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Summary: in recent years, the detailed modelling of power electronic devices and their 
behaviours on various system conditions are a great concern of the power industries and 
customers. one of the widely proliferated such devices is the triac controlled ac choppers. 
although these types of devices have important application areas, their poor power factor is 
the main obstacle for the large scale implementation in power systems. this paper presents 
an analysis on the behaviour of a single phase load composed with triac controlled ac 
chopper during the reactive power compensation with a basic capacitor in nonsinusoidal 
voltage case. the results of these analysis show that the distortion of voltage improves power 
factor, which is contradicting with previous findings, for the high conduction angles of triac 
controlled ac chopper.  in addition, it is observed that the performance of power factor 
improvement with a basic capacitor is noticeably affected by the phase angles of voltage 
harmonics, which is an extensively ignored issue in the literature.

1.  introduction

For the systems, which are contaminated with nonsinusoidal 
voltages and currents, it is well known that power factor 
compensation and power definitions are the important 
issues and widely discussed in the literature [1-6]. The 
studies on power definitions can be divided into two groups; 
some of them are focused on physical meaning of power 
in nonsinusoidal conditions and correct interpretation of 
compensable power [1-4]. Others are specialized on the 
effects of harmonic distortion levels on reactive power 
compensation [5, 6]. In the studies, focused on physical 
meaning of power in nonsinusoidal conditions, conventional 
power definitions are analysed in nonsinusoidal condition by 
giving particular emphasis to the usefulness of active, reactive 
and distortion powers with the aims of not only exploration of 
the physical essence of the energy and power for the scientific 
consistency but also provision of engineering tools to achieve 
maximum power factor. All of these studies demonstrate that 
reactive power compensation is a challenging problem for 
power systems in nonsinusoidal conditions.

Single-phase loads composed with triac controlled 
ac chopper are frequently used power electronic loads 
in industrial applications; such as glass melting [7, 8], 
controlling of ac motor speed [9, 10] and dimming lamps 
[11]. In general, to achieve effective and proper operation, 
such applications come with a compensation problem to 
be solved in a cost efficient manner. The studies, that are 
presented in [7, 8], demonstrate a method for power factor 
improvement with proper filters for the glass melting industry 
applications of triac controlled ac chopper circuits. It is 
shown that significant improvement in the power factor can 
be achieved by filtering out the specific harmonics [7, 8]. 
The energy efficiency of triac controlled ac chopper circuits 
in the control of ac motor speed is the subject of the studies, 
which are presented in [9, 10]. The efficiency of ac motor 
is optimised by using ac chopper circuits. The study [11] 

experimentally analyses that phase-controlled dimmable 
electronic ballast for fluorescent lamps taking into account 
power factor correction and efficiency. In the studies [7-11], 
it is observed that the triac controlled ac chopper circuits are 
largely employed as an efficiency improvement tool and a 
cheap controller for ac motors, lamps and heaters although 
it has poor power factor due to its harmonic producing 
nature. Moreover, THD index, which is extensively used to 
characterize the compensation behaviour of these circuits, 
may not be a good indicator for the case of power factor of 
such devices owing to the fact that the angles of individual 
harmonics are omitted.

In this paper, a complete analytical model of a single 
phase load composed with triac controlled ac chopper is 
described taking into account the distortion and impedance 
of supply side [12]. The model, developed in this paper, is 
constructed by using differential state equations, which is 
applied on these type problems in some studies [13, 14]. 
Usage of a complete analytical model gives the opportunity 
to employ extensive parametrical analysis without causing 
computational burden, which may be present in the case of 
classical numeric computations [15-17] that are also used for 
this type of studies [18]. The model, developed in this paper, 
is used to investigate the effects of THD and harmonic phase 
angles of source voltage on power factor compensation with 
a basic capacitor, for various triac conduction angles. The 
effects on maximum power factor, which is available with 
a basic capacitor, and distortion factor, in the condition of 
maximum power factor, are thoroughly analyzed.

