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1. INTRODUCTION

The main purposes of this paper are (i) to introduce a way to construct
weighted-semicircular, and semicircular elements generated by orthogonal projections
in a certain Banach x-probability space, (ii) to study operator-algebraic properties of
Banach x-algebras generated by our weighted-semicircular or semicircular elements,
and (iii) to apply the results of (ii) to operator-theoretic (or spectral) data of operators
in such Banach x-algebras via free probability theory.

There are different approaches to establish semicircular elements (e.g., [1,11,13] and
[17]) in topological *-probability spaces (e.g., C*-probability spaces, or W*-probability
spaces, or Banach *-probability spaces, etc). Our construction of semicircular elements
is different from those already known. It is highly motivated by weighted-semicircularity
and semicircularity in the sense of [3,4] and [5].

1.1. MOTIVATION

Semicircularity is extremely important not only in mathematical (classical, or
operator-valued) probability theory and statistics, but also in mathematical physics
(quantum physics, quantum chaos theory, etc, e.g., see [8] and [10]). In particular,
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in free probability theory, studying semicircularity of free random variables is one of
the main branches (e.g., [1,9,11-14,16] and [17]).

Independently, p-adic and Adelic analysis provide a fundamental tools, and play
important roles not only in number theory and geometry at “very small” distance (e.g.,
[7] and [15]), but also in related mathematical or scientific fields (e.g., [2-4] and [5]).
So, we cannot help emphasizing their importances and valuable applications.

In [5], the we studied certain semicircular-like elements, called weighted-semicircular
elements, and corresponding semicircular elements induced from p-adic number
fields Q,, motivated by the earlier studies of free-probabilistic structures over Q,
(e.g., see [2] and cited papers therein). In [4], the author extended the “p-adic lo-
cal” weighted-semicircular laws and the semicircular law of [5] to “Adelic universal”
weighted-semicircular laws and the semicircular laws under free product of Banach
x-probability spaces in the sense of [5], over primes p. As application of the main results
in [4], we studied free stochastic integration for free stochastic processes determined
by the weighted-semicircular laws and the semicircular law of [4] in [3]. Also, see [6]
and [12].

In this paper, we apply the construction of weighted-semicircular elements, and
that of semicircular element of [3,4] and [5] to construct such free random variables in
certain Banach x-probability spaces induced by |Z|-many orthogonal projections
in a C*-algebra.

1.2. OVERVIEW

Our study starts from the assumption that there exists integer-many orthogonal projec-
tions {g;};jez in an arbitrarily given C*-algebra A. One can have such cases artificially
(e.g., see Section 3 below), or naturally (e.g., [3,4] and [5]). Define a C*-subalgebra @ of
A generated by the family. And then construct a suitable radial operator I acting on Q.
Define a cyclic Banach x-algebra £ = C[{l}] generated by {l}. Then, each element of
£ is a Banach-space operator acting on (). Then construct the tensor product algebra

EQZS@CQ-

Generating operators u; = | ® ¢; of £g form a weighted-semicircular elements in
the free product Banach #-probability space,

jéZ(SQ’ Tj)7
for suitable linear functionals 7; on £q.

And hence, there exist s; € R in C, such that s;u; become semicircular elements,
for all j € Z.

The construction of our weighted-semicircular elements is one of the main results
of this very paper. As we discussed above, the construction is very similar to those
in [4]. From our (weighted-)semicircular elements, we construct several different types
of Banach x-algebras, and study operator-algebraic properties of such *-algebras, and
consider operator-theoretic properties of certain operators of these Banach *-algebras
under spectral data, expressed by free distributions of operators.
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1.3. SKETCH OF MAIN RESULTS

In Sections 3 and 4, we established self-adjoint operators {u;} ez in a certain Banach
x-algebra Lo = £ ®cQ induced by the C*-algebra ) generated by a family Q =
{¢;j};jez of mutually orthogonal projections g¢;’s. By defining a family {7;};cz of
suitable linear functionals 7;’s on £¢, we show our self-adjoint Banach-space operators
u; are weighted-semicircular in the Banach -probability spaces (£q,7;), for all j
€ Z, i.e., the algebra £¢ is sectionized by {7;};cz, and in each sectionized Banach
*-probability space of £¢, our operator u; is weighted-semicircular. The construction
of our weighted-semicircular elements, itself, is one of the main results of this paper.

In Section 5, we construct semicircular elements {U;} ez in £¢ generated by our
weighted-semicircular elements {u;};ez of Section 4. It shows that whenever one
can take a family of |Z|-many mutually orthogonal projections, the corresponding
semicircular elements U; exist.

In Section 6, based on the constructions of weighted-semicircularity and semi-
circularity in Sections 4 and 5, we study weighted-semicircularity induced by dif-
ferent types of Banach x-algebras generated by “finite” copies of £g’s. In par-
ticular, we are interested in the weighted-semicircularity on Banach x-algebras
generated by finite-copies of £g’s under direct product, tensor product, and free
product. Check the weighted-semicircularity (6.12) on direct products of £¢’s, and the
weighted-semicircularity (6.32), and the semicircularity (6.34) on tensor products of
£¢’s, and the semicircularity (6.49) on free products of £4’s.

In Section 7, we consider an example from our main results of Sections 4, 5
and 6. Especially, we study weighted-semicircular elements and semicircular elements
determined by the mutually orthogonal rank-1 projections on the Hilbert space [2(Z).

2. PRELIMINARIES

Readers can check fundamental analytic-and-combinatorial free probability theory
from [14] and [16] (and the cited papers therein). Free probability is understood as the
noncommutative operator-algebraic version of classical probability theory and statistics.
The classical independence is replaced by the freeness. It has various applications not
only in pure mathematics (e.g., [13]), but also in related applied topics (e.g., [2—4]
and [5]). In particular, we will use combinatorial free probabilistic approach of Speicher
(e.g., [14]). Free moments and free cumulants of operators will be computed without
introducing detailed concepts.

