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Abstract: The paper concerns the inverted pendulum control system with using pneumatic cylinder. A mathematical model of the pendu-
lum used to derive the LQG controller was presented. Prepared laboratory stand was presented and described in detail. The main purpose 
of the work was experimental researches. A number of control process tests were conducted with variable model parameters such as addi-
tional mass, injected disturbances and so on. The results were shown on the time plots of the control object states. 
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1. INTRODUCTION 

Inverted pendulums are popular systems used in researches 
about control theory. Nowadays, there are many configurations of 
inverted pendulums. The most common pendulums are linear, 
rotational (Ahangar-Asr et al., 2011), (Ozbek et al., 2010), single 
(Astrom et al., 2000), double (Sang et al., 2011) or triple (Zhangn 
et al., 2017) and pendulums on a cart (Hui et al., 2016). Many 
analyses on inverted pendulums are conducted because of simi-
larity to such objects as robots and rockets (Boubaker, 2012), 
(Hovingh et al., 2007). These analysis mostly concerned with 
modern control systems application like genetic adaptive (Moore 
et al., 2001), with visual feedback (Wang et al., 2008) or another 
advanced control methods (Zhijun et al., 2013) including sliding 
mode control and swing up control. There are also investigations 
concern nonlinear analysis (Boubaker, 2013), (Prasad et al., 
2013). Moreover, the actuation systems for inverted pendulums 
were intensively studied. We can list here the electric, pneumatic 
or hydraulic drives applied to pendulum stabilization (White et al., 
1999). 

Controlling an inverted pendulum on a cart requires 
knowledge on implementing algorithms by means of digital devic-
es and pneumatically actuated systems (Uszynski, 2018). Control 
systems based on PC stations and separate signal processing 
cards are very often used. Inverted pendulum systems can be 
controlled with different types of drives. Pneumatic actuators are 
not very popular, mainly because of air compressibility and signifi-
cant mechanical friction (Beater, 2007). On the other hand, high 
durability and simple maintenance makes pneumatic drives a 
good replacement for electric drives.  

This paper presents design and construction of inverted pen-
dulum system controlled with pneumatic actuator and Arduino 
Due microcontroller. Second chapter presents the development of 
cart position and pendulum angle measurement system. In this 
part, an optical encoder was designed. Computer program that 
measures pendulum angle was implemented by means of Arduino 
microcontroller and Simulink environment. In order to define the 

cart position, a linear potentiometer with analogue output was 
used. Third chapter presents a design of inverted pendulum con-
trol system and output signal amplifier. Next chapter describes the 
derivation of inverted pendulum mathematical model, which was 
used to predefine linear-quadratic regulator and Kalman state 
observer. Design of pneumatically actuated inverted pendulum 
was developed by means of CAD software. In chapter five, exper-
imental setup and research results in the form of plots (pendulum 
angle, cart position and control signal) were presented. 

2. MEASUREMENT OF CART POSITION AND INVERTED 
PENDULUM ANGLE 

Design and practical implementation of the inverted pendulum 
system is connected with two main tasks. First is the measure-
ment of the pendulum deflection angle and the second is reading 
cart position. 

2.1. Pendulum angle measuring system design 

Optical encoders can be used to measure linear or rotational 
movement. Generally, we can divide them into two types: incre-
mental or absolute encoders. The main difference between them 
is the possibility to remember the position after loss of power. 
Incremental encoder only sends electric pulses – that is why, 
during every single turning on, the device has to calibrate its 
position. This drawback can lead into loss of pulses and false 
position measurement. Absolute encoders use Gray code to 
define the position and need more optical sensors. This makes 
them more complicated and more expensive. 

To measure the rotation of inverted pendulum, it would be 
easier to buy an absolute encoder but to reduce cost of made it, 
an incremental encoder from ink printer was used. The inconven-
ience will be the need to use the pendulum position calibration, 
but some software modifications can allow to do it even on run-
ning program in microcontroller. The used optical encoder AEDS-
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962x (Fig. 1) from Avago Technologies does not require to amplify 
pulses (Avago, 2006). 