2.  PoWer  Factor  characteriZation  
in  nonsinusoidaL  conditions

In general, power factor is characterised as a function 
of total harmonic distortion of current (THDI) or distortion 
factor (df) [4, 19-21]. In these characteristic analysis, power 
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factor (pf) is derived in harmonic domain by considering well 
known total harmonic distortion (THD) and distortion factor 
(df) indices as depicted in equation (1) and (2):
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An appropriate estimation of power factor could also 
be determined by using equation (2) for low level voltage 
distortions:
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where distortion factor (df) and displacement power factor 
(pfdisp) determined as:

df = I1/I,  pfdisp = P1/S1                     
(3)

On the other hand, in some studies on the triac controlled 
circuits, power factor is characterised as a function of 
conduction angle (a) [4, 22]. Power factor formula is derived 
by the process:
Determining the rms value of current:
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where the current is ( ) ( )
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Consequently, the rms value of current can be defined as:
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Finally, the power factor is formulised as in equation (7) by 
substituting equation (5) in equation (6):
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Due to the fact that source distortion is not considered in the 
analysis, these characteristic formulations may not be accurate 
enough to predict the characteristic of power factor and reactive 
power compensation of the triac controlled ac chopper circuit in 
the conditions, where source side distortion is considerably high 
and/or a line impedance is present. Moreover, THD of voltage 
and current may not be a good indicator for the characterisation 
of power factor compensation owing to the fact that the phase 
angles of current and voltage harmonics are not considered in THD 
indices. Thus, the effects of harmonic phase angles are not properly 
accounted. In this paper, the effects of these two parameters will 
be analysed thoroughly. 

3.  aNalyTical  model  oF  Triac   
controLLed  ac  choPPer  circuit

The system, given in Figure 1, has a triac controlled ac 
chopper circuit, a distribution line, a load, which is modelled 
as constant impedance, and a compensation capacitor, which 
is placed on the load terminal.

The system can be analyzed into two operating modes as 
triac conduction and triac cut off. During triac cut off mode, 
current and voltages are calculated by using super position 
theorem. During triac conduction mode, equations of current 
and voltage in the circuit are found by solving the system of 
equations given below:
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Fig. 1. Test system
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( ) ( ) 0Load
Line Load

dui t i t C dt− − ⋅ =
           

(11)

Equations (8–11) are solved for the initial conditions of 
line current, load voltage and load current. The solution of 
the system for line current iLine(t), load voltage uLoad(t) and 
load current iLoad(t) is:
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where An, Bn and ckn are the coefficients for nth harmonic 
of the source voltage. These coefficients and initial values 
of line current, load voltage and load current are given in 
Appendix. Triac cut-off time tcut-off is the solution of the 
following equation:

( ) 0Load cut offi t − =
                         

(15)

for interval tconduction < tcut-off < (tconduction+Tf /2). Solution 
for the sinusoidal voltage source and nonlinear load case 
could easily be obtained by substituting n = 1 in the equations 
from (8) to (15).

In order to demonstrate accuracy of the solutions the results 
obtained by this method compared with the results produced 
by ATP version of EMTP [15] for 90˚ triac conduction angle, 
as depicted in Figure 2.

The analytical computation and EMTP results are in very 
close agreement.

4. aNalysis

To show the effects of total harmonic distortion and 
harmonic’s phase angles of source voltage over the reactive 
power compensation with a basic capacitor, maximum power 
factor and distortion factor, in the condition of maximum power 
factor, are calculated by using proposed analytical model for the 
various cases of triac conduction angles and source voltage’s 
distortion. Two different parametrical analyses are considered in 
the system. In the first case, maximum power factor and current 
distortion factor, in the condition of maximum power factor, 
are calculated for various triac conduction angles between 45˚ 
and 135˚. In each case of triac conduction angles, the THDU of 
source voltage is varied from 1% to 14%. In the second case, 
the effects of source voltage’s harmonic phase angles on the 
maximum power factor, available with a basic capacitor, and 
current distortion factor, in the condition of maximum power 
factor, are analysed by varying the harmonic phase angles of 
source voltage when source voltage’s total harmonic distortion 
(THDU) is 10%.  

case 1

In this case, the effect of THDU on reactive power 
compensation, power factor and distortion factor are analysed 
in the systems with triac controlled ac chopper loads. The 
RMS value of source voltage is kept constant while adjusting 
the magnitudes of harmonic voltages namely 3rd, 5th, 
7th harmonics of fundamentals. Source voltage waveforms 
and harmonic magnitudes at 1% and 14% of THDU are given 
in Figure 3.

For various values of THDU and triac half cycle conduction 
angle, the curves of maximum power factor, available with a 
basic capacitor, are shown in Figure 4.

