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The article presents a method for determining thggmaum number of vehicles
transport company, depending on the size of theifspedemand for transport
services and depending on the performance propedfemeans of transport.
Formulated the task of multi-criteria optimizati@amd presents the results of its
solution.
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1. Introduction

Important role of road transport in the economyustidoe seen in the fact that,
among other modes, it stands out above all:
* mobility: you can get it anywhere where there aveail, ship, etc.,
« high operability service, involving the availabjliof a relatively large
number of means of transport,
« high availability: getting lower car prices and tge better technical
parameters,
« timeliness and punctuality performance of services.
Unfortunately, the major disadvantages of this typgansport are:

e dependent on climatic conditions,
*  not very eco-friendly,



* high rate of accidents,
* arelatively small volume of individual means arisport,
e not very low maintenance costs of vehicle.

In practice, however, the advantages of road temsmutweigh its disadvantages,
what is the reason for its continued presencedrtrdmsport market.

One of the basic problems of the transport compaagaged is to provide its
continued presence in the market of transport sesyimainly by providing a
appropriate potential transport for the anticipatethand for transport services.

The transport potential of the transport company né identified with the
number of cars fit for the provision of transpodndces at any given time.
Reducing the number of cars below a certain mininf{timeshold value) will
reduce the capacity of the transport company, hod & loss of competitiveness
and, consequently, falling out of the market ohgort services.

The rest of this article will be considered a pewblto provide the required
level of transport potential of transport compatgking into account only the
technical aspect of cars: the suitability of thehigke for use at a time or its
uselessness.

2. Description of the problem

Consider the transport company, which has the cars (means of transport)
for the same destiny (e.g. lorries) and used tot tieedemand for homogeneous
type of transport services (e.g. transport of makgo). LetI'={1, 2, ...,I} be the
set of numbers of cars that do not need to beahmesi.e. they do not have to have
the same design solutions.

It is assumed that from the point of view of thengport company the process of
each car can be considered as a succession oeeoftimdependent states:

e suitability of the vehicle for the implementatiohtansport services,

* incapacity of the vehicle for the implementationti@nsport services (car

repair).

Thus, the process of exploitation of each car carcénsidered as a two-state
stochastic procesX(t) (Fig. 1), which is a sequence of consecutive (not
overlapping in time) states fithess (rectanguladsgs), separated states of
unfitness. This process will be further referreda®m asquare wave From the
viewpoint of further consideration of the problenagnitude of the amplitude is
not important.
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Figure 1. Example of a exploitation process of tkh, ( O | ) of car

Fig. 1 are symbolizeda ,al,;...., (k=1,2,...) durations of states fitness of
i-th car, and symbolg} , Bl ...., (k =12,...) - durations of states unfitness.

Let thatal, , (k = 1,2,...) are realizations of continuous random variablds,

respectively, with the same probability distribago For simplify the notation,
each of these random variables will be denoted py,bsl A. Let that

,Bf( , (k = 1,2,...) are realizations of continuous random variabB,é,respectiver,

with the same probability distributions. For sinfplthe notation, each of these
random variables will be denoted by symBal By t ', andt .., denoted moments
of two consecutive pulses (states fithess-thf car), and byl - the length of the
interval between occurrences of two consecutivegsu(states fitness oth car).
Using the designations shown in Fig. 1, exploitafwocess of-th car you can be
represented as a stochastic process, in whichotidition is satisfied:

T =ty —te >ay . 1)

It is assumed that the processes of exploitatioralbfcars are stochastic
processes, which are independent and stationaaybimader sense. Thus, for the
i-th car can be determined the expected lengtimef between occurrences of two
consecutive pulses, which is expressed in theviddig formula:

ET, = [T Of, (T)dT @)
0

wheref(T) is the density function of the probability distrition of the random
variable describing the length of time between ommces of two consecutive
pulses (states fitness) the process of exploitakienth car.