It is equipped with two output channels, and thanks to this fea-
ture, it is possible to distinguish the direction of pendulum rotation. 
Microcontroller Arduino Due has a pin that can be used as a 3.3 V 
power supply for encoder. Each pulse on both channels is detect-
ed by means of external interrupts on microcontroller digital in-
puts. This function guarantees that no pulses will be lost and also 
that computing power is not harmed. 

 

Fig. 1. Optical encoder block diagram (Avago, 2006) 

The programming part of the project was realized in 
MATLAB/Simulink environment (MathWorks, 2017). Creating the 
program is quite intuitive and Arduino products are supported, but 
to measure the pendulum angle, a special function in the form of a 
block had to be developed. This process starts from empty ‘S-
Function Builder’ block that can contain specified parts of C code. 
Choosing open source library for optical encoders reduced 
amount of code and complexity of configuration ‘S-Function Build-
er’ block. Using external interrupts on both optical encoder chan-
nels and high resolution disk resulted in reading pendulum angle 
by every 0.08°. 

2.2. Reading cart position with linear potentiometer 

Another necessary variable that had to be measured was lin-
ear cart position. Pneumatic system is based on Festo products. 
That is a way in which a linear encoder MLO-POT-TLF was used. 
This encoder has one 0-10 V range analogue output. Arduino Due 
has limited maximal voltage to 3.3 V; therefore, simple voltage 
divider based on two resistors was made. Each resistance was 
calculated from simple equation (1) written below: 

𝑈out =
𝑅2

𝑅1+𝑅2
∙ 𝑈in  (1) 

Reading cart position in Simulink is simpler since there is 
ready ‘Analog Input’ block that has two configurable parameters: 
pin number and sampling time. Pendulum and cart positions can 
be analysed in real time using ‘Time Scope’ block. 

3. INVERTED PENDULUM CONTROL SYSTEM DESIGN 

Electro pneumatic diagram (Fig. 2) was developed in FluidSIM 
software. The system consists of air preparation unit (0.1), rodless 

cylinder (1.0) and proportional directional control valve (1.2). 
Depending on the control voltage applied to the proportional 

valve, its position can change. Spool position determines the 
speed and direction of the cylinder slider movement. Prechosen 
Festo DGPL cylinder has a very solid slider that allows to make 
simple and easily mounted construction with pendulum. 

 
Fig. 2. Electro pneumatic system: a) pneumatic part, b) electrical part 

The proportional valve MPYE-5 can be controlled with 0–10 V 
range analogue signal. Arduino Due has two analogue output pins 
but they are not standardized with industrial devices. These out-
puts have a range from 0.55 V to 2.75 V and 12-bit DAC convert-
er. In order to achieve 0–10 V control signal, a simple differential 
amplifier was realized. Using an operational amplifier allowed to 
remove the 0.55 V offset and amplify the output signal in order to 
reach the desired value. Fig. 3 shows the diagram of the circuit. 

 
Fig. 3. Differential amplifier circuit diagram 

The amplifier is based on integrated circuit TL072CN, which 
has to be supplied with symmetrical voltage. This small drawback 
also has a good effect because only this kind of amplifiers can 
reach exact 0 V in this application. Resistor R4 makes sure that 
current on Arduino output is limited and capacitor C4 reduces 
eventual possibility of noises in the signal. 

The prepared electrical circuit was specifically developed in 
the form of a PCB (printed circuit board) using thermal transfer 



DOI 10.2478/ama-2020-0013              acta mechanica et automatica, vol.14 no.2 (2020) 

93 

method. Fig. 4 presents the final effect of the circuit that consisted 
of the amplifying part and additional four voltage dividers adjusted 
for sensors with 0–10 V output signals.  