It is clear from Figure 4 that maximum power factor 
is decreased by THDU in the triac half cycle conduction 
angle interval from 45˚ to 90˚. For 45˚, maximum power 
factor is varied from 0.96 to 0.88 in the interval of THDU 
from 1% to 14%. In the cases of 55˚ and 65˚, the slope of 
maximum power factor curve is the same as in the case of 
45˚. It is interesting to observe that maximum power factor 
is increased by THDU in triac half cycle conduction angle 
interval from 110˚ to 135˚. The slope of maximum power 

Fig. 2. Comparison of the results of analytical model and EMTP in time 
domain
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factor curve, for 120˚, is more significant than the slopes of 
the curves for 110˚ and 135˚. 

For the same case, the curves of current distortion factor, 
in the condition of maximum power factor, are shown in 
Figure 5.

Due to the fact that line current’s harmonics, generated 
by the load, are in the same directions with source voltage’s 
harmonics in triac half cycle conduction angle interval 
from 45˚ to 75˚, current distortion factor is decreased by 
THDU. For 120˚ and 135˚, distortion factor is increased 
by THDU owing to the fact that line current’s harmonics, 
generated by load side, and source voltage’s harmonics 
are in the opposite direction. On the other hand, the trends 
of current distortion factor, for 90˚ and 100˚, demonstrate 
irregularities by the variation of THDU.

case 2

In order to quantify the effect of harmonic phase angles of 
source voltage on reactive power compensation, the harmonic 
phase angles of source voltage are varied according to 
equation 16 with keeping the phase angle of source voltage’s 
fundamental harmonic as constant  (j1=0˚).

jn = n  d                                  (16)

It is shown from Figure 6 that different waveforms 
might appear in the power systems for the same THDU.
Consequently, the variation of maximum power factor 
and current distortion factor, in the condition of maximum 
power factor, must be analyzed to define the characteristic Fig. 4. Maximum power factors, available with a basic capacitor, for various 

values of THDU and triac half cycle conduction angles

Fig. 5. Variation of df, in the condition of maximum power factor, for various 
values of THDU and triac half cycle conduction angles

Fig. 3a. Source voltage waveforms for the 1% and 14% values of THDu

Fig. 3b. Source voltage’s harmonic spectrums for the 1% and 14% values 
of THDu
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of reactive power compensation of the circuit in the cases of 
nonsinusoidal source voltage. 

For various values of source voltage’s harmonic phase 
angles and triac half cycle conduction angles, the curves of 
maximum power factor, available with a basic capacitor, are 
shown in Figure 7.

For 45˚ and 55˚ values of half cycle conduction 
angle, the curves of maximum power factor, available 
with a basic capacitor, are minimum in the case of 
voltage’s harmonic phase angles around d= – 15˚. On 
the other hand, for 90˚, 120˚ and 135˚ values of half 
cycle conduction angle, maximum power factor curves 
make a peak in the interval between 10˚ and 25˚ of d. In 
spite of the trends, which are apparent for 45˚, 55˚, 90˚, 
120˚ and 135˚ values of half cycle conduction angle, 
the general trend of maximum power factor curves is 
almost linear in other conduction angles. 

For the same case, the curves of current distortion 
factor, in the condition of maximum power factor, are 
shown in Figure 8.

It is shown from Figure 8 that, for 135˚ value of 
triac half cycle conduction angle, the curve of current 
distortion factor demonstrates noticable irregularity 
in the variation interval of d. For the triac conduction 
angles without 75˚ and 110˚, the curves of current 
distortion factor are minimum in the interval between 
–5˚ and 5˚ of d. On the other hand, for the half cycle 
conduction angles without 135˚, the curves of current 
distortion factor demonstrate similar trend by the 
variation of d.

5.  coNclusioN

In this paper, a complete analytical model of a single phase 
load composed with triac controlled ac chopper is utilized 
taking into account the distortion and impedance of voltage 
source to analyse its compensation characteristic. 

