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capacitive voltage transformer, 

ferroresonance, suppression circuit, 

chaotic behaviour, simulation  

Jan I!YKOWSKI* 

Eugeniusz ROSO"OWSKI* 

Piotr PIERZ* 

ANALYSIS OF FERRORESONANCE OSCILLATIONS 

IN CAPACITIVE VOLTAGE TRANSFORMER 

Analysis of ferroresonance oscillations in capacitive voltage transformer is presented. For this 

purpose an analytical approach to ferroresonance is firstly introduced. With use of the harmonic 

balance method the condition for avoiding stable subharmonic oscillations of the 3rd mode is s tat-

ed. In the next step the ATP-EMTP simulation based investigations are carried out to find the 

suppression circuit parameter (or parameters) which assure damping of the nonlinear oscillations 

in accordance to the requirements of the standards. Two kinds of suppression circuits designed for 

the considered capacitive voltage transformer construction are investigated. The possible chaotic 

phenomena resulting from nonlinear oscillations are also examined. The obtained results are pr e-

sented and discussed. 

1. INTRODUCTION 

The predominant sources of voltage signals for protective, monitoring, measuring 

and control devices in high voltage (HV) and extra high voltage (EHV) systems are 

capacitive voltage transformers (CVTs) which are also named as coupling capacitor 

voltage transformers (CCVTs) [1]. A CVT provides a cost-effective way of obtaining 

a secondary voltage for HV and EHV systems [1], [2]. Its functional scheme [1]�[4] is 

depicted in Fig. 1. A CVT is composed of a capacitive voltage divider (C1 and C2 

� both consisting of some capacitor elements connected in series), a compensating 

reactor (LCR) and a step-down inductive voltage transformer (Tr) usually with two 

secondary windings. In the scheme of Fig. 1, besides the primary voltage (up) and 

 _________  
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secondary voltages (us1, us2) one also distinguishes the intermediate voltage (ui), 

which is usually at the level of around 20 kV. 

Two kinds of CVT transient conditions are taken for analysis which is aimed at 

evaluation of CVT transient performance: 

· non-linear oscillations under saturation of a magnetic core of a CVT step-down 

inductive voltage transformer (Tr in Fig. 1) [1]�[9], 

· discharging of a CVT internal energy during decreasing the primary voltage 

(up) which is the case of short circuits on the associated transmission line 

[10]�[14]. 
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Fig. 1. Schematic diagram of CVT: C1, C2 � stack capacitors; LCR � compensating reactor; 

Tr � inductive step-down transformer; A-FSC � anti-ferroresonance suppressing circuit; 

BURDEN � burden imposed by connected protective and other devices 

Non-linear oscillations can appear when the operating point of the magnetizing 

characteristic of the step-down transformer is shifted to the saturation region. The 

energy stored in the capacitive and inductive elements of the device generate transi-

ents with low frequency of aperiodic character which could last of long period. On the 

other hand a sudden change of voltage at the primary terminals of the step-down 

transformer could cause saturation of the magnetic core what with interaction with 

capacitance are sources of non-linear oscillations called ferroresonance. CVTs are 

therefore equipped with special anti-ferroresonance circuit (A-FSC in Fig. 1) for 

avoiding stabilization of the sub-harmonics and also assuring adequately fast damping 

of the oscillations. Both, passive [3]�[7] and active [8] suppression circuits are used. 

Power electronic elements are utilized for constructing the active circuits [8]. 

In turn, the CVT generated transients under short circuits on the associat- 

ed transmission line are simpler for analysis since a CVT still operates at its  

linear range [10]�[14]. Such transients are commonly investigated in relation to 

their influence of protective relays operation. This issue is out of the scope of this 

paper. 
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2. SUBHARMONIC FERRORESONANCE IN CVTS 

2.1. INTRODUCTION 

CVTs installed in a power system operate during normal steady state conditions 

within a linear range for a step-down transformer (Fig. 1). However, under some dis-

turbances this is not so. The exploitation experiences and laboratory tests show that 

extensive nonlinear oscillations can be generated in the CVT circuit. Such oscillations 

can appear under the disturbances such as [5], [10]: 

· interruption of the short-circuit in the secondary CVT winding when the pro-

tecting fuse gets blown out, 

· interruption of the short-circuit at the stack capacitor C2 due to operation of the 

spark gap which protects it (the spark gap is not shown in Fig. 1), 

· sudden appearing of the CVT primary voltage under switching on or interrup-

tion of the short-circuit at the CVT primary side, 

· increase of the CVT primary voltage due to overvoltage, 

· lightning-caused ferroresonance. 