Also, readers can check the weighted-semicircularity and semicircularity induced
from p-adic number fields Q,, in [4] and [5]. The main results, including the construc-
tions, of [4] and [5] motivate our study.

3. FUNDAMENTAL SETTINGS

In this section, we establish backgrounds of our study. Let (A,) be a C*-probability
space, where A is a unital C*-algebra in the operator algebra B(H) consisting of all
(bounded linear) operators on a Hilbert space H, and 1 is a bounded linear functional
on A, satisfying ¢¥(14) = 1, where 14 is the identity operator of A.
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An operator a of A is said to be a free random variable whenever it is regarded as
an element of (A, ). As usual, we say a is self-adjoint, if a* = a in A, where a* is the
adjoint of a.

We say a self-adjoint free random variable a € (A4,v) is an even element, if it
satisfies

Y(a® 1) =0, for alln € N.
Definition 3.1. A self-adjoint free random variable a is said to be weighted-
-semicircular in (A,1) with its weight tg € C, (or in short, tp-semicircular), if a
satisfies the free cumulant computation,

ka(a, a) =ty ifn=2,
kn(a,...,a) = 3.1
n(a @) {0 otherwise, (3:1)

for all n € N, where k,(...) means the free cumulant on A in terms of ¢ (in the sense
of [14]).

If to =1 in (3.1), the 1-semicircular element a is simply said to be semicircular in
(A1), i.e., a is semicircular in (A4,1), if a satisfies

- ) 1 ifn=2, (32)
n(a,...,a) = ] )
0 otherwise,

for all n € N.

By the Mobius inversion of [14], one can characterize the weighted-semicircularity
(3.1) as follows: a self-adjoint operator a is tg-semicircular in (A4,1), if and only if

Y(a®"1) =0, i.e., it is even in (A, 1)),

and

for all n € N, where

1 2n\ _ (2n)!
Tl (n) (n+ 1!
is the n-th Catalan number.
In short, a is tp-semicircular in (A, ), if and only if

Wla") =wn (they ) (33)
where
def |1 if n is even,
" 10 ifnisodd,
for all n € N.
Similarly, a free random variable a is semicircular in (A, ), if and only if

Y(a") = wyen, (3.4)

for all n € N, where w,, are in the sense of (3.3).
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So, we will use the to-semicircularity (3.1) and its characterization (3.3) alterna-
tively; and similarly, one can use the semicircularity (3.2) and its characterization
(3.4), alternatively.

Note that, if a is a self-adjoint free random variable in (A4,1), then the free
moments {¢(a™)}52, and the free cumulants {k,(a,...,a)}32; provide equivalent
free distribution of a in (A,v), which are also equivalent to the spectral data of a
(e.g., [14] and [16]). Indeed, the Mabius inversion of [14] satisfies

dla™) = > | (erlwkw(a,...,a)) :

TeNC(n
and
kn(a,...,a) = Vi
= 3 (1,00 ulr 1)
TENC(n)
where NC(n) is the lattice consisting of all noncrossing partitions over {1,...,n}, and

“V € ” means “V is a block of w,” and where
H (Okv lk) = (71)k+lck+17 and Z ,LL(TF, ln) = Oa
TeNC(n)

where ¢, are m-th Catalan numbers for all m € N.

Therefore, the free-moment formula (3.3) (resp., (3.4)) is equivalent to the
free-cumulant definition (3.1) (resp., (3.2)).

Now, let (A,1) be a fixed C*-probability space, and let ¢; € A be a projection
in the sense that

* o

¢ =qj =q in A, (3.5)
for all j € Z, where Z is the set of all integers. Moreover, assume that the projections
{gj}jez are mutually orthogonal in A, in the sense that:

qiq; = 6i,jqj in A, for all i,] €72, (36)
where § is the Kronecker delta. Also, suppose, for convenience, that
Y(g;) #0in C, for all j € Z. (3.7)

Now, we fix the family {¢;};ez of mutually orthogonal projections of A, and
we denote it by Q,

Q ={q;:j € Z,q;’s satisfy (3.5), (3.6) and (3.7)}, (3.8)
in A.

Remark 3.2. Assume that one can find mutually orthogonal projections {q¢1,...,qn}
in a C*-algebra Ag, for some N € NU {oo}. Assume that N < oo, for instance, Ay is
a matricial algebra My (C), and

Qj = [tij]NxN; With tjj = 1, and tkl = O7

for all (k,1) # (4,7) in {1,..., N}2, etc.
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Then one can construct a C*-algebra
A=APH —C* (..U AguAgU...),

under suitable product topology. Then one can obtain the mutually orthogonal projec-

tions,
-1 -1) (0 0 (1 1
{"'7q5 )a"'7q](\/' )7q§)a"'7q](\/')aqi)7"'aq](\/')7"'a}

in A, with identity:
q](-k) = ¢; in the direct summand Ag of A, for all k£ € Z,

forall j=1,...,N.
Similarly, if one can find mutually orthogonal projections {qi, g2, ¢3, ...} in
a C*-algebra Ay (i.e., N = 00), then one can construct a C*-algebra

A=Ay @ Ao,
and the corresponding orthogonal projections,

1 1 1 2 2 2
T S R e S <

in A, with

q](,k) = g¢; in the direct summand Ag of A, for k =1, 2,

for all j € N.
Thus, we can assume the existence of mutually orthogonal |Z|-many projections
induced by a fixed C*-algebra A.

