry g€ = Ry 2e™ " + Ry 3¢ + Ry ye7 1,
Rya+ Ray =0,

R1717767]L + Rg,l(—n)e_"L =0.

(3.5)

Using the fifth equation in (3.3]), we can take Ry 4 =1, Ro 4 = —1.
Then, using the first four equations in ([B), we obtain:

RLQ = R1,3 = e*nL(lenL —_ %efﬂL%

4
— — onL(3 0L 1 ,—nL
R272 = R273 =e" (Ze” — € n )7
—_1 9.,2nL 3,—2nL
Rig=—5+ e +5e 1%,

1 3 .2nL 9 _—2nL
R271:§—§6n—§6 e,

Finally, we get the characteristic equation by substituting the values of R; ;
and Ry into the last equation in (B.0]):

n(— cosh(nL) + 9 cosh(3nL)) = 0. (3.6)
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Since cosh(3z) = 4cosh®(z) — 3cosh(z) and cosh?(z) = 1(cosh(2z) 4 1), we
obtain:

ncosh(nL)( — 5+ 9cosh (2nL)) = 0. (3.7)

We now discuss the solutions of the characteristic equation (B.1):

o If n = 0, we have i (x) = Rix + Ra. Using boundary condition (3.5,
©*(x) = 0, so we cannot obtain an eigenvalue.

e If cosh(nL) = 0, let n = nfe + nf™mi (nfe ™ € R), we obtain
cos(n'™L) cosh(nf“L) + isin(n™L) sinh(n"“L) = 0.
o If sin(n'™L) = 0, we have |cos(n'™L)| = 1,
then cosh(nReL) cos (nlmL) # 0, so the equation cannot hold.
o If sinh(nReL) = 0, then we have n*® = 0, so cos (nlmL) = 0. We get

a sequence of solutions {n; = (jwzr% )i}jez.

o If _g 4 %cosh (2nL) = 0, let n = n* + pl™i (nfe, n!™ € R), we obtain

5
2n"™ L) cosh (20 L) + isin(2n'™L) sinh (27°L) = =.
cos(2n'™ L) cosh(2n"*°L) + isin(2n'™ L) sinh(2n"*L) 5
o If sin(2n'™L) = 0, we have |cos(2n'™L)| = 1, then cosh(2nf“L) =
:l:%. Thus, we have no solution for nf*¢ € R.
o If sinh(2n®L) = 0, then we have nf = 0, cosh(2n®°L) = 1, so that
cosh(2n'™L) = 5. We get two sequences of solutions

{nyInf =
1 2 . -1 2 .
Z(arctan = + jm)itjez U{n; |n; = Z(_ arctan 7 Jjm)i}jez.

From Remark 211 the corresponding eigenfunctions form a complete orthonor-
mal system in the Hilbert space that is the completion of inner product space

H.

The corresponding eigenfunctions @i’i(x) of nj«[ satisfy
goi’*‘(a:) = —goi’_(x), ke {1,2,3,4}, j € Z.

The functions gpi’Jr(x) and ¢£’7 (z) with the same j and k are linearly dependent.
We just need to take one branch of solutions 7 and without loss of generality,
we take

1 2 DN,
{njalni = Z(arctan \/;-f—]ﬂ')l}jez.
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The corresponding eigenfunctions gpi (x) of n; also satisty:
—j i—1 .
o (@) =—py (2), jezZ'.
We finally obtain two sequences of 7;;:

1 2 T+ 5.
Nj1 = z(arctan \/;‘f']ﬂ')l}jez U{nj2lnj2 = ( 7 2)itjen. (3.8)

{nja

All corresponding eigenvalues A;; and eigenfunctions @i’l (x) satisty (j € Z forl =
land j € Nfor 1 =2, k=1,2,3,4)

{()‘;'lfl +e)? = 77]2‘,1 +

) . . 3.9
p1' () = Ryt + Ry e, 39

)\ji’l are two roots of the eigenfunction ((p]i’l, wé’l, @é’h tﬂi’l). Thus, for any initial
condition

ul(0, ) . 1" () - o1 ()
Ui(oa z) | _ S s @?’1(@ 3 e @3’2(93)
u’(0,) e\ e (@) =\ el @ )7
u*(0, ) ey () e1 ()
u} (0, ) _ o (x) N o1 (x)
Ug(O, z) | _ S o 9031’1(55) +3 ern @3’2(90)
u (0, 2) S T e () b SR WS CON
uz (0, ) ¢i (2) ¥y (@)

We can represent the solution in the form

- +
& C2m,1 — A 1Clml ¢ C2m1 — An1Clml x— 4\ mi
u®(t,x) = E ( — emat — — em,1 )(p (x)
’ AP = AP = k
meZ m,1 m,1 m,1 m,1

- +
C2.n,2 — Anvzcl,n,2 At C2.n,2 — Anvzcl,n,2 ATt .2
§ :( At A~ ez — At A~ €2 )‘pk’ ({E)

n,2 ~ ‘n,2 n,2 = ‘n,2

neN
(3.10)

So, if there exists A\in < 0, such that for all )\jfl,
Re(A\5}) < Amin <0

the system (ZZ) is L2—exponentially stable. Recalling (3:8) and (33),

2
1 2
®+ 77?,1 <4, =0 - Iz (arctan \/?) .
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e If [n;,] < ¢, we have ¢ + n?’l > 0,

1 2
Re()\fl) =—eE \J2+ni, < —e+ - ﬁ(arctan \/;)2 <0.

e If [n;,| > ¢, we have ¢ + nil <0, Re()\fl) =—e<0.

arctan y/Z
While L < %, we have

2
Re()\;'fl) < Amin = —€+ 2 — — (arctan \/;)2 < 0.

Thus, we have shown that the system ([Z.2) is L?—exponentially stable. ]

3.2. Perturbation of the arcs L;

We show that the stability result also holds if the input edge and the output
edge have slightly different lengths. For technical reasons, we have to assume
that the edges in the cycle are of equal length.

THEOREM 3.1 Assume that ¢ > 0, € € (0,¢) and L < L. We consider a
small perturbation of the lengths Ly (k= 1,2,3,4) of the following form:

Zl =L =+ dlr,
1:12 = Eg =L -+ d27", (311)
54 = L+ dyr.

Here, dy, do, dy and r are real constants. We consider the system:

uk, = uk —2eul — (62 — Ak, te(0,+0), z € (O,Ek),k € {1,2,3,4},
ul(t,0) = u?(t,0) = u3(t,0),

u2(t, Ly) = ud(t, Ls) = u(t, Ly),

Zkzl,gﬁgu’;(t,()) = 0,

Skeosaub(t,Ly) =0,

ut(t,0) =0,

ul(t,Ly) = 0.