 
Fig. 4. Developed control signal amplifier and voltage dividers 

Controlling analogue output in Simulink is similar to reading 
signals. This can be done with one already provided block that 
has one configurable parameter, which is DAC pin number. In 
order to be able to control, the proportional valve signal had to be 
biased to 5 V (valve closed position) and limited to 0–10 V range. 

4. INVERTED PENDULUM MODEL AND CONTROLLER DE-
SIGN 

Fig. 5 presents the physical model of the inverted pendulum 
where: M – cart mass [kg], m – pendulum mass [kg], b – damping 
coefficient in linear motion [N·s/m], bp – damping coefficient in 
rotational motion [N·s/rad], I – pendulum mass moment of inertia 
[kg·m2], x – cart coordinate [m], θ – pendulum deflection angle 
[rad], l – pendulum half-length [m], g – acceleration of gravity 
[m/s2], F – cylinder applied force [N].  

 
Fig. 5. Physical model of inverted pendulum 

It is an unstable system in vertical pendulum position that can 
rotate freely in one plane. Applying force F to the cart allows to 
control the pendulum position. 

After the calculation of forces in the inverted pendulum, the 

system of nonlinear equations (2) and (3) was obtained: 

(𝑀 + 𝑚)�̈� + 𝑏�̇� + 𝑚𝑙�̈�𝑐𝑜𝑠𝜃 − 𝑚𝑙�̇�2𝑠𝑖𝑛𝜃 = 𝐹  (2)

 
(𝐼 + 𝑚𝑙2)�̈� + 𝑚𝑙�̈�𝑐𝑜𝑠𝜃 = 𝑚𝑔𝑙𝑠𝑖𝑛𝜃 − 𝑏𝑝�̇�  (3) 

In order to linearize these equations, a model operating point 
was assumed in the top pendulum position. Assuming small angle 
deflections, we have the approximations: 𝑠𝑖𝑛𝜃 ≈ 𝜃, 𝑐𝑜𝑠𝜃 ≈ 1,

�̇�2 ≈ 0. Now linearized equations can be described with equation 
(4) and (5): 

(𝑀 + 𝑚)�̈� + 𝑏�̇� + 𝑚𝑙�̈� = 𝐹  (4) 

(𝐼 + 𝑚𝑙2)�̈� + 𝑚𝑙�̈� + 𝑏𝑝�̇� = 𝑚𝑔𝑙𝜃  (5) 

Based on the above equations, we can have the following 
state-space model described with following equations: 

�̇� = 𝐀𝐱 + 𝐁𝐮, (6)
 

𝐲 = 𝐂𝐱 + 𝐃𝐮, (7) 

where: 

𝐱 = [

   𝑥1   

𝑥2

𝑥3

𝑥4

] = [

   𝜃   
�̇�
𝑥
�̇�

], 

𝐀 =

[
 
 
 
 

0 1 0 0
(𝑀+𝑚)𝑚𝑔𝑙

𝑞1

−(𝑀+𝑚)𝑏𝑝

𝑞1
0

𝑚𝑙𝑏

𝑞1

0 0 0 1
𝑚𝑙𝑏

𝑞1

𝑚𝑙𝑏𝑝

𝑞1
0

−(𝐼+𝑚𝑙2)𝑏

𝑞1 ]
 
 
 
 

, 

𝐁 =

[
 
 
 
 

0
−𝑚𝑙

𝑞1

0
(𝐼+𝑚𝑙2)

𝑞1 ]
 
 
 
 

, 

𝐂 = [
1 0 0 0
0 0 1 0

], 

𝐃 = [
0

   0   
], 

and 𝑞1 = (𝑀 + 𝑚)𝐼 + 𝑀𝑚𝑙2. 