And let @ be the C*-subalgebra of A generated by Q of (3.8),

QY cr Q) ca, (3.9)

where Q is in the sense of (3.8).
Proposition 3.3. Let Q be a C*-subalgebra (3.9) of a given C*-algebra A generated
by Q of (3.8). Then

Q= @ (C-q) "=°COZ in A. (3.10)

JEZL
Proof. The proof of the isomorphism theorem (3.10) is straightforward by the
mutually-orthogonality (3.5) of the generator set Q of @ in A. O

Define now linear functionals 1; on @ by

1/Jj ((h) = 5l]w(qj), for all7 € Z, (311)

for all j € Z, where v is a fixed linear functional in the fixed C*-probability space
(A, ). The linear functionals {¢;} ez of (3.11) are well-defined on @ by the structure
theorem (3.10) of the C*-subalgebra @ of (3.9) in A.
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So, if ¢ € @, then
q= thQj (With t; € (C),
jez
by (3.10), and hence,
¥;(q) = 1; thQj = t;9(q;),
j€z
by (3.11), for all j € Z.

Definition 3.4. The C*-probability spaces (Q, ;) are called the j-th C*-probability
spaces of @ in a fixed C*-probability space (A,), where @ is in the sense of (3.9),
and 1; are in the sense of (3.11), for all j € Z.

Now, let us define a Banach-space operator ¢ and a “acting on the C*-algebra Q”
by a bounded linear transformations satisfying that

¢(q;) = gj+1, and a(g;) = gj-1, (3.12)
for all j € Z. Then ¢ and a are indeed well-defined bounded linear operators “on Q.

Definition 3.5. We call these Banach-space operators ¢ and a of (3.12), the creation,
respectively, the annihilation on Q. Define now a new Banach-space operator [ acting

on @, by
l=c+a. (3.13)

This operator [ of (3.13) is said to be the radial operator on Q.
By the definition (3.13), one has

D tia | =D ti (g1 +¢-1), on Q.
JEZ JEL
Now, define a cyclic Banach algebra
odef m\l-\l7 (3.14)
generated the radial operator I of (3.13), equipped with the operator norm,
171l = supd{ | Tl : gl = 13,

where ||-||5 is the C*-norm on @, where X' mean the operator-norm closures of
subsets X of the operator space B(Q), consisting of all bounded linear transformations

on Q.
On the Banach algebra £ of (3.14), define a unary operation () by

<§: tnln> = ialn in £, (315)
n=0 n=0

where Z mean the conjugates of z, for all z € C.



508 Ilwoo Cho and Palle E.T. Jorgensen

Then it is not difficult to check that the operation (3.15) forms an adjoint on £,
i.e., the Banach algebra £ of (3.14) forms a Banach x-algebra with its adjoint (3.15).

Definition 3.6. We call the Banach x-algebra £ of (3.14), the radial (Banach *-)-
algebra on Q.

Now, let £ be the radial algebra on Q. Construct now the tensor product Banach
x-algebra,
Lo =£L£®cQ. (3.16)

Since the radial algebra £ of @) is a Banach *-algebra, and since Q) is a C*-algebra,
the topological tensor product £ of them is a well-determined Banach *-algebra
under the product topology.

Definition 3.7. We call the tensor product Banach *-algebra £ of (3.16), the radial
projection (Banach *-)algebra on Q.

4. WEIGHTED-SEMICIRCULAR ELEMENTS INDUCED BY Q

Throughout this section, we use the same settings, notations and concepts of Section 3.
We here construct weighted-semicircular elements induced by the family Q of mutually
orthogonal projections in the sense of (3.8). Let (Q, ;) be j-th C*-probability space
of @ in (A,v), where 1; are in the sense of (3.11), for all j € Z, and let £ be the
radial projection algebra (3.16) on Q.
Remark that, if
u; =1l®q; € £g, for all j € Z, (4.1)

then

since g7 = g, for all n € N, for j € Z.
One can construct a linear functional ¢; on the radial projection algebra £q by
a linear morphism satisfying that

0 (12 a)™) = (" @ a) < v, (@), (4.2)

for all n € N, for all 4, j € Z.
We call the Banach *-probability spaces

(Lqg, ¢;), forall j €Z, (4.3)

the j-th (Banach-x-)probability spaces on Q.
Now, observe the elements " (¢;) in @, for all n € N,i € Z. If ¢ and a are
the creation, respectively, the annihilation on @ in the sense of (3.12), then

ca = ac = 1g, the identity operator on @, (4.4)

where
1o(g;) = gj, for all j € Z,
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and hence,
lo(z) ==, forallz € Q.

Indeed, for any ¢; € Q in @,
ca(q;) = c(a(g;)) =c(gj-1) = gj-1+1 = ¢,

and
ac(g;) = a(c(q;)) = algj+1) = gj+1-1 = g5,
for all 7 € Z. More generally, one has

c"a" =1g =a"c", foralln € N, (4.5)

by induction on (4.4).
By (4.4) and (4.5), we also obtain that

c"a™ =a™c™, for allny,ns € N, (4.6)

too.
Thus, one obtains that

"= (c+a) i() Fa" (4.7)

by (4.4), (4.5), and (4.4)”, for all n € N.
Note that, for any n € N,

2n—1
[2r—1 — Z (an_ 1) Fank, (4.8)
k=0

by (4.7). So, the formula (4.8) does not contain 1g-terms, by (4.4) and (4.5).
Note also that, for any n € N, one has

2n
2 — 2n cFanF = 2n c"a™ + [Rest terms], (4.9)
k n

by (4.4), (4.5), and (4.7).