(3.12)

If |r| is sufficiently small, the system [BI2) is exponentially stable .
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PROOF From Proposition 3.1, system (B.I2) is exponentially stable with r =
0, K1 = 0. Recall that we obtain all eigenvalues A\ and corresponding 7 of the
system BI2) with Ly, =L (k=1,2,3,4).

The sequence of 7 is

1 2, .\ JT+ 3.
My, = 7 (arctan \[;+ imitsez Udnjalniz = (—7)iljen. (3.13)

The eigenvalues /\jﬁ (jeZforl=1and jeNforl=2,k=1,2,3,4) satisfy

{nja

(N +e)? =m+c (3.14)

More precisely,

o —e+ /05, 2, n+c >0
g —& + \/*(T}il + 2)i, 77?,1 +2<0
- {—s—\/nil—i—cz, n,+c >0

- = .
I —e— /=, + i, 4+ <0

Furthermore, recall that the characteristic equation is:
ncosh(nL)( — 5+ 9cosh (2nL)) = 0. (3.15)
While L; #+ Lo =1Ls #+ Ly, from Remark PZZT] the eigenvalue problem is a Sturm-
Liouville eigenvalue problem. We can recalculate the characteristic equation.
Let A € C. We look for a nontrivial solution ﬁ(t,x) = (ut(t,x), ..., ut(t,x))
of the system ([BI1Z). The form is u*(t,z) = eM@y(x), with the eigenvalues of

the system X. The corresponding eigenfunctions of @ (x) are u*(t,x).

Such a U(t, ) can only be a solution of the system if
XG0 = @i+ Ao (3.16)
From (B6), we have g (z) = Ry €™ + Ry e~ and
A+e)? =i+ (3.17)
Using the boundary condition, we have

Rii+Ro1=Rip+ Rop=Ry3+ Ra3,

Rig+Rip+Rig=Roy+ Rop+ Ras, B B
Rl,geﬁLQ + RQ,Qe_ﬁLQ = R173€ﬁL2 + R2,3€_ﬁL2 = R1746ﬁL4 + R274€_ﬁL4,
Ry €™ + Ry 3e™> + Ry 4e™4 = Ry pe ™12 4 Ry ge 153 4 Ry e~ 1H4,
Ry4+ REA =0, N

ﬁ(RLleﬁLl — Rg,le_ﬁLl) =0.
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(3.18)

If 7 = 0, we have @ (x) = R1 x + Ra . Using the first, third, and fifth equation
in BI8), pr(xz) = 0. We cannot obtain an eigenvalue, so we suppose 7 # 0.

Using the fifth equation in (3I8]), we can take Ry 4 =1, Rp 4 = —1.
We use the right part of the first and third equations and obtain:

Ri2=Ri3, R22=Ras. (3.19)
Then, using the third and fourth equations in (BI8) and (BI9]), we obtain:
Ripo=Ry3= e’jb(iej“ - %eij‘l),
R272 = R2,3 = e”Lz(%e”L‘l - %6777L4).
Using the first and second equations in (3.I8) and (3I9)), we obtain:

Ri1=3Rys— R,
Ry = *%RQ,Q + %Rm-
The last equation in (BI])) yields:

Riq = Roqe 210, (3.20)
Then we have:
QCosh(ﬁf/l) + 3cosh(ﬁﬁ2> — 3cosh(ﬁ£3) — cosh(ﬁﬁ4> =0. (3.21)
with
Li=Li+Ly +Z4, Ly=Li—Ly *Z4, Ly=1L, +Z2*E4, Ly=Ly—Ly+Ly.
We now introduce the following lemma:
LEMMA 3.1 Let
H(Ly, Lo, La,7) = 9cosh(7i(Ly + Lz + La)) + 3 cosh(7(L1 + Lz — La))
— 3cosh(7(L1 + Lz — L)) — cosh (L1 — Ly + Lu)).
F@,A) = A+’ =& =7

For each /\jiJ, there exists an open neighborhood \/}]fl’l, VJZ’Z, Vj’fl’3 (k=1,2) and

holomorphic maps h;j : lefl’l — lefl’g and g;-“’l : Vfl’l — lefl’Z such that
H(El»z27z4a hj,l(thZa Z4)) =0,
F(hj,l(zlaz% Z4)79§€,l(z17z2, Z4)) = 0.

for all (El,iz, E4) € Vj’fl’l.

Furthermore, hji(L,L,L) = n;1, gj,(L, L, L) = X}

5,00 gjz,l(L7L’L) =A

Jib
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PRrROOF The sums of holomorphic functions are holomorphic, so H (El, EQ, E4, 7)
is a holomorphic function. From Lemma [2.2] if 8H 7 (L, L, L,n;i) # 0, there is

an open neighborhood U;; = U]’- X U”l C R3 x (C and a holomorphic function
hju: Uj; — Uj) such that

{(z17527z47m S UI X U// : H(Zl,z%zzl,ﬁ) = O} =
{(Ev Do Lo h(Ta, Lo, L)) ¢ (B Lo L) € U},
and hj,l(La L,L)=n.

‘We have:

8H(
o7
N1 (9 sinh(3n;,L) x 3L — 3sinh(—n; ;L)L — 3sinh(n; ;L)L — Sinh(nj,lL)L)

L,L,L,n;;) =

= nj,lL(27smh(3nj,lL) - sinh(nj,lL)). (3.22)
Recall that for x € C

{sinh(&r) = sinh(z) (3 + 4sinh®(z) ).

x
3.23
27 sinh(3z) — sinh(z) = sinh(z)(80 + 108 sinh? z). (3.23)

While [ = 1, due to sinh(n;1L) = =2, sinh®(n;1L) = —2 and @23),

OH 56v/2 .
8777(]:’ L,L,nj1) = iTUj,lLl # 0. (3.24)

While [ = 2, due to sinh(n; 2L) = +i, sinh?(n; L) = —1 and (323),

0H

%(L, L, L,nj2) = £28n;,2Li # 0. (3.25)

Then, from Lemma 2] we obtain the existence of the holomorphic function
hj, l(Ll,LQ,L4) with hj (L, L,L) = n;,.