The results show that, for high conduction angles, the 
distortion of source voltage improves the power factor, which 
is contradicting with the previous qualitative analysis about 

Fig. 6. Source voltage waveforms of δ = -30˚ and δ = 30˚ cases for THDU 
= 10%

Fig. 7. Maximum power factors, available with a basic capacitor, for various 
values of d (related to source voltage’s harmonic phase angles) and triac 
half cycle conduction angles

Fig. 8. Variation of df, in the condition of maximum power factor, for various 
values of d (related to source voltage’s harmonic phase angles) and triac 
half cycle conduction angles
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the effects of source voltage’s distortion over power factor. In 
the same THDU values of source voltage, the phase angles of 
source voltage’s harmonics are an important factor on power 
factor compensation and should be taken into account on their 
compensation characteristic. It could be concluded that THD 
indices and conduction angle are not enough to characterize 
power factor compensation process in the nonlinear circuits 
such as triac controlled ac chopper circuit. 

As a result, source voltage harmonic’s phase angles are 
an important indicator for the proper characterisation of 
harmonically contaminated circuits, such as ac chopper. 
Therefore, it should be incorporated with the harmonic 
distortion indices. This will be considered as a future 
work.

The List of Symbols:
THDU,I   — Total harmonic distortion of voltage or current
Um   — Maximum value of source voltage
ω   — Angular frequency
t    — Time
U   — Total RMS value of source voltage
I     — Total RMS value of load current
I1    — RMS value of load fundamental harmonic  

  current
df    — Current distortion factor
pf    — Power factor
pfdisp   —  Displacement power factor
P1    — Active power of fundamental harmonic
S1    — Apparent power of fundamental harmonic
Pn    — Active power of nth harmonic
P    — Active power
S    — Apparent power
a    — Triac conduction angle for first cycle in ac  

  chopper circuit
Umn   — Maximum value of nth harmonic in source 

  voltage
jn    — Source voltage phase angle of nth

ωn    — Angular frequency of nth harmonic
us(t)   — Source voltage 
iLoad(t)  —  Load current
iLine(t)  — Line current
RLine  — Line Resistance
LLine  — Line inductance
RLoad  —  Load resistance
LLoad  — Load inductance
C   — Compensation Capacity
tcut-off  — Triac cut-off time 
tconduction  — Triac conduction time for first cycle
Tf   — Period of fundamental harmonic.
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,n Line LineR L D eλ ⋅= − − ⋅ ⋅

12
1 1 1(1 ) iD t
,n Line LineR C D L C D eγ ⋅= + ⋅ ⋅ + ⋅ ⋅ ⋅

22
2 2 2(1 ) iD t

,n Line LineR C D L C D eγ ⋅= + ⋅ ⋅ + ⋅ ⋅ ⋅

32
3 3 3(1 ) iD t

,n Line LineR C D L C D eγ ⋅= + ⋅ ⋅ + ⋅ ⋅ ⋅

and the initial values of line current and load voltage related 
to nth harmonic of voltage source:

( )
1

n n i n n
Line,n

Line n Line
n

Um sin t
i

R j L C

ω ϕ φ

ω
ω

⋅ + −
=

 + − 
 

1
Load ,n Line,n

n
u i j Cω

= − ⋅

1
n Line

n
n

Line

L C
arctan R

ω
ω

φ

  −  
  =

 
 
 

(ti = tconduction for first cycle and ti = tconduction + Tf /2 for 
second cycle ) Initial values of load current are zero at ti for 
first and second cycle. 

The characteristic equation is:

3 2 32 4

1 1 1
0D D Dαα α

α α α
+ + + =

where:     

1 Load LineL L Cα =

2 Load Line Line LoadR L C R L Cα = +

3 Load Line Line LoadR R C L Lα = + +

4 Line LoadR Rα = +

The roots of characteristic equation are:

2
1 3 2 2

1
1 1 1

6 2
6 3 3D α α α αβ

α α β α
−

= − −

2 2
1 3 2 1 3 22

2
1 1 1 1 1

3 6 23
12 3 3 2 6 3D jα α α α α ααβ β

α α β α α α β

 − −
= − + − + +  

 

2 2
1 3 2 1 3 22

3
1 1 1 1 1

3 6 23
12 3 3 2 6 3D jα α α α α ααβ β

α α β α α α β

 − −
= − + − − +  

 

where: 

2 3
1 2 3 1 4 2 1

3

3 2 2 2 2 3
1 3 2 3 1 2 3 4 1 4 2 4

36 108 8 12

12 3 54 81 12

α α α α α α α

β

α α α α α α α α α α α α

− − + ⋅

=

⋅ − − + +
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