For stabilizing inverted pendulum system dynamics, the LQR 
(Linear-Quadratic-Regulator) controller was developed and im-
plemented to ensure local stability of the control plant. LQR ap-
proach is often used and mentioned to stabilize a structurally 
unstable system like inverted pendulum. LQR controller uses 
measurements y of control plant to generate a control signal u 
that controls y. The LQR regulator minimizes the cost function: 

𝐽 = ∫ [𝐱(𝑡)𝐐𝐱(𝑡)  + 𝐮(𝑡)𝐑𝐮(𝑡)]𝑑𝑡
∞

0
  (8) 

The state control law we can be written as follows: 

𝐮 = −𝐤𝐱  (9) 

The closed loop system can be determined with equation (9) 
as: 

�̇� = [𝐀 − 𝐁𝐤]𝐱   (10) 

In addition to the state-feedback gain k, LQR returns the solu-
tion S of the associated Riccati equation described as: 
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𝐀𝐓𝐒 + 𝐒𝐀 − 𝐒𝐁𝐑−𝟏𝐁𝐓𝐒 + 𝐐=0 (11) 

where k is derived from S using following formula: 

𝐤 = 𝐑−𝟏𝐁𝐓𝐒 (12) 

In order to determine Q and R values, Bryson's rule was used. 

 
Fig. 6. Implemented control system 

During the experimental setup, we cannot measure all the  
state vector elements. That is why, we have to estimate them. In 
this purpose, a state observer was designed. During this process, 
it is important to place poles on the left from the observed system 
poles. Combining LQR regulator and Kalman filter resulted in 
obtaining the final control algorithm for inverted pendulum system 
called LQG (Bryson et al., 1969). Fig. 6 presents control system. 

Simulation results are presented in Fig. 7. Initially, the pendu-
lum is deflected 3° from the vertical position and at the seventh 
second, an external disturbance force (100 N) is applied in order 
to check the control system robustness. 

 
Fig. 7. Simulation results in form of a plots 

Achieved results do not exceed the predicted values, which 
means – in this way, the control design can be considered suc-
cessful. 

5. EXPERIMENTAL SETUP AND RESULTS 

Experimental setup is presented in Fig. 8 consists of: 1 - air 
compressor, 2 - air preparation unit, 3 - directional proportional 
control valve, 4 - rodless cylinder, 5 - linear potentiometer, 6 - 

optical encoder, 7 - inverted pendulum module, 8 - external power 
supply, 9 - signal amplifier, 10 - microcontroller, 11 - PC station. 

 
Fig. 8. Experimental setup of pneumatically actuated inverted  
            pendulum system 

All the elements are also included in the diagram in Fig. 9. 

 

Fig. 9. Experimental system diagram 

Serial transmission between PC and microcontroller allows to 
draw plots, save data and change online parameters during the 
experiment. Arduino Due can also be programmed as an inde-
pendent device to stabilize the inverted pendulum, but then there 
is no interface to interact in such a mode. 

During the experiment, the developed inverted pendulum sys-
tem was tested with external disturbances in the form of a push 
and step change of set cart position. Each experiment was con-
ducted at full air compressor tank at 0.8 MPa. Then the air pres-
sure was reduced to 0.5 MPa. 

In Fig. 11–14, the system responses for external disturbance 
are presented. After the disturbance, the cart is moving in order to 
stabilize the pendulum. Oscillations on the plots are the result of 
significant static friction during linear cylinder movement. Inverted 
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pendulum system needs about 3 seconds to reach a stable posi-
tion, maximal deflection angle was around 3° and the cart had to 
travel approximately 80 mm. Control signal amplitude is fading as 
pendulum is reaching a stable position. 

 