2.2. DESIGN OF FERRORESONANCE SUPPRESSION CIRCUIT 

The exploitation experiences and laboratory tests show that if a CVT is not 

equipped with a properly designed suppression circuit, the subharmonic ferrores-

onance phenomenon [3]�[8] can occur. Subharmonic oscillations of 3rd or 5th 

mode can be generated in a CVT circuit. This is also known that more severe 

conditions are for damping the 3rd subharmonic oscillations and thus this will be 

concerned further. It is desired to prevent stabilization of such subharmonics and 

moreover to assure their fast damping, accordingly to the requirements imposed 

by the international standards [9]. To achieve this goal, a special anti-

ferroresonance suppression circuit has to be applied at the step-down transformer 

output. In Fig. 1 it is presented that such circuit is connected to the dedicated 

winding, i.e. separately from the burden. 

As so far, there are no design methods with the calculation procedure for selecting 

the suppression circuit parameter (or parameters). This is so since the CVT circuit has 

to be considered as a non-linear circuit. This paper is aimed at providing the design 

method for the suppression circuit which is based on the 2-step procedure: 

- preliminary selection of the circuit parameters which assure that presence of 

stable subharmonic oscillations of 3rd mode are not possible, 

- tuning the circuit parameters which assure that the standard requirements are 

satisfied with the aid of digital simulation. 

Knowledge of the border conditions for avoiding stable subharmonics (1st step) 

facilitates carrying out the 2nd step of the design. 
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2.3. ANALYTICAL APPROACH TO SUBHARMONIC FERRORESONANCE 

Since the CVT circuit is considered as a non-linear circuit its analytical analysis 

limits to the steady state considerations. For this purpose the harmonic balance meth-

od [10] will be utilized. This method assumes that the steady state solution for the 

nonlinear circuit can be represented by a linear combination of sinusoids, then bal-

ances current and voltage sinusoids to satisfy Kirchhoff�s law. 
An equivalent circuit diagram of a CVT used for the harmonic balanced method in 

relation to the subharmonic 3rd mode is presented in Fig. 2. 

Ce = C1 + C2

im3

ie ifLe = Lc + Lp

Re = Rc + Rp

Zf

 

Fig. 2. Equivalent circuit diagram of CVT for studying 3rd subharmonic ferroresonance 

with all parameters related to the primary side of the step-down transformer: 

Ce � equivalent capacitance of capacitive divider, Le � sum of inductances of the compensating reactor 

and of the primary winding of the step-down transformer, Re � analogously as Le, 

im3 � current source of the 3rd harmonic current, Zf � ferroresonance suppression circuit, Zb � burden 

In analytical considerations the following polynomial approximation of a magnetizing 

characteristic (magnetizing current im as a function of linkage flux  ) is commonly used: 

 å
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12
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The number of terms used in (1) is: n + 1 and, in general, if the higher order ap-

proximation (i.e. higher n) is used, a better accuracy is achieved. However, this results 

in more complex analytical analysis or even in no possibility to obtain the solution 

without involving numerical calculation algorithms. This is the case also for analyti-

cal considerations of subharmonic ferroresonance in CVTs dealt in this paper. There-

fore, it appears that a reasonable analytical approach can be carried out with using the 

following 3rd order (n = 1) approximation of the magnetizing characteristic: 

 3
31m   aai +=  (2) 

Limiting the presence of the fundamental frequency and the subharmonic 3rd mode 

in the CVT circuit, the linkage flux of the step-down transformer can be expressed as: 
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where the unknowns are: Y1, Y3 � magnitudes of the linkage flux for the fundamental 

frequency and 3rd subharmonic, respectively; j is the phase displacement. 

Substituting (3) into (2) and expanding the products of cosine functions into their 

sums one obtains the magnetizing current in the following form: 

 

)3!3cos(2
3

!7
cos  

2
3

!5
cos

3

!5
cos)cos(!  