Proposition 4.1. Let | be the radial operator (3.13) generating the radial algebra £
on Q. Then
1>"~1 does not contain 1g-terms in £, (4.10)

1" contains (2:) “1g in £. (4.11)

Proof. The statement (4.10) is proven by (4.8), with help of (4.4), (4.5) and (4.7).
And, the statement (4.11) is proven by (4.9) and (4.5). O
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Since
uf =(0q)" =1"®q,
one can get that
i (3" h) =45 (P71 () =0,
for all n € N, and j € Z, by (3.11) and (4.10).
Similarly, we have

i (u3") = w5 (" (a5)) = ¥ ((2,? ) qj + [Rest terms]%‘)

_ (2:> ; (g5) = (27:”) ¥ (q5),

by (4.9)

(4.12)

(4.13)

by (3.11), for all n € N, ie., by (4.10) and (4.11), we obtain the following

free-distributional data on the j-th probability space (£q, ¢;), for j € Z.

Theorem 4.2. Fiz j € Z, and let u; = l® q; be the corresponding generating operator

(4.1) of the j-th probability space (£q,¢;). Then

@; (uf) = wn ((g + 1) (0 (Qj)) cn,

(4.14)

for allm € N, where w,, are in the sense of (3.3), and ci are the k-th Catalan numbers,

for all k € N.
Proof. By (4.12) and (4.13), one can get that:
pj (") =0,

and

= ((n+ 1) (g5)) cn,
for all n € N. Therefore, the formula (4.14) holds.

O

Motivated by the free-distributional data (4.14) of the generating operator u,;

of £¢, we define the following morphism
Eij : E,Q — SQ

by a surjective linear transformation satisfying

™) = 6 w(%‘)nflun
EJVQ( 1)6]71<([72L]+1) ])a

(4.15)



Banach *-algebras generated by semicircular elements. . . 511

for all n € N,i,j € Z, where ¢ is the Kronecker delta, and [§] mean the minimal
integers greater than or equal to 7, for example,

32 [
2 2
The linear transformations F; o of (4.15) are well-defined linear transformations

on £¢, because of the construction (3.16) of £¢, and by the structure theorem (3.10)
of @, i.e., all elements T" of £ has its form,

oo
3O tejul (with ny € Nt ; € C).

k=1j€Z

So, under linearity, the morphisms E; o of (4.15) are indeed well-defined on the
radial projection algebra £q, for all j € Z.
Define now a new linear functional 7; on £¢ by

7 def pjol;qon Ly, forall j €Z, (4.16)

where ¢; is the linear functional (4.2) on £¢. By the linearity of ¢, and E; g, the above
morphisms 7; are indeed well-defined linear functionals on £¢, for all j € Z.

Definition 4.3. The well-defined Banach *-probability spaces
£o() *= (£g,75) (4.17)
are called the j-th filtered (Banach-+-)probability spaces of £¢, for all j € Z.
On the j-th filtered probability space £¢(j) of (4.17), one can obtain that

7 (uf) = ¢ (Ej.q (uf))
s (5 ) = s

((51+1) (131 +1)
_ (g n
R EEE ((F+1)v@))es
by (4.14), i.e., we can get that
oy ()" cn if nis even,
K (uj) B {0 if n is odd, (4.18)

for all n € N, for j € Z.

Theorem 4.4. Let £4(j) = (£q,7;) be the j-th filtered probability space of L£q,
for j € Z. Then
75 (u) = 0jk (Wt ()" cz) (4.19)

for alln € N, for all k € Z, where w,, are in the sense of (3.3).
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Proof. If k = j in Z, then the free-distributional data (4.19) holds true by (4.18), for
all n € N.

If k # j in Z, then, by the very definition (4.15) of the j-th filterization E; g, and
also by the definition (4.2) of ¢;,

Tj (UZ) =0.
Therefore, the above formula (4.19) holds true, for all k € Z. O

The following theorem is the direct consequence of the above free distributional
data (4.19).

Theorem 4.5. Let £4(j) be the j-th filtered probability space (£q, 1) of L£g, for
JEZ, and let u; =1Q® g; be the j-th generating operator of £q in L£q(j). Then u; is
V¥(q;)?-semicircular in £g(j).

Proof. First of all, the generating operators u;, are self-adjoint in £¢. Indeed,
up=1@q) ="0q =1® q = uy,

by (3.15) and by the self-adjointness of projections g, for all k € Z.

Let us fix j € Z, and let u; = [ ® ¢; be a generating free random variable of the
j-th filtered probability space £4(j). Then it is self-adjoint in £ (j).

Also, by (4.19), we have that

N3

7j (W) = wn (¥ (9)" ez = wn (¥(g5)%) 7 cz,

where w,, are in the sense of (3.3), for all n € N.

Therefore, by the free-momental characterization (3.3) of weighted-semicircularity,
the element wu; is 1(g;)*-semicircular in the j-th filtered probability space £¢(j)
of £4. O

The above theorem shows that, for any & € Z, the k-th generating operator
u, = 1 ® g, of the k-th filtered probability space £ (k) of Q is 1(gx)*-semicircular.

Observe also that if k7 (...) is the free cumulant in terms of the linear functional
7; on £¢ in the sense of [14], then

, K (uj, ug) = p(q;)? ifn=2,
(g, g, tg) = {02 n j otherwise (4.20)
%/_/ I
n-times

for all n € N, by (4.19), and by the Mdobius inversion of [14]. So, by (3.1), the j-th
generating operators u; are ¢(q;)*-semicircular in the j-th filtered probability spaces
£0(j), for all j € Z.
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5. SEMICIRCULAR ELEMENTS INDUCED BY Q

As in Section 4, we will keep working on the j-th filtered probability space £q(j), for
j € Z. The main results of Section 4 show that, for any fixed j € Z, the j-th generating
operator u; = ® g; of £¢ is ¢(g;)?-semicircular in £4 (), satisfying that

Tj (u?) = wn¢(Qj)nC%7
equivalently,

w(qj)Q ifn=2,

] (5.1)
0 otherwise,

k‘%(’uj', ..‘,Uj)_{

for all n € N, where kJ(...) means the free cumulant on £¢ in terms of the linear
functional 7; of (4.16).