Is assumed that are known density functibfgt )and f #(t ) of probability

distributions of random variableg andB; respectively. It is also assumed that the
random variableg\; andB; are independent from each other and that have fini
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variances and finite expected valués; and Eb; expressed by the following
formulas:

Ea, = [a Of 7 (a)da,
0 (3)
Eb; = [ BCF 7 (B)dB.
0
If the process exploitation of car is stationahg probability that in randomly

chosen time momerf there occurs pulse (the state of car fithessjvisngby the
formula:

_Ea

P = ET, = Eui[Ey (4)
whereEy - expected frequency of occurrence pulse, wherein
1 1
Eu = = ) 5
M BT T Ea+ED, )

It is assumed that the transport company will hédnee required potential of
lading when in the required period of time in destaf fitness would be no less cars
than the threshold number

Due to the fact that the transport companies celnde a different number of
different transport means and to exploit them urdiffierent conditions of the
threshold number of means of transport in thosepemies will also be different.
The threshold number of vehicles should be seth@b t

* was the smallest possible under the given condition
« take into account parameters characterizing tlwdugon of the demand
for transport services in the area of the company.

The independence of the process of cars explaitativs means that it is possible
that a randomly chosen moment in a state of alestngay also be more than one
car. LetX(t) is the resultant of a process exploitation of chrs a process binary
(the state of fitness and the state of unfithéasihich the state of fithess, means
the state referred to 8€ (technical efficiency formed by superposition of states
fitness any car in number, at least equal to thresttold number of cars,
(r=1, 2, ... 1). TE state will be taken as the desired state wiseduration is not
less than the established valmén other cases, the statusid will be treated as a
state indicating the inability to satisfy the dembafior transport services at the
required level;r value is determined for each company separatetyexXample of
the proces¥(t) of cars exploitation is shown in Fig. 2.
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Figure 2. The process of formation of the resultant pro¢ggsexploitation of cars the
company (the duration of the stateTdy., is shorter tharrwhich means that transport
company does not have the adequate potential wearedpthis time)

3. Formulation of optimization problem

Considered further optimization task will conceondietermine the minimum
threshold number of cars (r = 1,2, ..., I), ensuring the satisfaction of the demand
for transport services.

The choice of this size would be made taking intooant following criteria of
minimizing:
« the expected frequency of the occurrence of stftdénessTE process
X(t) exploitation the cars in transport company,
« the expected duration the state of fitn€Es
taking into account the following restrictions:
e it is known for the number of cars (means of trangd in the transport
company,
e the threshold number of cars (means of transpart)rot be greater than
the number of cars exploited by the transport campa
e expected value the duration of the stateT&f may not be less than a
predetermined value

To solve the optimization task is required an gbito determine the expected
duration of theTE state of the proces{t).
LetY,(t) is the stochastic process of the form [11]:

Y@= x:0). ©)
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For the assumptions regarding the exploitation ggses of cars, an event that
in the random momen§k of cars from among cars owned by the companyles ab
to fitness can be written as:

Y, (¢)=k k=012,..,1. ()

The probability of this event is expressed by fdara, 9]:
k

|
Y1k =_|_k|-|(qi+ Xpi) , k=0,1,2,..., |, (8)
k! dx* i=1 0
at the condition
|
27k =1 9)
k=0

wherep; is expressed by equation (4), ape 1 - p;.
If the company has cars, which exploitation proesstiave the same
characteristics, there is
Ui=12..0 Pi=P
and

ik =(L] p*d1-p) ™, k=012, | . (10)

For a further consideration is the important sizéhe expected frequendyy «(17)
the occurrence of statéE of length (duration) of not less tham which was
formed by the superposition of the states of fisnes(k = 0,1,2, ..., 1) of any
amongl of the cars exploited by the company. Using (8) loaE «(7) expressed
by the following formula:

= (r):—diryI w(7), k=012, 1, (11)

wherein y«(7) is the probability that in a randomly chosen moimeinthe time
occurs the stat€E of length (duration) of not less thanwhich was formed by the
superposition of the states of fithdsgk = 0,1,2, ..., |) of any amond of the cars
exploited by the company.