)cos(!
3

!
cos

3

!
cos

87

654

321m

jj

jjj

j

++÷
ø

ö
ç
è

æ ++

÷
ø

ö
ç
è

æ ++÷
ø

ö
ç
è

æ ++++

+÷
ø

ö
ç
è

æ ++÷
ø

ö
ç
è

æ=

tF
t

F

t
F

t
FtF

tF
t

F
t

Fi

 (4) 

where: 

2

333

2

13311
4

3

2

3
Y+YY+Y= aaaF , 

2

3132
4

3
YY= aF , 

2

3133
4

1
YY= aF , 

2

313

3

13114
2

3

4

3
YY+Y+Y= aaaF , 

2

3135
4

3
YY= aF , 3

2

136
4

3
YY= aF , 

3

2

137
4

3
YY= aF , 

3

138
4

1
Y= aF . 

The 3rd subharmonic of the magnetizing current (4) taken for further analysis is 

thus equal: 
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Since the 3rd subharmonic of the linkage flux (3) is being assumed as: 
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the 3rd subharmonic of the voltage drop across the magnetizing branch equals: 
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Applying the complex number analysis for the 3rd subharmonic to the CVT equi-

valent circuit (Fig. 2) one obtains: 

 33m3 UYI -=  (8) 

The admittance Y3 for the 3rd subharmonic from (8) is determined by the parame-

ters of three branches which are in parallel to the magnetizing branch (Fig. 2): 
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Rewriting (8) with use of (5) and (7) yields the following complex number equa-

tion: 
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Resolving (10) into the real and imaginary parts one obtains the following set of 

two equations: 
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After determining cos(j) and sin(j) from (11) and utilizing Pythagorean trigono-

metric identity, after performing tedious derivations, one obtains the following equa-

tion for the sought magnitude of the 3rd subharmonic of the linkage flux: 
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where for the purpose of the formula shortening the following quantities have been 

introduced: 
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Two solutions (marked with the subscripts 1 and 2) of (12) for the magnitude of 

the 3rd subharmonic of the linkage flux squared )( 3
2Y  are: 
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where the determinant D1 is expressed: 
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The stable 3rd subharmonic oscillations are not possible to occur if the solutions 

(14) are not being real numbers. This is the case if the determinant (15) is negative: 
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In order to determine the quantities M, N, defined in (13), which are involved in 

the inequality (16), it is taken into account that: 
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As a result, the quantities M, N are as follows: 
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Substitution of (18) into (16) results in the following inequality for the condition 

that stable 3rd subharmonic oscillations are not possible to occur: 
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There are the following possibilities for generating stable 3rd subharmonic oscilla-

tions, namely the parameters of the CVT linear parameters {real (Y3), imag(Y3) and the 

coefficient a1 used for the nonlinear characteristic approximation (2)} are such that: 
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· stable subharmonic oscillations are not possible to occur if the determinant 

(D2) for the double quadratic polynomial at the left side of (19) is negative, 

i.e.:  
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or in a compact form: 
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· stable subharmonic oscillations are possible to occur if the condition (21) is not 

satisfied, however, only if the CVT is supplied with the voltage such that the 

magnitude of the fundamental frequency flux linkage (Y1) is from the range: 

 ( ) ( )
21111 Y<Y<Y  (22) 

where: 11)(Y , 21)(Y  are two solutions of the equation obtained by comparing the left 

side of (16) with zero. 

This is worth to mention that in case of satisfying (22) the stable 3rd order sub-

harmonic oscillations can be generated or not. This depends on the kind of disturb-

ance initiating the transients. This is difficult to determine analytically which dis-

turbance will lead to generating subharmonic oscillations and which disturbance 

will not initiate the subharmonic ferroresonance. However, this can be checked in 

a simulative way.  

3. QUANTITATIVE ANALYSIS 

OF SUBHARMONIC FERRORESONANCE IN CVT 

3.1. ANALYZED CVT CONSTRUCTION 

Real, existing construction of CVTs which are installed at 220 kV transmission 

lines in Poland is taken for quantitative analysis of subharmonic ferroresonance. 

Magnetizing characteristic of the step-down transformer, related to its primary side 

(i.e. at the intermediate voltage (ui) level), is presented in Fig. 3. This characteristic 

has been approximated by the formula (1) using weighted least error square method. 