F(n,)\) is a holomorphic function. From Lemma 2] if aF (773 ls 471) # 0,
then there is an open neighborhood lel = W-l,’l1 X lef C C x C and a holo-
morphic function f : Wj{ ! W1 1 such that

(@) e W w2 FG %) = 0) = { (i £) s wi |

and f},z(nj,l) = )\;fl.
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OF
We compute %
b A

oF
— =2\, +¢e) £0.
8A ( 7,0 )
We obtain function fj{l( ): VV1 R W 1 % with f(ni) = )\j:l.
The compositions of holomorphic functions are holomorphic. Denote
9;1‘,l =hjy o fjl,l s (hia) N N le,il) — fjll( 1N Wl 1)-
(h;i)~! is the inverse function of hjyl(zl, Lo, 54). g}}l(Ll, Lo, L4) is still a holo-
morphic function. Moreover,

9]1'71(La L,L)= fjl,l(nj,l) = /\;":l'
Making the same analysis of F(7], A) on (1j.1: A};), we obtain open neighborhoods
Wfll,W ;” and holomorphic functions fj%l(ﬁ),g?’l(zl,zg,le).
Denote the open neighborhood
V;f = (h) T (UG OW),
= U Wi,
=Uji N st,ll'
j€Zforl=1and j€Nforl=2,k=1,2. Then we have
Vit € Uy Vit C Wi Vi C Ujh.
Furthermore, gﬁl(zl, L,L) : V.k’1 — Vj]fl’z satisfy:

gjl',l(L7LaL) )‘+

gL L L) = A5

With Lemma [3I] we obtain the following holomorphic functions:
pji(r) = hj (L + cir, L+ cor, L + car),
gj1.k(r) = f;-fl(L + ey, L+ cory L+ cyr).

The eigenvalues inl and corresponding 7;; have the following asymptotic ex-
pansion in the Vj’fl:

=Nyt ijl
l—/\ qull
Ajp = At an(;sl),z(o)”é
s=1
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We suppose

N+ =+ =+ +
{/\N = N5 AW+ A52)r% + (3.26)

i =m0+ 0D +00(2)r2 + ...

Using B.14) B17) (326) and taking the first-order mean approximation, we
have:

namii(1) = (A + A5, (1). (3.27)

Notice that if | =1 + sr, 77 = n + n(1)r + O(r?),
el = niHntn(MOr+0(r*) — enl(1 4 (sy + n(1)l)r) + O(r2).

Thus,
- L&, . 2
cosh(rﬁ) = 5(677 + e ™) = cosh(nl) + sinh(nl)(sn + n(1))r + O(r<).

Then, using 310), B2I) and [B26) and taking the first-order mean approxi-

mation, we obtain:

9sinh(3n;,L) (317]-7;(1)L +nj(c1 +c2+ 04)) +

+3sinh(n;,L) (nj’l(l)L Fa(—cr + oo+ 04))

—3sinh(n;,; L) (njyl(l)L + (e +co — C4)> -

—sinh(n; ;L) (njyl(l)L +nj(c1 —ca + 04)) =0.
After computation, we have:

0 = 1;4(1) (27 sinh(3n;1L) — sinh(n; 1) ) L+

+1;.1 (9 sinh(3n;,L)(c1 + cg + ¢4) + sinh(n; ;L) (=Tc1 + c2 + 564)). (3.28)
While [ = 1, the equation ([B.2) yields:

0=128n,,(1)L 4+ n;1(27c1 + 45¢c2 + 5dcy). (3.29)
While [ = 2, the equation (32 yields:

0= _777j,l(1)L — ’I7j)2(4Cl + 2¢9 + 64). (330)
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Then, from [327)), we have:

(1) _ nf 1(27c1+45¢2+-54c¢4)
128L(AF +¢)

2 (4c +2co+c
)\i2(1) _ 7]_7,2( 1 2 4).
J 7L()\].I'2+£)

(3.31)

There exists m; such that while |m| < my,
¢+ >0,

and while |m| > my
A+ 1 <0

A finite number of eigenvalues (with sufficiently small m) lie on the real axis

and the real part of the other eigenvalues is equal to —e (large m).
e While |m| < my, by (314),

At

)‘r:‘w:z,l(l) are on the real axis. Recall the proof of Proposition 3.1,

1
Re()\i,l) < Amin = —€ +1/ 2 — Iz

Using the continuity of g;;x(r), there exists a sufficiently small 71 such
that while |m| < mq, |r| <m

+ € are on the real axis.

~ 1
Re(\f,) < 3 Amin < 0.

e While |m| > mq, by (BI14),
A1 T € are on the imaginary axis.

Due to (314) (BI1T), for higher derivatives Ay, 1(s), we obtain:
()‘i,l + 5))‘2,1(3) +G* ()‘7:5,1(1)3 )\i,1(2)7 e Afm(s - 1)) =
=H?* (nm,lvnm,l(l)vnm,l(Q)a ---777771,1(8))- (332)

It is an important fact that G° and F* have a quadratic form.

We claim the following statement and prove it later in Remark B
for all s € N, n,,, 1(s) are on the imaginary axis. (3.33)

We now use mathematical induction to prove that for s € N*, )\rinyl(s) are
on the imaginary axis. Let P(n) be the statement

)‘fm(s) are on the imaginary axis for s < n.
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Base case: From 331]), )‘rin,1(1) is on the imaginary axis, so the state-
ment P(1) holds.

Induction step:
If P(n) holds, G"*1 (A7, 1 (1), A5, 1(2), .., A1 () € R.

s Al

From B33), H* (Nm,1: Mm,1 (1), 1m,1(2), -, ma(s)) € R for all s € N*.
Recall that )\i’I + ¢ (#0) is on the imaginary axis, and from (32,

Mg F A1 (4 1) = =G (A (1), A 1 () +
H™H (nm,lanm,l(l)a oy Nm,1(n + 1)) €R.

Thus,
,Gn+1 + Hn+1

M (n+1) =
m,l( ) Ai’1+6

is on the imaginary axis.
That is, the statement P(n+1) also holds, establishing the induction step.

Since both the base case and the induction step have been proved as true,
by mathematical induction, the statement P(n) holds for every natural
number n.

Then we have: _
Re(\E

m,1

) = Re(\f ;) = —e < 0.

There also exists n; such that while n < ni, we have ¢ + 77,2%2 > 0 and while
In| > n1, we have ¢ + 77%,2 < 0. Using similar arguments as in the analysis of
T+
)\m,lﬂ

e while n < ny, there exists sufficiently small r5 such that

we obtain the following statements:

~ 1
Re(\y,) < 3 Amin < 0.

e while n > nyq,

Re(X\f,) = Re(\f,) = —e < 0.