Fig. 10. Signals flow on the test rig 

Tab. 1. System parameters 

 Parameter value  Parameter value 

Long 
pendulum 

without 
additional 

load 

𝑚 = 32 𝑔 

Long 
pendulum 
with addi-
tional load 

𝑚 = 37 𝑔 

𝑙 = 215 𝑚𝑚 𝑙 = 215 𝑚𝑚 

𝐼 = 0,002 𝑘𝑔𝑚2 𝐼 = 0,0029 𝑘𝑔𝑚2 

𝑏𝑝 = 0,013 
𝑁𝑚𝑠

𝑟𝑎𝑑
 𝑏𝑝 = 0,009 

𝑁𝑚𝑠

𝑟𝑎𝑑
 

Short 
pendulum 

without 
additional 

load 

𝑚 = 26 𝑔 

Short 
pendulum 
with addi-
tional load 

𝑚 = 31 𝑔 

𝑙 = 175 𝑚𝑚 𝑙 = 175 𝑚𝑚 

𝐼 = 0,0011 𝑘𝑔𝑚2 𝐼 = 0,0016 𝑘𝑔𝑚2 

𝑏𝑝 = 0,018 
𝑁𝑚𝑠

𝑟𝑎𝑑
 𝑏𝑝 = 0,015 

𝑁𝑚𝑠

𝑟𝑎𝑑
 

𝑀 = 2,7 𝑘𝑔 𝑔 = 9,81 
𝑚

𝑠2
 𝑏 = 65 

𝑁𝑠

𝑚
 

 
Fig. 11. Experimental results for long pendulum without additional load  
             (external disturbance system response) 

 
Fig. 12. Experimental results for long pendulum with additional load  
              (external disturbance system response) 

 
Fig. 13. Experimental results for short pendulum without additional load  
             (external disturbance system response) 

 
Fig. 14. Experimental results for short pendulum with additional load  
              (external disturbance system response) 
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Fig. 15. Experimental results for long pendulum without additional load       
             (step system response) 

 
Fig. 16. Experimental results for long pendulum with additional load  
             (step system response) 

 
Fig. 17. Experimental results for short pendulum without additional load  
             (step system response) 

 
Fig. 18. Experimental results for short pendulum with additional load  
              (step system response) 

Next part of the experiment was step response by changing 
cart position. Fig. 15–18 present how system reacts to this kind of 
disturbance. The moment after cart set position changes, a pen-
dulum is oscillating around its top vertical position, and at the 
same time, the cart is moving to the desired location. Also, this 
experiment resulted in average 3 seconds settling time and maxi-
mal deflection angle around 3°. 

In Tab. 2, all the obtained results from the conducted experi-
ments are shown. It contains setting times for external disturbance 
and step responses, maximal deflections and evolving error val-
ues for all tests. 

Tab. 2. Control quality parameters 

 

Long 
pendulum 

without 
additional 

load 

Long 
pendulum 

with 
additional 

load 

Short 
pendulum 

without 
additional 

load 

Short 
pendulum 

with 
additional 

load 

Setting time 
(disturbance), [s] 

3,12 3,84 1,58 2,25 

Setting time (step 
response), [s] 

3,41 2,14 5,67 4,02 

Maximal deflec-
tion, [°] 

3,05 2,83 3,36 3,69 

Error, [cm] 0,16 0,29 0,31 0,17 

6. CONCLUSIONS 

The main purpose of the controlling inverted pendulum with 
pneumatic actuator was achieved. Difficulties during the develop-
ment applied mainly to the programming part. One of them was 
reading pendulum angle using Simulink environment. The signifi-
cant advantage of Arduino microcontroller is the possibility to 
control the inverted pendulum without a PC and any additional 
software.  

The presented solution brings opportunity to research pneu-
matic drives in closed loop systems and thanks to that, the area of 
their application it can be broaden. Developed control algorithm 
can be successfully and easily adapted for inverted pendulum 
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system with electric drive. Simultaneous use of MATLAB and 
microcontrollers allow relatively convenient verification of calcula-
tions without knowledge and deep analyse of C code. Developed 
amplifying device makes Arduino Due microcontroller much more 
applicable in automation industry. During the experiments, it was 
observed that cylinder mechanical friction is mainly responsible for 
pulling effect at the time of pendulum stabilization. Another big 
advantage of Arduino microcontroller is major cost reduction in 
comparison with the building control system based on DAQ cards. 
Pneumatically actuated inverted pendulum system would be much 
more robust if at least twice as long cylinder and bigger, heavier 
pendulum were used. 
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