Taking into account the previously mentioned asgionp concerning the
exploitation processes of cars we obtain the fdlhowexpression for the

probability yr(7) [3, 9]:
k
)= nQE R E) k=012, a2
Ddx® =1 x=0

where, taking into account (5)
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P (c)=Eu [ (x=7)f%(x)dx = En; [ox[ £2(y)dy, i =12 1,
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Qi (c)=Eni [(x=7) F2(x)dx = En; [ox[ £2(y)dly, i =120 1 .

T T X
Taking into account (11) and (12) finally obtained:
ak+l |

K axkar i|:|1(Qi (v)+ P, (T)*co' k=012,.., 1. (13)

Euyy(r)=-

Let EA «(7) is the expected length (duration) the of stiEeof length (duration) of
not less tharr> 0, which was formed by the superposition of theestaif fitnesk,
(k=0,1,2, ..., I) of any among of the cars exploited by the compattyexpresses
by the following formula:

00

Ei(e)=[=%(z)de, Kk=0212...,1, (14)
0

where f " (‘r) is the density function of the probability distrilmn of the duration

of the state TE created by the superposition okthtes of fithesk, (k =0,1,2, ...,
I) of any amond of the cars that is not less than a certain vat®. Taking into

account (11) functionf (‘r) can be expressed by the following formula:

f2 ()= 1 (z), k=012..,I 15
l'kT_Ekadr_zyl’kT’ B e AR (15)

Taking into account (14) i (15) is obtained:

Edy x =W' k=012,...,1. (16)

If the company has cars, which exploitation proesdsave similar characteristics,
EA x expresses the relationship:

_ 1 pli-p) _
EM,k—Eﬂ (k) prk(i=p)’ k=012,...,1, (17)

whereinp andEu express dependencies (4) and (5), respectivetyasnthe same
for each car.
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From a practical point of view, may be interestihg following two cases:
* EA, - expected length the state of fitnd4s, when are taken into account
all the cars exploited in the comparky=(1),
» E@, - expected length the state of unfitnddd, when are taken into
account all the cars exploited in the compday ().
Formulas defining the above the sizes mentionedfatee form:

— I 1 _1

E4, _[ElE_ai] : (18)
-— I 1 _l

E0, _(iELE_bi] : (19)

Based on the previously adopted assumptions and fmimulas (13) and (16) can
be obtain the solution of a problem the receiptttef expected frequency the
occurrence of the pulseSE and the expected their length, created by the
superposition of the states of fithess of carsumiber is not less than set their
thresholadr. Thus, the transport company will have the requpetential of lading,
when at a random time interval of lengtill fulfilled the inequality:

v (t)=r, (20)
whereY,(t) expressed by equation (6).
Let Eﬂf’r , (r=1,2,...1) is the expected frequency of occurrence ofTiRestate,

formed by the superposition of states of fithesdeastr cars. This value is
calculated from the formula:

* ol r+k+1
Euiy =kZ_lo(-1) Euy r=12,..,1, (21)

where Eu, ., (k=1,2 ....,r-1) is the expected frequency of superposikoof states

of fitness of the cars from the amohgars, is expressed by equation (11) with the
conditionr=0, i.e.:

d
Eﬂ|,k(")=‘a}’|,k(‘% =Epu, k=012, 1. (22)
=0

Let ElT’r, (r=1,2 ....I) is the expected length (duration) of th& state,

formed by the superposition of states of fitheskeastr cars. This value, taking
into account (8), you can express by formula:

r=1
. 1-> 7k
Ea, =—*2 — r=12,..1. (23)
Eﬂl,r
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If the company has cars, which exploitation proesdsave similar characteristics,
it is possible to adopt the following assumptions:

Dil:ll Eai = Ea, (24)
Dil:ll Ebl = Eb,
formulas (21) and (23) take the form of:
Eui, =C, ODp"'0O1-p)' ™ (Ep, (25)
"ok ok I -k
_1-yoimdi-p)
Ex, =—K=0 : (26)