Taking 79 = min{ry,r2}, we know that for all X;tl (lil € Z forl =1 and j €
N for I = 2), if |r| < 7o,

~ 1
+
Re(X5)) < 5Amin < 0.
The system ([3.12)) is L?—exponentially stable if 7 is sufficiently small. ]

REMARK 3.1 For all s € NT, n;,(s) are on the imaginary awis.



98 M. Gucar, X. HuaNnG AND Z. WANG

PRrROOF oF REMARK [3.7]
We still use mathematical induction to prove the result. Observing [B.21]) and
separately writing the real part and the imaginary part of n(s), 7, and #:

7=a-+bi,
n = a + bi,
n(s) = a(s) + b(s)i,

with @, b, a, b, a(k), b(k) € R, the characteristic equation (B21)) yields:
0 cosh () cos(b) + B cosh(as) cos(ba) — cosh(aLs) cos(bls) -
cosh(al) cos(bLs) = —i(9sinh(aLy ) sin(bL1) + 3sinh(aLs) sin(bLs)
3sinh(aLs) sin(bLs) —sinh(al,) sin(5£4)). (3.34)
Let Q(n) be the statement:
a(s) = 0 for s < n.

Base case: From the first order approximation before in (8:29) and (3.30), the
numbers 7,,(1) are purely imaginary and a(1) = 0. The statement Q(1) holds.

Induction step:
If Q(n) holds,
a=a(n+1)r"t O 2.

Thus,
C%@Uzdﬂdk@(f}@%ﬁ—ﬂmWﬁm<§}®Vﬁ
= cos(bl) — sins(zll)b(l)lr +0(r?), -
sin(bl) =sin(bl) cos (f: b(s)rs) + cos(bl) sin (i b(s)rs>
=sin(bl) + coss(:b;)b(l)lr +0(r?), -
and

cosh(al) = 1+ O(r?"*+?),
sinh(al) = a(n 4 1)Ir" T + O(r"+?).
Taking the n + 1-order approximation of the imaginary part of ([3.2)), we obtain:

a(n +1)L(27sin(3bL) + 3sin(bL) — 3sin(bL) — sin(bL))b(1) = 0.
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Using a(1) = 0 and (3.23) we obtain:

b(1) = —in(1) £0,
27sin(3bL) — sin(bL) = —i (27 sinh(3nL) — sinh(nL)) # 0.

Thus, a(n+1) = 0, which means that the statement Q(n+ 1) holds, establishing
the induction step.

Since both the base case and the induction step have been proven as true,
by mathematical induction the statement Q(n) holds for every natural number
n. ]

3.3. Perturbation of control parameter K;

In this section, we want to prove that the system can be stabilized even if
K4 # 0, but is sufficiently small.

THEOREM 3.2 Assume that ¢ > 0 and ¢ € (0,¢). The following system is
exponentially stable if L < Lyin and |K1| is sufficiently small:

uf, =uk —2eul — (2 — Ak, te(0,400), x€(0,L), ke {1,2,3,4},
tt TT t

ul(t,0) = u?(t,0) = u3(t,0),
u?(t,L) = u?(t, L) = u(t, L),
Yp=1.23uk(t,0) =0,
Zk:273,4u’;(t, L) = 0,

ut(t,0) = 0,

ul(t, L) = Kyul(t, L).

2

(3.35)

ProOOF From Remark [Z1] the spectral properties of the system (LII) directly
determine the growth of the solution.

Let A € C. We look for a nontrivial solution ﬁ(t,x) = (ul(t,z), ..., u*(t, z))
of the system with the form u*(¢,z) = e @ (), with the eigenvalue X\ of the
system. The corresponding eigenfunctions of the u* (¢, z) are g ().

Similarly as in the analysis before, such a ﬁ(t, x) can only be a solution of the
system if @ (x) = Ry k€™ + Ry e~ and 7] satisfy the following characteristic
equation:

[ﬁcosh(ﬁL)(—5+9cosh (QﬁL))} + [Ki () K7 sinh(7L) (149 cosh (zﬁL))} —0.
(3.36)
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The function A% (n) is the solution of A in the following equation (F37):
A+e)? =i+ (3.37)

While K7 = 0, the sequence of 7 is

us

1 2 . JT+ 5.
{(nj.1lnj1 = 7 (arctan \/?Jrﬂ)l}jez Udmjzlnje = (—F)i}jen. (3.38)

The eigenvalues /\ji,l (je€Zforl=1and j €N for | = 2) satisfy
()‘fl + 6)2 = 7732‘,l + 2. (3.39)

More precisely,

N —e /R i+ >0

P et R AL m <0,
- —e =/} F R ni A >0

i —&— /=2, + )i, nf,+c <0,

Furthermore, the characteristic equation is:
ncosh(nL)( — 5+ 9cosh(2nL)) = 0. (3.40)

Observe that for any €1 > 0 (that will be determined later) there exists Ry,
such that while || > Ry,

X — 7| < ey

We try to divide the solution of (Z36) into two parts Vi := {A||[(A+ )2 — 2| >
R3} and Va := {A||(A +¢)? — 2| < R%} (R is decided later).

We use Rouché’s theorem to state that there are only finitely many elements in
the set V7.

PRrROPOSITION 3.2 If K1 = r is sufficiently small, there is only a finite number
of eigenvalues of the system ([B38) in the set Vi that we have defined above.

PROOF Define:
f(n) =ncosh(nL)( — 5+ 9cosh(2nL)),

g(n) = A (n)rsinh(nL) (1 + 9 cosh(2nL)),
h(n) = f(n) + g(n).
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We have defined h(n) in such a way that the roots of h(n) are equivalent to
solutions to ([B.36) with K7 = r and the roots of f(n) are equivalent to solutions

to (B40), that is

5
T 2)i}jen.

1 2 L.
nj1 = 7 (arctan \/; + §m)i}jez U {nj2lnj2 = (

{0} U {nyn

Let T = S(0,Rz2) = {n| — R2 < Re(n) < Ry,—Ry < Im(n) < Ry}, with Fig. 2
showing the range of T'.

Im(n)

—Rs |72 Re(n)

Figure 3.2: The range of T = S(0, R2)

Ry — Ro+q if there exists j,1 such that |n;;| = Ry,
* Ry else.