Assuming n = 1 in (1) and taking small weights for high magnetizing current we can 

obtain the approximation coefficients: a1 = 13.85e�6, a3 = 85.9e�10.  
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Fig. 3. Magnetizing characteristic of the step-down transformer 

The other basic parameters, related to the equivalent circuit diagram from Fig. 2, are as 

follows: C1 = 4.974 nF, C2 = 47.160 nF (thus the equivalent capacitance of the capacitor 

divider: Ce = 52.135 nF), Le = 194.81 H, Re = 7242.0 W, Lb = 0.32 H, Rb = 133.04 W 

(including secondary side parameters of the transformer). The step-down transformer 

is 3/21000 V / 3/100 V / 3/100 V. The rated burden is 150 VA, however, 

for testing the speed of damping nonlinear oscillations according to the Polish 

standard [9], which is compatible with European standards, it is considered that the 

CVT under the test is lightly loaded with the maximal load of 5 VA. This imposes 

more severe conditions for damping nonlinear oscillations. According to the stand-

ard [9] the test is conducted by opening the secondary winding of the step-down 

transformer, which was previously short circuited. Such the test relies thus on 

charging of the CVT circuit with large amount of energy during the secondary 

winding short circuited and then by opening the winding intensive transients are 

occurring. This can shift the operation point on the magnetizing characteristic of the 

step-down transformer to its non-linear region. Damping of non-linear oscillations 

during such the test is considered as effective if their influence on magnitude of the 

CVT secondary voltage after 10 cycles (200 ms for 50 Hz fundamental frequency) 

from interrupting the short circuited winding is not greater than 10%. The other test 

details are specified in the standard [9]. 

Initially it is taken that the analysed CVT is equipped, as presently, with anti-

ferroresonance suppression resistance (Rf) � Fig. 4a. Then it is considered that this 

resistance is to be replaced by the RfLfCf circuit with the parameters Lf, Cf tuned at the 

fundamental frequency resonance, thus not consuming active power during fundamen-

tal frequency steady state.  
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Rf

                

Cf

Rf

Lf

 

Fig. 4. Considered suppression circuits: a) suppression resistance, 

b) suppression circuit not consuming active power at fundamental frequency 

The design of the suppression circuits is carried out with use of the 2-step proce-

dure proposed in this paper. In the first step, the introduced analytical approach to 3rd 

subharmonic ferroresonance is applied for preliminary selection of the suppression 

circuit parameter (parameters). Then, the final selection is carried out with use of the 

ATP-EMTP simulation [15] for assuring that the requirements of the standard [9] are 

satisfied. For modelling a considered CVT construction (Fig. 1), which are manufac-

tured as single phase units, a three-winding transformer model of the ATP-EMTP 

program [15] with including nonlinear magnetizing characteristic has been utilized for 

modelling the step-down transformer. The other elements of the CVT were modelled 

as RLC branches (Fig. 5).  

SRC__1

U I

SAT

Y Y

YI

SW

Comp_A

V

load_A

V

MODEL

flux_3

V

I

V

Load

Compensation

Rf

 

Fig. 5. ATP-EMTP model for simulation of CVT scheme 

The step-down transformer is represented by the standard 3-phase 3-winding Y/y/y 

transformer model where only one phase (phase A) is utilized. The transformer flux 

linkage is calculated by integration of a magnetizing voltage in MODELS block 

flux_3. The switch SW is applied to introduce the oscillations: after being closed it is 

then forced to open.  

a) b) 
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Main advantage of the proposed design procedure is that having the preliminary 

selection from the 1st step we obtain clear indication on range of the sought parameter 

(parameters) of the suppression circuit which have to be set in the simulation model, 

instead of selecting from the whole space, applying a trial and error method. The pro-

posed design follows in the next two subsections. 