E,uT,r
where p and Eu are expressed by the formulas, respectively (4) é&d
provided (24).
Optimization task [5, 7, 8], formulated at the begng of this point can be
clarified as follows:

for car company, which uséof cars to determine a minimum threshold number of
vehicles r, (=1,2,...,1) from the point of view of maximizing of expedteduency
of superposition of states of fitness at leabbm the amongd of the cars and of
maximizing of expected duration this superposiidth the following conditions:
e number of vehicle fleet of the company is knowneapal tol,
e the expected duration of superposition of stateftrdss at least of cars
not less than a specified valae

This optimization task formulated verbally takes tbllowing form formal [1]:

(2.4.R), (27)
where:
= 0 -the set of feasible solutions as:
Q={r: r=1,2,...,I;ElT’r21-} (28)
= @ - vector criterion as:
p=\r.EA, Eni,) (29
= R-the conical relationship dominating: as
R={(y1.v,)OYxY: yisydy2zyi.yizyil). (30)
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4. Solution of optimization problem

The task formulated out in point 3 is a nonlineaidtivobjective optimization
task. The solution of this task will involve the pmintment of a set of non-
dominated solutions (Pareto-optimal) by the retatibdomination (30).

Determination of the set of non-dominated solutiamgthis case may be
difficult due to the non-linear criterion. This nexk it impossible to direct
application of known methods for solving multi-erita optimization task [e.qg.
2,6,10]. Most often, a small cardinality of $ewill be used for a fulbverview of
possible acceptable solutions on the basis of whudh be designated non-
dominated set of solutions, or in the best casatisol dominant. In the event that a
full overview will not be out of the question, ufee methods of representation or
random.

Table 1 shows an examples of compromise solutiBasefo-optimal) for the
case when all the cars of the company have the sapieitation characteristics:
Ea = 20 [unit time], Eb = 2 [unit time].

Table 1.Examples of non-dominated solutions under conatdar optimization task

r Epy, Eig, T
i=10
5 0026424 1504127
6 0.070464 36.60317 8
7 0.120796 1247619
=14
5 0.000336 11908.47
6 0.002015 1653,399
7 0.009213 3093873 10
8 0.032244 7663253
9 0.085985 2471084
10 0.17197 10,11588
=30
15 0.000134 7455.133
16 0.000537 1863.45
17 0.001878 532.0571 20
18 0.005744 173.5571
19 0015317 64.66726
20 0.035471 2746955

As can be seen from the table above, the thregifitdent means of transport
below, which the transport company may lose a sultisi part or all its potential
transport grows disproportionately more slowly thiwe number of means of
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transport in the company at all. This means thegelacompanies with greater
number of means of transport, can more easily @aana reasonable level of
transport potential than smaller companies, argishtonfirmed by the fact, which
indicates the usefulness of considered model.

5. Conclusions

In the case of large companies activities explgitnlarge number of cars
formulas (25) and (26) can be approximated resgaygtby the following:

XZ

* 1 - r2
Eu,, = [Eud——¢e 27, (31)
W v 2mo
X o X
Ei, = e2e’ [e 20°dx , 32
I,r IEE,u ).(‘.r ( )

where
X, =r=10p, a=1/IEpll—pi. (33)

Fig. 3 is a graph showing the course of size desdrformulas (31) and (32)
depending on the threshold valuéor the case when a company u@é8 cars and
they all have similar exploitation characteristi&s = 100 [unit time], Eb = 25
[unit time].
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Figure 3. The course of size described formulas (31) aniid8pending on the threshold
valuer for the above-described data
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Fig. 3 dashed lines indicate the right border efititerval containing solutions not-
dominated. To the right of this border are domidas®lutions by indicated

previously: they are characterized by worse valaethe EzT,r : EﬂT’r andr in the
sense of accepted relationship of domination (30).
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