We take ¢ > 0 as an arbitrary small real number that makes sure |n;;| # R1+¢
for any j,l. Define

0Ty = {n|Re(n) = £Ry, — R < I'm(n) < Ry},

0Ty = {n|Im(n) = £R2, —Ra < Re(n) < Ra}.
We have the following estimation on the boundary 077:

|f(m)] =Inl - [cosh(nL)| - | = 5+ 9cosh(2nL)|

> min {|p|} - min {|cosh(nL)[} - min {| — 5+ 9 cosh(2nL
> min {|nl} - min {|cosh(nL)|} - min {| -5+ 9cosh(2nL)[}

>Ry sinh(RgL)( -5+ 9cosh(ZRgL)) >0, Vn € 0T1.
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And
lg(n)| =r - |AX(n)| - | sinh(nL)| - |1 + 9 cosh(2nL)
< AT : inh(nL)|} - 1+ 9cosh(2nL
JT‘%‘%{‘ (1} nlgg%l{Ism (nL)|} nrgg%l{I +9cosh(2nL)}

<|r[(\/2R3 + ¢* 4 ¢) cosh(2R3 L) (1 + 9 cosh(2R, L))
<10|r|(\/2R2 + ¢2 + €) cosh®(2R, L), Vn € OTy.
Similarly, we have the following estimation on the boundary 075:

[f(m)] =Inl - [cosh(nL)| - | = 5+ 9cosh(2nL)|

> mi - mi h(nL)|} - min {| — 5+ 9 cosh(2nL
_ngg%{lnl} nggr;a{\cos (nL)[} nrgé%{l + 9cosh(2nL)|[}

>Ry cos(RaL)( — 5+ 9cos(2RaL))| > 0, vn € 975.

And
lg(m)| = Ir[ - |A*(n)] - [ sinh(yL)] - [1 + 9 cosh(2yL)|
< AE()[}- inh(nL)|} - 1+ 9cosh(2nL
< |l max {[AZ(n)[} - max {|sinh(nL)[} - max {|1 +9 cosh(2nL)[}

< |r|(\/2R§ +c2 + 6)\/COSh2(2R2L) + sinh®(2R, L) x

x \/(1 +9cosh(2RyL))” + 81 sinh?(2R, L)
< 20|7|(1/2R% + ¢2 + ¢) cosh?* (2R, L), Vn € OT.
Taking
q1 = min{Ry sinh(RL)(—5+9cosh(2RzL)), Ry| cos(R2 L) (=549 cos(2R2 L))},
lf(m)] > q1,¥n € OT.

Now, taking r c if |r] < ri:
’ CREI 20(y/2R3+c2+¢) cosh?(2R2 L)’ Il <

lg(n)| < 20|7|(\/2R3 + ¢2 + €) cosh®(2RoL) < q1, ¥ € OT,

which means

lf)| > a1 > [g(n)| = |h(n) — f(n)|,Vn € OT.

Notice that OT is a closed, simple curve (i.e. not self-intersecting). Using
Lemma 23] we obtain that f and h have the same number of roots in 7.

From the above analysis, there are finite numbers of roots of f(n) in T, thus,
there are finite numbers of roots of h(n) in T. For fixed 7}, there are no more

than two numbers X(K;tl(njl)) that satisfy (B37).
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Recall that {7 | || < Ro,7 is the solution of 336)} C T and, by the defi-
nition of V7, we obtain the result. [ ]

For every n;; € T, we take a sufficiently small neighbourhood V}; of n;;, and
upon making the same analysis as in Proposition B.2] we could obtain only one
root 77;,; of h(n) in V;;. With sufficiently small r (|r| < r;,), its corresponding
in’l([N\ji,l(nj,l)) still lie on the left half plane. Moreover, observe that f and h
have the same number of roots in 7', these 77;,; are all roots of h(n) in T

Ugstingery{n € Vialh(n) = 0y U{0} = {n € T|h(n) = 0}.
From Proposition [3.2] there is a finite number of complex numbers 7;; in T, so
we have finite numbers of r;;. Taking |r| < min {ri,r;;}, we have:
{5llnj €T}

V1 C {A|Re(X) < 0}.

We then make an analysis of the eigenvalues in V5. Denote:

i) = AE(mK, 2 4 Ttanh?(7L)
VT tanh(77L) (5 + 4 tanh*(77L))
2 + 7tanh? (7L
G = K + anh” (77 L)

tanh(7iL) (5 + 4 tanh®(7L))
Define F(n) in such a way that the roots of F(7]) are equivalent to solutions to
.36).

While || > Ro and F(77) = 0:

L
G| < PG|+ P - G| - P05 < 28,

Without loss of generality, we suppose that K1 = r < 1, Ry > 1, then solve
IG(M)| < e

o If 7%i_>rr%tanh(77L) = 00, that is 7 = %—z}mi (k € Z), we have
G(m) =r.
o If tanh(7L) = /i, that is 7 = E2VERED 4o 7)o have
G(n) =r.
24 7y>

Let tanh(77L) = y and denote g;(y) := 5,74y7 Lhe inequality yields:

lg1(y) +r| <eq. (3.41)
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Notice that the roots of the equation g;(y) = 0 are y; = 00, yo = \/gi, Y3 =

— \/§ i

21,

From the properties of the cubic polynomial, using the implicit function
theorem, we obtain that for any €5 > 0, there exists J; such that

{y € Cllg1(y)| < 61} C B(y1,€2) U B(y2,€2) U B(ys, €2).
We now analyze y(s) = tanh(s) near y = y1, y2, ys:

P
o Let &5 < 4 be given. If y(s) € B(y2,e2) U B(ys,e2), define so =

arctan(\@)i, S3 = — arctan(ﬁ)i that satisfy ys;) = v;.

Then we have

|tanh(s) — tanh(s;)| €2
tanh(s — s;)| = <
| tanh(s — ;)| |1 — tanh(s) tanh(s;)| = 1 — |tanh(s)|| tanh(s)]
€
< 1 _21 < €2
7

o If y(s) € B(y1,¢e2), we define sy = i that satisfies y(s;) = ;. So, we have

| tanh(s) — tanh(s)| < €9

h — =
| tanh(s — s1)] |1 — tanh(s) tanh(s1)| — |tanh(s)|| tanh(s;)

< eq.
B
We obtain the following estimation:
PROPOSITION 3.3 Ifey < 1, z € C satisfies | tanh(z)| < e2, then we have:

21 € (—tanh™! (ﬂeg),tanh_l(ﬁsg)),
Z9 € ( — arctan(ﬂ{fg) + kﬂ,arctan(\@eg) + kﬂ') (keZ),

where tanh™*(z) is the inverse function of tanh(z).

PROOF If z = 21 + 221 € C (21, 22 € R) satisfies |tanh(z)| < eq,

. tanh(z1) + tan(zp)i
tanh -
anh(zy + 29i) 1 + tanh(z1) tan(z2z)i’

tanh(z1)” 4t ?
| tanh(z + 202 = — 20 (21)” + tan(z2) <2

1+ (tanh(z) tan(zz))2

Suppose g2 < 1, if | tan(zq)| > 1,

tan(zq))?