Corollary 5.1. Let u; =1 ®q; be the j-th generating operator of the radial projection
algebra Lq, for j € Z. If the projection q; of Q satisfies ¥(q;) = 1, then u; is
semicircular in the j-th filtered probability space £q(j).

However, generally 1(g;) may not be identical to 1, for j € Z. So, we consider the
following semicircularity induced by our weighted-semicircularity in £¢q(j).
Define operators U; of £4(j) by

1 .
Uj = " € Lo ), (5.2)

for all j € Z, where u; are the ¥(g;)?-semicircular elements in £g(j). Then these
operators U; can be semicircular in £4(j) under a certain additional condition.

Theorem 5.2. Let U; = m uj be a free random variable (5.2) of the j-th filtered
probability space £¢(j), for j € Z. If (q;) € R in C, then U; is semicircular in £q(3).
Proof. Fix j € Z, and assume that ¢(g;) € R in C. Then

* 1 -
% = () =

by the self-adjointness of u; in £g. So, the operator U; is self-adjoint in £q.
Consider now that: if &7 (...) is the free cumulant on £¢ in terms of 7;, then

1 1

K (U;, Uy U =k —— ujy .o, ——u
n( Jr=7 ’ J) n<w((b) u]’ ”l/](qj)uj)

1 L
~ () H )

n-times

n-times

by the bimodule-map property of free cumulants (e.g., [14])

2 .
= (ﬁ%)) k% (uja uj) ifn= 27
0 otherwise
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by the 1(g;)?-semicircularity of u; in £¢(j)

_ {(w(;p) (W) =1 ifn=2, (5:3)

0 otherwise,

for all n € N. Therefore, if ¢)(g;) € R in C, then the self-adjoint operator U; satisfies the
free-distributional data (5.3). Thus, by (5.3) and (3.2), this operator U; is semicircular
in ,QQ (j) [

The above theorem shows that, from the 1/J(qj)2—semicircular elements u; =1 ® g;
in £4(j), one can construct semicircular elements U; = ﬁ u;j in £¢(j), whenever

)
¥(g;) € R, for all j € Z.

6. WEIGHTED-SEMICIRCULARITY ON BANACH *xALGEBRAS
GENERATED BY COPIES OF £¢

Let (A, 1) be a fixed C*-probability space, and @, the C*-subalgebra of A generated
by the family Q = {g;};ez of |Z|-many projections satisfying the conditions (3.4),
(3.6) and (3.7). And let £¢ be the radial projection algebra (3.16), inducing its j-th
filtered probability spaces £¢o(j) = (£¢, 7j) in the sense of (4.17), for all j € Z. Then
the free random variables

u; =l®q € Lg (6.1)

are 1(g;)?-semicircular in £¢ (), for all j € Z.
If ¥(q;) € Rin C, for j € Z, then the free random variables

1
Uj = ) € Lo (6.2)

are semicircular in £¢(j).
In the rest of this section, we assume 1(¢;) € R in C, for all j € Z, for convenience.

6.1. ON THE BANACH »PROBABILITY SPACES £5" (ju,...,jn)

Let W = (j1,...,7jn) be an N-tuple of integers ji, ..., jn in Z, for N € N. Remark
that the chosen integer-entries ji,...,jn of W are not necessarily distinct in Z, and
define the direct product Banach *-algebra SgN by

©eod.. @80, (6.3)
[ ———

N-times

&N
Lo

where @ means the direct sum of Banach x-algebras under product topology.
Then on a new Banach x-algebra 28]\] of (6.3), one can define a conditional

expectation
EW : 28]\[ — CGBN
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by the linear transformation satisfying that

Ew ((Tlv EER) TN)) = (le (Tl)v <o Tin (TN)) ) (64)

for all
denote

N
2 T e £8N
=1 Q@

(Th,...,TN)

where C®V is the N-dimensional algebra (which is regarded as the diagonal subalgebra
in the matricial algebra My (C)), and 7, are the linear functionals (4.16) on £¢,
inducing the corresponding ji-th filtered probability space £q(jr) = (£, 7}, ), for
k=1,...,N, where ji,...,jn are the entries of the fixed N-tuple W.

Then the morphism Eyy of (6.4) is indeed a well-defined conditional expectation
from EEN onto CON (c.g., [14]).

Proposition 6.1. The linear morphism Ew : ESN — C®N of (6.4), for a fized
N-tuple W = (j1,...,Jn) of integers ji,...,Jn, is a conditional expectation.

Proof. By the very definition (6.4) of the linear morphism Eyy, it is a well-determined
bounded linear transformation from 281\[ “onto” C®N, because 7j, are bounded, for
alll=1,...,N.