3.2. ANALYSIS OF APPLICATION OF SUPPRESSION RESISTOR Rf 

Assuming that the analysed CVT is equipped with a ferroresonance suppres- 

sion resistance Rf (Fig. 4a) and neglecting the CVT load (thus more severe condi-

tions for ferroresonance suppression are taken), the admittance Y3 defined in (9) 

equals: 
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Substituting (23) into the condition (21) one obtains that to avoid stable subhar-

monic oscillations of the 3rd mode one has to apply: 

 k" 45.501f <R  (24) 

This result clearly indicates that for the considered CVT construction (with param-

eters as specified in the subsection 3.1) the 3rd subharmonic oscillations are possible 

in case if it is not equipped with anti-ferroresonance suppression resistance, i.e.: 

Rf = µ. This is confirmed in Example 1 at Fig. 6, where the selected recorded signals 

of the ATP-EMTP simulation are presented. Definitely, the transients of the 3rd sub-

harmonic nature contained in the voltage and flux signals cause that the requirements 

of the standard are not satisfied. This calls for equipping the CVT with adequate anti-

ferroresonance circuit. 

The considered CVT construction is equipped with the anti-ferroresonance re-

sistance of the value: Rf = 367.5 kW (which corresponds to 8.33 W resistor connected 

at the 3/100  side of the step-down transformer). The resistance of the damping 

resistor applied is of 73% of the border value obtained in the condition (24). 

ATP-EMTP simulation-based analysis for this case is presented in Example 2 at 

Fig. 7. The initiated transients in the recorded secondary voltage are effectively 

damped in such a way that their influence on voltage magnitude is no greater than 

10% after 175 ms since interrupting the short circuited secondary winding. The 

requirements imposed by the standard [9] are definitely satisfied. 
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Fig. 6. Example 1 � The case of the ferroresonance test for the CVT construction 

with no anti-ferroresonance circuit: a) secondary voltage and flux linkage 

for the step-down transformer, b) its magnetizing current 

The resistor Rf = 367.5 kW applied in the real considered CVT construction for 

suppressing subharmonic oscillations consumes 400 W power, which is quite big 

consumption in comparison to the nominal useful load (of protective and metering 

devices) which is designed to 150 VA. Moreover, such 400 kW permanent loading of 

the CVT by the anti-ferroresonance resistor is in all three phases. This is considered 

as a drawback of such way of damping nonlinear oscillations. From this reason it is 

considered further how to replace such damping resistor (Fig. 4a) with the circuit 

from Fig. 4b not consuming active power permanently, i.e. during steady state opera-

tion under fundamental frequency. The other option, which is not considered in this 

a) 

b) 
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paper, is based on applying a power electronic scheme which switches on the damp-

ing resistor only during transients, thus also not consuming active power during 

steady state operation under fundamental frequency. 
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Fig. 7. Example 2 � The case of the ferroresonance test for the CVT construction 

with the suppression resistor Rf = 367.5 kW: a) secondary voltage and flux linkage 

for the step-down transformer, b) its magnetizing current 

3.3. ANALYSIS OF APPLICATION OF SUPPRESSION CIRCUIT Rf Lf Cf 

Assuming that the analysed CVT is equipped with a ferroresonance suppres- 

sion circuit Rf Lf Cf (Fig. 4b) and neglecting the CVT load (thus more severe 

conditions for ferroresonance suppression are taken), the admittance Y3 defined 

in (9) equals: 

b) 

a) 
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When determining (25) it was taken into account that there is a tuning of Lf and Cf 

to the resonance at the fundamental frequency (w2LfCf = 1). For selecting the parame-

ters of the considered suppression circuit it is assumed initially that the resistor Rf is not 

taking part in damping what imposes more severe conditions for the parallel connection 

of the elements Lf, Cf which are reactive elements and their influence is like �increasing� 
the coefficient a1 in the approximation (2), i.e. �making� the circuit more linear. Then, 

substituting (25) into the condition (21) one obtains that to avoid stable subharmonic 

oscillations of the 3rd mode the inductance Lf (recalculated for the voltage level of the 

primary side of the step-down transformer: 3/21000  V) has to satisfy: 

 H 8.1608f <L  (26) 

After few trials the value Lf = 1000 H (around 60% of the border value from (26)) 

was taken for further analysis. Then, including the resistance Rf it has been found that 

there is optimal value of this resistance, i.e. the value for which the condition (21)  

is satisfied with the highest degree. By the term �highest degree� it is meant  that 

the difference between the left and right sides of the inequality (21) is the highest. 