1+ (tanh(z1)tan(z2))

|tanh(z; + z0i)* > 5 = tan(z;))* > 1.
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This contradicts |tanh(z)| < €2, so we have |tan(z2)| < 1. Then we have
tanh(z)” + tan(z;)” < €2 (14 (tanh(zy) tan(z0))?) < 2¢3,
which means that
z€ (- tanhfl(\/ieg),tanhfl(\@sg)),

29 € ( — arctan(ﬂsg) + km, arctan(\/isg) + kw) (keZ).

For brevity, denote A; = tanh_l(\/%g), Ay = arctan(\/ﬁ€2>, then we have:

{s € Cl|g1(tanh(s))| < 01}
C{s € Cly(s) € B(y1,e2) U B(ya,e2) U B(ys,e2)} C {s]| tanh(s — s;)| < ea}
C{Si —+ 21 +Zgi|2’1 S (—Al,A1)722 S (—AQ + kﬂ',AQ + kﬂ') ,k S Z,i = 1,2,3}.

Substituting s = 7L, and supposing that |r| < %, we have:

~ 0 _ _
GG < 2 € Gl (b GiL) < 0.} ©
{nly(nL) € B(y1,e2) U B(y2,62) U B(ys,€2)}
S; . A A A A
- {f + 21 + 20i|zy € (*fla 71)722 € (**2 + kza g kz),

keZi=1,23} (3.42)

Recall 337), if 77 = 1 + noi:

nt —n3 + 2+ \/(n} — 13 + )2 + ding

Re(\) = — + 5

Re()X) < 0 is equivalent to

nt—ni++ VO —ng+ ) +dning _
2 b

that is
mins + (=5 + e < e (3.43)

Recall [33]), we know that n; € (—%, %), and so, if we take sufficiently small

€2 such that % < §, then ([3.43) can be written as follows:

5

(2= )2 + e

2 2
€7 =M

Y
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Observing that:

(2 —e?)e? 4 nie? c’e? 2 2 2
2 2 =3 S
€f—m €5 =M

if [7]% > ¢* — 3%, we obtain

N 3 1
n§=|nl2—nf>62—Z€2—162=02—62-

The corresponding Re(A) < 0.
We take sufficiently small e5 < 1 such that % < 5, then we have the
corresponding 6.
Taking &1 = %1, Ir| < &, Ry = max{3¢*— Se2, R1}. We obtain that if || > R
and F(7) = 0, the real part
Re()\) < 0.

In conclusion, while |r| < min{%,rl,rﬂ}, the system ([LI)) is exponentially
stable. [

4. Results on instability

In this section, we prove that for sufficiently large lengths of the edges and
for any K7 € R, there exists an eigenvalue that lies in the right half plane, and
thus system (LI)) with ¢x = ¢ = ¢, e = &1 = ¢ and Ly = L; = L cannot be
L?— exponentially stable.

ProPOSITION 4.1 While L > Lyur = 2\/%, ce = c1 =c¢ > 0, g =
g1 = ¢ € [0,¢) and L, = L1 = L, for any K; € R, the system (L)) is not
L% —exponentially stable.

PROOF Let A € C. We look for a nontrivial solution U (¢, z) = (ul(t, z), ..., u*(t, z))
of the system having the form u*(t,z) = e My (x), with the eigenvalue \ of the
system. The corresponding eigenfunctions of the u* (¢, z) are oy (z).

Such a U(t,r) can only be a solution of the system if
(A +e)? o = ¢l + o (4.1)
From (@), we have ¢ (x) = Ry xe" + Ry e and

= (\+e)? - (4.2)
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Similarly as in the analysis before, using the boundary conditions, we get the
following characteristic equation:

[77 cosh(nL)(—5+9 cosh (QnL))} + [)\Kl sinh(nL)(1+9 cosh (277L))] =0. (4.3)
We want to discuss the solution n = wi (w € R) on the imaginary axis.

The real part of the corresponding A is greater than 0 if and only if w €
(—Vc2 —£2,1/c? — ¢2). Moreover,

A= —e+ V2 —w?
We can rewrite the characteristic equation:

w =54 9cos(2wl)
—e+ V2 —w? 1+ 9cos(2wL) )=
w 2 — Ttan?(wl)
erVE W 5— dtan?(wL)

For w € (—Vc2 —e2,V/c2 — ¢2), we define:

-K; = (cot(wL)

cot (wl). (4.4)

w o 2 — Ttan?(wl)
—e 4+ —w?  b—4tan*(wl)
w

===
~ 2—Ttan*(wl)
glw) = 5 — 4tan?(wl)

F(w)= cot (wl),

cot (wl).

Figure 3 shows the graphs of f and g.

fw)
15¢
10

s

i i
| |
| |
| |
| |
| |
| |
| |
| | 5
| |
t t
-‘B - -1 1 2 3{ B -wy 2 W1 w2 Wy 3
| St | -
I I
| -0t |
| |
| |
I I
| |
i i

-15

Figure 3: c=5,e=4, L=1, Vc? —¢2=3

If we can prove that the range of F'(w) covers R, the system has an eigenvalue
A > 0 for any K7 € R. Thus, the system cannot be exponentially stable for any
Ki eR
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c2 —e

cf—w 1'14 wl (n2 wl
We have f'(w) = =5 > 0, ¢'(w) = 20t L < 0.

We now discuss the range of F(w), firstly,

. . (O
Jm Flw) = lim f@)@) = Grwy =52 = 5=
o 11012117627F(w) = 1?211,52, fw)g(w) = 00 x g(v/ 2 —e?) = 0.

As long as v/c? — €2 > 7=, we define the set of discontinuity points and roots
of F(w) in [0,vc? — £2) as x. We obtain

{w17w27w3} - X

. . arctan 4/ 2
that is, the set x contains at least three elements: w; = T\ﬁ, wo =
arctan\/g

L w3

T 3 3
= 5p in x . Besides,

lim F(w)= wl'l)rgl flw)g(w) = f(wr) x 0 =0,

w—rwi
arctan /2
lin F) =l f@)ge) = F( VL) (o) = o,
w—wy w—wy
arctan g
lim F(w)= lim f(w)g(w)= f(————) X 00 = 0,
lim F(w)= lim f(w)g(w)= f(l) x 0=0.
w—rwy w—rwg 2L

From the continuity of F(w), the range of F(w) covers R in the interval [wy,ws]U
[wa, ws].