Clearly, if one takes T = (t1 - I,...,tny - I) € £8N, for

1% le, =1leg ®1g in £,

for t1,...,tn € C, where 1¢ is the identity element {° of the radial algebra £, satisfying
1e(I™) =1, for all n € N, then

Ew (T) = (t1,...,tny) =T,
. N *-150 N - BN . .
by understanding T' € k@ (C-1) =" C®in £5" . Therefore, under linearity, we have
=1

Ew(T) = T, whenever T' € C®V in QSN. (6.5)

Now, let Sy = (t1,...,tn), S2 = (t1,...,ty) € C®N in GV, with ty,, € C, for
allk=1,...,N,and let T = (Ty,...,Ty) € £~ Then

Ew (517S2) = Ew ((thiTht), ..., t1Tnty))
= (15, (L1ThtY), ..., Tjn (ENTNEY))
=(t1 75, (T0) th, o tn T (T) ty)
= (1, oy tn) (T (Th), - Ty (TN)) (1, - - Ey)

in the algebra C®N

= 8, Ew (T)So.
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So, for any 81,5, € CON and T € SSN, one obtains that
Eyw (S1TS5) = S1Ew (T)Sy in C®V, (6.6)

Finally, observe that, if T'= (T1,...,Tn) € SSN, then T = (T7,...,T%) in SgN.
So,

By (T%) = (1, (T7), -+ i (T30)) = (7 (1)1, i (T) )
where Z are the conjugates of z, for all z € C
= (7, (T1),- -, 75 (TN))"
in the algebra C®N
— (Bw(T))".
Thus, for any T € E%N, one has that
Ew(T*) = (Ew(T))" in C®V. (6.7)

Therefore, by (6.5), (6.6) and (6.7), the bounded surjective linear transformation
is a conditional expectation from 281\[ onto C®V, O

Let try be the usual normalized trace on the matricial algebra My (C), i.e.,

N
trn ([tij]nxn) Z i

for all (N x N)-matrices with their (4, j)-entries t;; in C.

Since the N-dimensional algebra C®V is the diagonal subalgebra of My (C) con-
sisting of all (N x N)-diagonal matrices, one can naturally restrict the normalized
trace try on My (C) to the linear functional try |cen, also denoted simply by ¢ry,
on C®N ie.,

trn (bt defl Zt (6.8)

for all (ty,...,ty) € CEN.
Now, define a linear functional 7y on the direct product Banach *-algebra 281\/ by

w < try 0 Ew on e, (6.9)

where try is the restricted trace (6.8) on C®V, and Ey is the conditional expectation
(6.4) from SgN onto C®N.
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Then the linear morphism ny of (6.9) is indeed a well-defined linear functional
on SgN , moreover, it is a trace in the sense that:

mw (T1T2) = w (TTh), for all Ty, Ty € £5V.
So, the pair (SgN , 7'W> forms a well-defined tracial Banach x-probability space.

Definition 6.2. We denote the Banach *-probability space (E%N ,Tw) simply by

281\[(1/[/)7 where nyy is the linear functional (6.9) on SgN, ie.,

de
LEN (W) = (S?SN, Tw), (6.10)

for all N-tuples W in Z.

Let us take an operator uy in SgN , as a free random variable of the Banach
x-probability space SE'SN(W) in the sense of (6.10), where

def 1
uW :fN(Ujl’UjQ".'7UjN) 6»28]\[, (6'11)

and

def 1 1 .
U, R S
T ) T W) (1 ®45) € £(k)

are our semicircular elements in the ji-th filtered probability space £¢(jx) =
(Lq, T5,), forall k=1,..., N. (Recall and remark that in the rest of this paper, we
automatically assumed ¢(g;) € R in C, for all j € Z. So, the direct summands Uj,
of the operator uy of (6.11) in SS(W) are well-determined semicircular elements in
Lo(jk), for k=1,...,N =|W].)

Theorem 6.3. Let uw be a free random variable (6.11) in EgN(W) of (6.10), for
a fixzed N-tuple W = (j1,...,Jn) of integers. Then uy is ﬁ—semicircular n £8N(W),
i.e., for any W € ZN | there exists uy € Sglw‘, such that

uw 18 W—semicz’mular in 28‘W|(W). (6.12)
Proof. Let uy be in the sense of (6.11) in the Banach #-probability space SgN(W) =
(SSN, Tw> of (6.10), for a fixed W = (ji, ..., jn) € ZY. Clearly, the operator

uyy is self-adjoint in EgN , because every direct summand Uj, is self-adjoint by its
semicircularity, for all k =1,..., N.
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By the definition (6.9) of 7/, one can get that

Tw(uW):TW <M(Uj17Uj2""’UjN) )
1

= 5w (U3 UL, UR)
_ %tm\z (Bw (U}, UL, UL))
= atrx (5 (U)o min (UR))
f%tm((wn%a S wncy))

by the definition (6.8) of the normalized trace try on C®N

wn [N Wn, 1\"
TN AN ) T s T Ny ) €

where w,, are in the sense of (3.3), for all n € N.

Therefore, by (6.13) and (3.3), one can conclude that the free random variable Ty
is ﬁ—semioircular in SSN (W). Just for sure, we consider the following “extra” parts
of the proof.

By the free-moment computation (6.13), we obtain that: if k/V(...) is the free
cumulant on SgN (W) with respect to the linear functional 7y, then

, (6.13)

w3

1
k‘gv (uw, uw) = Tw (u%v) — (Tw(UW))2 = Tw (u%v) =N
under the Mobius inversion of [14], i.e., one obtains that
ky _ 4
2 (uw, uw) = e (6.14)

Now, for any n € N,
k2Wn—1 (uw, ..., uw) = Z (H ™ (Ulv‘{il)> p(m, lap—1)
TeNC(2n—1) \VeEnm

by the Mobius inversion of [14]
=0,
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because every noncrossing partition 7 over {1,...,2n — 1} contains at least one “odd”

block Vj, satisfying the block-depending free moment 7y (ulv‘;o‘) = 0, by the evenness
from the formula (6.13), i.e

EY (uw,...,uw) = 0,whenever n is odd in N. (6.15)

Observe that, for any n € N\ {1},

EY (uw,...,uw) = Z <H77W( )) (0, 1a,)