Thus, this feature has indicated that when carrying out the simulation based analysis 

for the assumed inductance (Lf = 1000 H) one needs to search for the optimal value 

of Rf (Fig. 8: Example 3). 

When searching for the optimal value of the resistance Rf of the circuit from 

Fig. 4b, the results as gathered in Table 1 have been obtained. They indicate that for 

the ratio Rf/(wLf) = 1 the highest speed of damping is achieved. For the other values 

even no satisfying of the standard [9] is obtained, also including occurring stable 

3rd subharmonic oscillations, what is marked by: µ. 

Table 1. Speed of Damping Nonlinear Oscillation Under the Ferroresonance Test 

of the CVT Equipped with the Suppression Circuit of Fig. 4b 

Lf [H] 
f

f

!L

R  
Speed (ms) 

Requirements 

satisfied? 

1000 

0.1 280 NO 

0.2 245 NO 

0.5 170 YES 

1.0 150 YES (optimal) 

2.0 375 NO 

5.0 µ NO 

10.0 µ NO 
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Fig. 8. Example 3 � The case of the ferroresonance test for the CVT construction 

with the selected suppression circuit Rf Lf Cf (Lf = 1000 H, Rf = wLf): a) secondary voltage 

and flux linkage for the step-down transformer, b) its magnetizing current 

4. CHAOTIC OSCILLATIONS IN CVT 

4.1. CLASSIFICATION OF FERRORESONANCE OSCILLATIONS

The foregoing analysis has shown that directly after the switching event in a CVT 

circuit, initial transient overvoltage will firstly occur and this is followed by the next 

phase of the transient where the process may come to at a more steady condition. Due 

to the non-linearity of the circuit, there can be several steady state ferroresonance 

responses. Depending on their spectral content, such oscillations are frequently classi-

fied as [16], [17]: 

b)

a)
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· Fundamental mode with periodic waveforms of the same period as the power 

system. 

· Harmonic ferroresonance with periodic waveforms of a frequency multiple of 

the power system frequency. 

· Sub-harmonic oscillations with periodic waveforms of a period sub-multiple of 

the power system period (with frequency of f1/k, where: k � integer). 

· Quasi-periodic ferroresonance: non-periodic waveforms with a discontinuous 

frequency spectrum (frequencies are defined as: m1 f1 + m2 f2, where m1, m2 � in-

tegers and f1 / f2 is an irrational real number). 

· Chaotic ferroresonance: non-periodic waveforms with a continuous frequency 

spectrum. 

Different mathematical tools are employed to analyse the types of ferroreso-

nance modes as: FFT or a Poincarè map [16]�[19]. The analysis given in the 

above sections is mainly related to sub-harmonic mode. The further part�s scope 
is to investigate the chaotic oscillations and to identify a possible chaotic fer-

roresonance mode in CVT. 

4.2. CHAOTIC OSCILLATIONS 

Chaotic phenomenon in different physical systems is the subject of intensive study 

during the last several decades. Chaos (deterministic chaos) is a term used to desig-

nate the irregular behaviour of dynamical systems emerging from a strictly determin-

istic time evolution without any external source of fixed or probabilistic noise [20]�
[22]. Such behaviour is typical for most non-linear systems. Aforementioned irregu-

larity reveals itself in an extremely sensitive dependence on the parameters and initial 

conditions, which makes impossible any long-term projection of the dynamics. Math-

ematical tool for investigation of the chaotic phenomenon is the theory of dynamical 

system where an analysed system is represented by adequate set of differential equa-

tions [20].  

To formulate such the equations for the CVT network let us consider the equiva-

lent scheme as in Fig. 9, for which one can write: 
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where: 11
111m yy aai += , a1 = 4.28206e�5, a11 = 2.98252e�25; J = 210 � transfor-

mation coefficient (the transformer is remained to compare results of calculations 

with simulations according to the model from Fig. 5). The switch SW initiates an ini-

tial condition � as in model of Fig. 5. 

Equations (27) represent the non-autonomous continuous system of order N = 4 

with external time dependent voltage source ui. The system can be treated as autono-

mous one by adding explicit time dependent coordinate, obtaining N + 1 order sys-

tem [23]. In this case the following equation was added: dj/dt = f5 = w, what leads 

to the voltage source of the form: ui = Ucos(j(t)) with: U = 18345.2 V, w = 100p and 

j(0) = p/2 (note that integration of this equation yields j(t) = wt+p/2). The rest pa-

rameters of (27) are as in Subsections 3.1 and 3.2.  