In conclusion, while L > L, = 2\/%, for any K; € R, the system has

a real eigenvalue that is greater than 0, so it cannot be stabilized. [ ]
REMARK 4.1 We have the following estimate for L < Lp,q, = 2\/%

2 2
o If\Z—<2< %) ie. L < %, from Proposition[31], K1 =0
can stabilize the system.

3 5
o If % <Ve2—e?2 < %, the set of discontinuity points and

roots is equal to {w1}. From the continuity of F(w), the range of F(w) is
(_007 Cl);

Cy:= inf F(w)<oo.
w€e(0,w1)

Hence, the range of F(w) does not cover R.
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5
o If % < V2 —e? < g%, the set of discontinuity points and roots
is equal to {w1,w2}. From the continuity of F(w), the range of F(w) is

(_007 Cl) U (02’ 00)7

Cy:= inf Fw)<oo, Cy:= sup F(w) > 0.
we(0,w1) W€ (w2,Vc2—¢2)

We try to make a simulation of F'(w) for a definite case.

Taking ¢ =5, € =4, L = 0.5, we obtain the following Fig. 4 for the graph of
F(w). Tt shows that the range of F(w) does not cover R in this case (C; < Cb).

| 20+ |
| |
| |
: 107 :
| |
1 1 : L 4 : 1 1
3 -2 : -1 1 : 2 3
| |
| |
—F@) | 201 |
F(w)=0 | |
-~ F(w) =00/ 20 }
| |

Figure 4: F(w) withc=5, e =4, L =0.5

Thus, while Ly,;n < L < Lyyae, we cannot prove that for any control K7, the
corresponding system has an eigenvalue bigger than 0. However, the numerical
results indicate that the system can probably not be stabilized by some K (see
Section 6, Example 2).

5. Examples

From the stability result in Section 3, we can obtain an explicit expression
of the solutions if K7 = 0 and all arcs have the same length. So, in this section,
we give some results of the explicit solution.
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5.1. Illustration of the eigenfunctions

In this subsection, we present the figures of some of the eigenfunctions in
system (B generated with MATLAB. We take ¢ = m,¢ = v/1.0lg, L = 1,
from ([B8) B3) in Proposition 31l we can obtain the eigenvalues and the corre-
sponding eigenfuctions. The following figures (Fig. 5) show the eigenfunctions
corresponding to the eigenvalues

2
Ag1 = -7+ 10172 — arctan® \/;, Ao2 = (=1 +V0.76)m,

2
Aq=-m+ —1.017? + (arctan \/;—i— )2, Al = -7+ V1.247i,

2
Ay =7+ —10172 + (arctan \/;—l- 2m)?2i, Ayo = —T + V5.24ri.

5.2. The time—wise evolution of the state

In this subsection, we present solutions of system (B.I) generated with MAT-
LAB for some special initial values. We also give some figures which show the
evolution of the L?-norm energy over time.

We take ¢ = 7, ¢ = v/1.01¢, and from Theorem 1.1 we obtain the critical

length
arctan \/g

2 — 22

o = ~ 1.5625.

While L < Ly, the system is exponentially stable, and while L > Ly, the
system is not exponentially stable. We take L1 =1 < Lg and Ly = 2 > Ly with
the same initial value ([\V),

FOm) =Tm( S @)+ o),
0<j<49 ) (IVl)

uf(0,2) = Im(0<_2<49 o1 (@) +ei(2), ke{1,2,3,4},
VA

1, 0<5<49 =1,2,1=1,2 ;
Le. ¢m 1= { b U =d = mE LS "7, @l (x) is defined before in

0, else
B.3).
From (BI0) in Section 3, we obtain that the explicit solution of the system

@I is
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3
2 Pipe 1 2 Pipe 4
1
ipe 3
0 p
- 05
-2 0
3
45 4 05 0 05 1 15 08

Figure 5.1.: The eigenfunction ¢ ; ()
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Figure 5.3: The eigenfunction ¢}, (z)
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Figure 5.6: The eigenfunction 5 ,(z)

ke {1,2,3,4}.

The time evolution of the network can be shown in Figs. 6 and 7 generated
by MATLAB. The initial data used for Figs. 6 and 7 contain highly oscillatory
parts that vanish rather quickly with time.

We also present the variation of the L2-energy for both two values in Figure

8 (L =1) and Figure 9 (L = 2):



112 M. Gucar, X. HuaNnc AND Z. WANG

Figure 6: The time evolution (from left to right and then from up to down) of
the network with the initial value (V1) and e = 7,¢ = V1.0l7r,L = 1
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10
5
ipe 4
0 e
s /o5
/°
e . - s
15 El 05 0 05 1 15
10 10
5 5
ipe 4 ipe 4
0 ipe 0 ipe
5 / 05 5 /o8
/ L
/° /°
N —* 05 N —* 05
15 -1 05 0 05 1 15 15 E 05 0 05 1 15

Figure 7: The time evolution (from left to right and then from up to down) of
the network with the initial value (IVI) and € = 7,¢ = V1.017, L = 2
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Figure 8: The L2-energy of the network under the time evolution with the
initial value (INT)) K1 =0, L =1, T =100

10°]

L2-norm
o

10°
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time
Figure 9: The L2-energy of the network under the time evolution with the
initial value (IVT)) K1 =0, L =2, T' =100

6. Simulations

In this section, we present some numerical results generated with MATLAB
of the upwind implicit scheme for the system (LI). Gugat and Gerster in (2019)
also use the upwind scheme for simulations for the star-shaped system.
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We first use the variable substitution v’ = — L (u}, + uj 4 €;u’) to rewrite the
system as a 2 x 2 system:

Ui+ AU: + BU' =0, te€(0,+00), € 10,L;],i € {1,2,3,4},
ul(t,0) = u?(t,0) = u3(t,0),

u?(t, Ly) = u3(t, L3) = u*(t, Ly),
Ske1,2,3ur(t,0) =0, (6.1)
Ykea34uk(t, L) =0,

u'(t,0) = 0,

ul(t,L1) = —Kyvl(t, L),
with U? = (u?,v))T, A= ((1) _01) , Bt = <iz g:)

For numerical illustrations, each arc [0, L;] is divided into J; cells by a space
discretization Az > 0 such that Az.J; = L; with cell centers z; := (j — 3)Ax
for j = 1,2,..J;. Ghost cells with centers z¢ and x5, are added outside the
domain. The discrete time steps are denoted as ), := kAt for k € N and At > 0
such that the CFL-condition holds. Cell averages at t; are approximated by

& Ti+s k Ti+s

. . , 1

uj’zz/ u'(tg, x)dz, Uj’zm/ o' (tg, z)dx.
x x

i—% i-%

The advection part can be approximated by the left and right-sided upwind
scheme and the reaction part by an implicit Euler step that takes the charac-
teristic speeds into account, i.e.

uk+1,z _ o kd (uk+1 g uk+1,1) _ At(gu?—i-l,z + Cv;-ﬁ_l’l)

j = Uy A j—1 ;
k+li At NS S ANV R k41,0
v; ‘i F( i v ) = At(euy T vy ).