9ENC.(2n) \VED
where
NC.(2n) ={0 € NC(2n) : V € § <= |V is even},
and hence
1
-~ ¥ (I0 e 010
9ENCe(2n) \Veb
by (6.13)
- ¥ (T (e e
9ENC.(2n) \VED 1%
1\ 2"
= Y <N> T it ) w8, 120)
0ENCe(2n) veo
— < > <HCV|> 9 12n)
9eNc veo
(@) e
0ENC.(2
(R e (5 )
TENC(n)
by [14], i.e

kS (uw,...,uw) = 0, whenever n > 1 in N. (6.16)
Thus, by (6.14), (6.15) and (6.16), indeed, we obtain that

<+ ifn=2,

kXV(UW,...,’LLW):{NZ

. (6.17)
0 otherwise,

for all n € N.
Therefore, by (6.17) and (3.1), the free random variable uy is indeed
~=-semicircular in 281\[ (). O
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The above theorem shows that, for any finite sequences W of integers, if we define
an operator

1 . QW
=— U; ) in g8
W (ﬁw ) e

then it is W—semicirctﬂar in the Banach x-probability space Sglw‘(W), where

U; = w(}h) (I ® g;) are the semicircular elements of (£q,7;), for all j € W in Z.

6.2. ON THE BANACH *-PROBABILITY SPACES €5V (ju, ..., jn)

Like in Section 6.1, let W = (j1,...,7n5) € Z~ be an arbitrarily fixed N-tuple of
integers j1,...,jn, which are not necessarily distinct from each other in Z, and let £9
be the radial projection algebra of the C*-algebra @) of the fixed C*-probability space
(A, 7). Let 7; be the linear functionals (4.16) on £¢, inducing the corresponding j-th
filtered probability space £o(j) = (£, 7;) of Q. Also, let

1 1

Ui= W) T ulg)

be the semicircular element in £4(j), for all j € Z.
Now, define the tensor product Banach x-algebra S%N by

(l®q5)

def

SSN = £o®cLg®c...®c Lo (6.18)

N-times

under product topology.
Define a linear transformation Fyy from the tensor product Banach x-algebra ESN

of (6.18) onto the finite-dimensional algebra C®"V by the linear morphism,

denote N N
F = @ 7, on £8%, 6.19
w by I Q ( )
satisfying that
F (& T) = (5, (Ti) 1)
® = ® (75, 1),
Wk ? jop R

N
forall ® T € ESN , where [ is the identity element of £¢ introduced in Section 6.1.
k=1

Proposition 6.4. Let L‘,SN be in the sense of (6.18) for a fized N-tuple W with
N = |W|. Then the linear morphism Fw of (6.19) is a conditional expectation from
QgN onto C®N.

Proof. By the boundedness of the linear functionals 7;, of (4.16) on £, for
k=1,..., N, the linear transformation Fyy is a bounded linear transformation from
ESN to C®N. Also, by the very definition (6.19), it is surjective.
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N
Now, take T'= ® ;] in SSN, for t,...,txy € C,ie., T € C®N C ESN. Then
k=1

N N . eN
Fyw (T)= @ 7, (tx]) = @ tg in CHV.
k=1 k=1
So, under linearity, one has

Fy(S) =S in C®N, for all S € £5V. (6.20)

N N
Now, let Ty = ® t;I (with t,, € C), and T = ® ;I (with ¢} € C) be in C®V,
k=1 k=1

d5= & N (with h
an S—]E)lSkGEQ (with S, € £¢g). Then

N <1§1tk1> (k(]g—ng(Sk)) <’§1tu>

= Ty, Fyw (S)Ts.

N N
Fur (18T2) = Fr ([, (050 ) = & (17, (500

by (6.19)

Thus, under linearity, for all 71,7, € C®V, and S € SSN , one obtains that
Fyw (TySTy) = Ty Fyy (S)Ty in C®V, (6.21)
N RN * N * 2 XN
Take T = /e§>1Tk €£5". Then T™ = k@lTk in £5". So, by (6.19),

Fu(T*) = Fy (T)". (6.22)

Therefore, the surjective bounded linear transformation Fyy is a conditional expec-
tation from SSN onto C®V by (6.20), (6.21) and (6.22). O

On the N-dimensional tensor product algebra C®V, define a linear functional ¢n
by a linear morphism satisfying that:

N d N N
oN ( ® tk> < [] tx: foral & t, e C®N. (6.23)
k=1 P k=1
Define now a linear functional ¢f, on SSN by

o

o def pn o Fyy on S%N, (6.24)

where @y is in the sense of (6.23) and Fy is the conditional expectation (6.19).
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By the definition (6.24) of ¢, it is a well-determined linear functional on QSN
satisfying

o N ~
oty ( © Tu) = ] 7 (Th)- (6.25)
k=1 k=1
Define an element Iy, ;, of ESN by

Iy < (Le®d,,), (6.26)

with
3, =10®..01® ¢, ®lg®...®1g,
k-th
forall j,b e Win Z, for k=1,...,N.
From the operators Iy, of (6.26), define an operator Iy of ESN by

N
Iw =Y Iw;, (6.27)
k=1

Note that, if the chosen projections g;,, ..., ¢;, are “mutually orthogonal” on @,
equivalently, if W = (jy,...,jn) is an N-tuple of “mutually distinct” integers in Z%,
then one can get that

N o (6.28)
:Z< 3®(qjk)n) => (le®gq;,) =1Iw,
k=1 k=1

for all n € N, by (6.26) and (6.27).
So, if Iy is in the sense of (6.27) in £%N7 then one can get that