 

Fig. 9. Equivalent scheme of CVT 

The system (27) was solved in MATLAB programme with application of the 

procedure ode45 [24]. Fig. 10 gives a comparison between waveforms of the step-

down flux linkage obtained from MATLAB calculation and ATP-EMTP simulation 

for the scheme without ferroresonance suppression circuit. One can see the significant 

differences in details of both the waveforms although their characters are very simi-

lar. The main source of these discrepancies is in a chaotic behaviour of the ob-

served process. It is very sensitive to initial conditions, accuracy of a chosen inte-

gration method and other details e.g. a form of representation of the magnetizing 

characteristic which is different in the considered procedures: by the polynomial 

function im = f(y) as in (27) � in the MATLAB programme, and by the piecewise-

linear form � in the ATP-EMTP simulation [15].  

4.3. DETECTION OF CHAOTIC PROCESS 

A qualitative description of the behaviour of a non-linear circuit is usually demon-

strated on phase plane. The observed trajectory gives an information on the system 

dynamics. This is characterised by the attraction areas to which the trajectory going 
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towards. It is known from the theory of dynamical systems that depending on the sys-

tem features such areas can take forms of a single or various limit cycles (or even 

single point). Generally these cycles are called the attractors which are divided into 

the simple and the strange attractors [20]. Strange attractor is also called the chaotic 

attractor. Dynamics on the strange attractor is chaotic, and characterized by an ex-

treme sensitivity to small changes in the initial conditions. For the computer simulated 

system it means that the calculation accuracy and the employed procedure also influ-

ences on the obtained waveforms.  
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Fig. 10. Waveforms of flux linkage in step-down transformer (no suppression circuit) 

As an example let us consider the phase plot in (uc, ie) plane for CVT scheme 

without the suppressing circuit (Fig. 11). After the initial transient period the trajecto-

ry evolves between two areas describing irregular cycles.  

In the ferroresonant transients it is important to distinguish between the regular pe-

riodic fluctuations and the chaotic oscillations [19]. However it is easy to detect in 

this way a disappearance of the ferroresonance. The example is shown in Fig. 12. It is 

the similar phase plot as in Fig. 11 but for CVT circuit with the suppressing element 

in the form of resistance Rf as in Fig. 4a. One can see that after the initial transient 

period the trajectory describes the regular cycle for the steady state. 

The chaotic evolution with a strange attractor is also characterized by so called 

self-similar properties, i.e., a form of a part of it is similar to the great-size (whole) 

set (as in fractal). Proper description of such features can be based on more general 
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analysis of the phase space of the system. The problem is solved by measuring the 

so called Lyapunov exponents or largest value from the spectrum of Lyapunov ex-

ponents [20]�[22].  
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Fig. 11. Phase plot in (uc, ie) plane (CVT without suppressing circuit) 
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Fig. 12. Phase plot in (uc, ie) plane (CVT with suppressing circuit) 

Lyapunov exponents quantify the exponential separation of initially close state-

space trajectories and in that way characterize the amount of chaos in a system. 
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In a chaotic state the nearby trajectories (or initially close points) diverge expo-

nentially, which can be quantitatively estimated by the Lyapunov exponent. The 

idea can be easily explained for one-dimensional discrete mapping at some inter-

val [22]: 

 )(1 nn xfx =+  (28) 

Consider the evolution of (28) starting with slightly different initial conditions: x0 and 

x0 + $x0. The distance after n iterations can be defined as: 

 )()( 000 xfxxfx nn
n -D+=D  (29) 

For large n this can be estimated as [22]: 

 le0xxn D»D  (30) 

where l is the Lyapunov exponent. 

A positive Lyapunov exponent defines a chaotic trajectory. Normally, such a tra-

jectory overlays a certain phase plane region and the Lyapunov exponent describes 

this region, regardless of the initial condition. Each coordinate in an N-order autono-

mous system described by a set of state equations can be characterized by separate 

Lyapunov exponent. Negative values of the Lyapunov exponent indicate stability, and 

positive values chaotic evolution, where   measures the speed of exponential diver-

gence of adjacent trajectories. The system is chaotic even if one Lyapunov exponent 

approaching positive value. 