In order to successfully use the upwind scheme, we use ghost grid point

ki ki ki
(/S ISR Vg vJH to apply the boundary condition:

uk,i + uk,i uk,i uk,i
i 0 1 i 1 — %
Ul(tk,o) = f7 (%uz(tk,()) = T,
) k:+1 7 + ukJrl 7 uk+1 7 _ ukJrl,z
8tul(tka 0) - ! ! - 3
2At
uk,i +uk,z uk,i uk,i
J J+1 i J+1 %
(tk7L) = 9 3 8muz(tk,L) = Ax ;
k+1,i k41,7 k41,1 k+1,i
; Uy tu —u - ’
1 1
dpu'(ty, L) = —L+ o It I

2At
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All simulations are done in MATLAB. The space discretization Az = 200
and the CFL-condition 0.99 are used. For our cases, Theorem [[I] shows that
while K71 = 0,e = 7, ¢ = v/1.01m, as stated in Section 5, the system is exponen-
tially stable with L; = L (i = 1,2, 3,4).

The time evolution of the network is shown in Fig. 10, generated by MAT-
LAB with the initial value ([V2]),

u'(0,x) = —4sin(5x),
u'(0,z) = 2sin(5xz), i€{2,3,4}, (Iv2)
ub(0,2) =0, ke{l,2,3,4}.
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15 05 0 05 1 15 a5 A 05 0 05 1 15
6 6
4 4
2 2
0 0
|
2 05 27 05
4 ) 4 “F 0
05 05
-6 T T T 6 L
45 4 05 0 05 1 15 45 4 05 0 05 1 15
6 6
4 4
: % 2
ne 4
Pine 3
0 0
|
2 05 27 05
4 0 4 ‘(L 0
05 05
6 T T T T T T 6 T T :
45 4 05 0 05 1 15 45 4 05 0 05 1 15

Figure 10: The time evolution of the network with the initial value (IV2)
e=m, c¢c=+10lnr, L=1
Green line: Numerical simulation result Red line: Exact solution
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From the figure we can observe that the simulation result of the scheme is
quite good. We then present the time evolution of the network concerning the
L?-norm for both stability and instability cases in the following figure. Stability
is measured in the L?-norm

4 J;+1
Lo(ty) =) Y [(uj")* + (0] )P
i=1 j=0
Example 1
We normalize the initial L? energy as 1. We take ¢ = 7w,¢ = /1.01m,

Theorem [[.1] gives us the Ly, = 1.5625, L0 = 5. The time evolution of the
log of L?-energy of the networks with different length of the arcs can be shown
in Figure 6.2 for K1 = 0,1,20. We take the initial value:

u'(0,z) = sin(%2) + T,

u?(0,2) = u*(0,z) = —sin (%),
ut(0,x) = — 2, " (6.2)

uf(0,2) =0, ke{l1,2,3,4}.

The numerical results indicate that if there exists a critical length L. that

5 =
1o —K=0 —K=0 10 —K=0
—K =1 —K =1 —K =1
0 K =20 K = 20 p K = 20
g o/ 8
g -~ g g
£10 g 58
z Jo o
=20 ‘ = \ L4
-30 . )
0 /
-40 5 -
0 100 200 300 0 100 200 300 400 500 0 100 200 300 400 500
time time time
(a) L1 =1< Lpmin (b) Lo=3¢ (LminyLmaz) (C) L3 =6 > Lmax

Figure 11 The time evolution of the log of L2-energy with different
lengths of the arcs

determines the stabilizability of the system, it is likely that it is equal Ly,;p,.

Example 2

We take ¢ = 4,¢c = 5. Fig. 4 in Remark 4.1 shows that if L = %, we cannot
prove the existence of an eigenvalue A with positive real part if K; € (0.8,5.0).
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We have tried to make the simulation for K; € {0.9,1,2,3,4,4.5} with the
initial data (6.2).

However, since the five lines, representing the time evolution of the L?-energy
on the network are too close and all increasing, we only present the logarithm
of the energy for K7 = 3 in Fig. 12.

200

150

100

50

0

0 20 40 60 80 100

Figure 12: ¢ =5, ¢ =4, L:%, Ki=3

The numerical results show that the system is not exponentially stable even if
we cannot theoretically prove there exists an eigenvalue in the right part of the
plane.

7. Conclusion

We have discussed the limits of stabilization of a networked hyperbolic sys-
tem with a circle that is governed by a wave equation with nondissipative source
terms depending on the position and the velocity. If the lengths of the arcs are
small enough, the system is exponentially stable with the control parameter | K|
sufficiently small if the arcs in cycle have the same length. Similar to the exam-
ple presented by Bastin and Coron (2016), the system cannot be exponentially
stable for any feedback parameters if the length of arcs is sufficiently large. For
stability, we have proven that the lengths of arcs could be slightly different from
each other. If we have no restriction on the length of arcs, the complexity of
the characteristic equation leads to additional difficulties in spectral analysis.

For our future research we are interested in the existence of the critical
length to precisely separate the domains of stability and instability. Moreover,
it is interesting to consider more general graphs, for example a cycle made from
three edges and three attached single links. This topic is linked to the analysis
in Leugering and Sokolowski (2008), where the elliptic case has been consid-
ered, see also Gugat, Qian and Sokolowski (2023) for the topological derivative
method for control of wave equation on networks. A disadvantage of the spectral
approach is that for more complex graphs also the spectral equations become
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more complicated. Therefore, it would be useful to have a simpler method for
the general case, even if it would provide only less precise results. We clearly
expect that also for more general graphs there exists a limit of stabilizability.

Another approach to extend the analysis is to allow for additional feedback
control applied to the Kirchhoff conditions to improve the stability, similarly as
in Avdonin, Edward and Leugering (2023). Since additional feedback control
action would improve the stability of the system, we expect that in this case
also systems with graphs with several intertwined cycles could be stabilized with
suitable feedback parameters at all interior nodes.

Also an analysis of the exponential stability with respect to the H2Z-norm
would be of interest (see, e.g., Hayat, 2019; Hayat and Shang, 2021): Does this
change the critical length where stabilization is impossible compared with the
L2-case?
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