The methods for calculation of the Lyapunov exponents were the subject of the in-

tensive research some years ago. Practical procedures can be found in the literature. 

They are adjusted to estimation of the Lyapunov exponent from the system equations 

[21], [22], [26] or from the recorded waveforms [21], [22], [25]. Employing the first 

mentioned procedure the user has to prepare a state model equations and adequate 

Jacobian of the transition matrix. Considering the CVT scheme with the equations 

(27) we can obtain: 

 )(
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where: 

[ ]Tbec iiu jy=x , 

[ ]Tfffff )()()()()()( 54321 xxxxxxF = , 
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All the network parameters are as in Subsections 3.1 and 3.2. 

Details on the employed procedure in MATLAB can be found in [26]. The 

MATLAB programme adopted to the considered here CVT scheme is placed in [27]. 

Dynamics of the Lyapunov exponents for the CVT scheme without supressing cir-

cuit is presented in Fig. 13. After a short irregular transition the largest exponent l1 

tends to value of 23.17 at the end of the showed section. The exponent l5 characteriz-

es the regular component of angle j and therefore is keeping of zero value. The 

exponent l4 takes a great negative value and is not presented in the figure. 

Results of the Lyapunov exponents calculation for the same scheme but with the 

supressing circuit are presented in Fig. 14. This time, after a short transition the larg-

est exponents l1 and l2 lead to some close negative values. This is typical for the 

stable network. 
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Fig. 13. Dynamics of Lyapunov exponents (CVT without suppressing circuit) 



J. I!YKOWSKI et al.64

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
�500

�400

�300

�200

�100

0

100

Time (s)

L
y
ap

u
n
o

v
ex

p
o
n
en

ts l 1

l 2

l 3

l 4 = �2250.4

l 5

 

Fig. 14. Dynamics of Lyapunov exponents (CVT with suppressing circuit) 

In the last calculation, the supressing circuit was included into the scheme in the 
form of the resistance Rf placed as parallel to the resistance Rm (Fig. 9). It is equiva-
lent to simple reducing the value of Rm without any changing in the scheme and its set 
of equations. 

5. CONCLUSIONS 

Analysis of ferroresonance oscillations in CVT scheme has been presented. 

The main objective of the provided investigation was to formulate conditions for 

suppression of such oscillations. The 2-step procedure for designing the anti-

ferroresonance suppression circuits for capacitive voltage transformers has been 

proposed.  

The first step of the design is based on analytical approach to subharmonic fer-

roresonance of 3rd mode. The harmonic balance method and the 3rd order polyno-

mial approximation of the nonlinear magnetizing characteristic have been applied. 

As a result, the condition stating when stable subharmonic oscillations of 3rd mode 

are not possible to occur has been derived. 

The second step of the design is based on ATP-EMTP simulation of the ferroreso-

nance test according to the national standard. Taking the condition derived in the first 

step, the final selection of the suppression circuit parameter (or parameters) is facili-

tated. Instead of selecting from the whole space for the parameters, the selection is to 

be carried out within the range where the parameters guarantee that stable subhar-
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monic oscillations are not possible to occur. As a result of some limited trials the fer-

roresonance suppression circuit is designed to have desired speed of damping for non-

linear oscillations, i.e. as required by the standard. 

Real, existing construction of CVTs has been taken for quantitative analysis. Two 

types of ferroresonance suppression circuits have been designed. It was shown that 

the presented analytical approach to subharmonic ferroresonance considerably facili-

tates the design of the ferroresonance suppression circuits. 

Analysed ferroresonance oscillations can be divided into a few different modes 

depending on some specific time and spectral characteristics. It was shown that in the 

CVT scheme without supressing circuit one can also observe chaotic oscillations. 

Generally, chaotic ferroresonant behaviour depends on various parameters of the sys-

tem: voltage source amplitude, capacitance and resistance, transformer core magnetic 

characteristic representation or initial conditions. Detection of chaotic phenomena can 

be provided by estimation of the Lyapunov exponents. It was shown that such oscilla-

tions can really exist in the CVT circuit. 
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