N N
e (i) = % (Iw) = [[ 7 Qe ®@as) = [ ¢ (a5)
k=1 k=1
and
N
QD?/V (I{/LV,jk) = 90%/ (IWJk) = H Tk (12 ® ij) =1 (ij) ) (6'29)
k=1

in C, by (6.25) and (6.28), for all n € N, where ¢, is in the sense of (6.24).
For convenience, we denote the C-quantity ¢, (Iw) of (6.29), simply by ¥w,
below. Note that, since N < oo, the quantity ¥y converges in C.
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Now, define new linear functionals ¢y 1’s on SgN by

de i °
oo B on e (6.30)

forall k =1,..., N, where ¢, is the linear functional (6.24) on SSN satisfying (6.25),
and where 1y is the C-quantity (6.29).
Then the linear functionals ¢ of (6.30) are well-defined on SSN , and hence,

we obtain the tensor product Banach x-probability spaces SgN (k, W),
8N (W) X (o8N 6.31)
Q ) - Q @W,k? ) ( .

where @,k are in the sense of (6.30), forall k=1,..., N.
On our tensor product Banach x-probability space S%N (k, W) of (6.31), one can

obtain the following semicircular elements in )ZSN .

Theorem 6.5. Let W = (ji,...,jn) be an N-tuple of “mutually distinct” integers
Jis--, N i Z, for N €N, and fix kg € {1,...,N}. For a fized ko, let SgN(kO,W) be
the corresponding Banach x-probability space (6.31) equipped with its linear functional
ko, w 0f (6.30). Define the free random variables Uw ,, for some ko € {1,..., N}, by

def

N
Uwik, = (k@lsjk) € SSN(ko,W) = (ESN,S%O,W)7 (6.32)

where Py € C is in the sense of (6.29), and

Iy, otherwise,

forallk =1,...,N, where u;, = (l ® qjko) s our 1/1(qjko)2—semicircular element of
the ji,-th filtered probability space £q(ji,) of Q, and Iy ;, are in the sense of (6.26),
for k # ko in{1,...,N}. Then Uy, of (6.32) is a w(qjkO)Q—semicircular element in
LEN (w).

Proof. By the very definition (6.32) of Uy k,, it is self-adjoint in SSN. Indeed, the
tensor factors Iw,j, and u;, —are self-adjoint in £, and hence, the operator U, is
self-adjoint in E%N .
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Observe now that

Pko,W (UlCLVJfo) = Pko,W I‘T/‘L/,h Q...Q I{}deofl ® uj . ® I{’LVyjkoH ®...® I‘T/LVJN

( )
( )

= PhoW Twj @ @ Iwj, o, @ u?ko ®Iw,jpy1r @ - ® Iw,jy
ko-th
by (6.27)
(g5, ) .
= 1/)1];0 (15, Uwjy)) - - - (7% (ujko)) (i (Twgin))

by (6.25) and (6.30)

¥(gjy, n
- Ef o 0a3)- (b, es) - (0(a)
w
vlan,) (100 ) (I (e
Jko . Tk =ko Tk n
_ k=1 o h=hotd (wn ¥(gj,)" cz)
by (6.29)
— o (9la5,)" <. (6.33)
for all n € N.
Therefore, by (6.33) and (3.3), the free random variable Uy, is
1/)(%0 )-semicircular in SSN (ko, W). -

The above theorem shows that, whenever W is a finite sequence of mutually
distinct |W|-many integers of Z, then the operators Uy of (6.32) in £S‘W| are
¥(g;, )?-semicircular in Sglwl(k‘, W), forall k=1,...,|]W|.

By the weighted-semicircularity (6.33) of the operator Uy, of (6.17), one can
obtain the following corollary.

Corollary 6.6. Let W = (j1,...,jn) be the N-tuple of mutually distinct integers
Is---5JN 0 Z, and let SgN (k, W) be the Banach *-probability space in the sense of
(6.31), for k=1,...,N. Define a free random variable Ty, by

de
Twe L I, ®... @ Iwj , ®Uj @ Iwju s ® ... ® Iy s (6.34)
k-th

where Iy ;. are in the sense of (6.26), and

1
Uj, = —— ([ ®4q;,)
Ik w(qjk) Jk
is our semicircular element in £¢(ji), for all k=1, ..., N. Then the operator Ty
is semicircular in L‘%N(k, W), fork=1,...,N.
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Proof. Similar to (6.33), one can get that
OkW (TICLV,k) = wpcz, foralln € N. (6.35)

Thus, by (6.35) and (3.4), the free random variables Ty are semicircular in
5N (k, W), forall k=1,...,N. O

6.3. ON THE BANACH *-PROBABILITY SPACES Sg (J1y---53N)

Let @ be the C*-subalgebra of a fixed C*-probability space (A4, ©) generated by the
family Q = {g;}jez of mutually orthogonal projections satisfying

Y(g;) €e Rin C, for all j € Z,

and let £g be the radial projection algebra of ), having the corresponding j-th filtered
probability spaces £o(j) = (£q,7;), for all j € Z.

Asin Sections 6.1 and 6.2, let W = (41, ..., jn) be the N-tuple of integers j1,...,jn
in Z, for N € N. As in Section 6.1 (and different from the main results of Section 6.2),
the integers ji,...,jn are not necessarily distinct from each other in Z.

For a fixed N-tuple W, define the free product Banach x-probability space £g(W)
by the Banach x-probability space,

enote de N 3
ey (W) = (2, 7 X Lqin)
N N N (6.36)
= * (Lo, ™) = (k;ﬂ@, X m)

in the sense of [14] and [16], where

is the free product linear functional on

Sg :kglsQ ZSQ*SQ*...*EQ.

N-times

Note that the above free product Banach x-probability space Sg (W) of (6.36) is

highly dictated by the choice of linear functionals {7;, }&_, (e.g., see [14] and [16]).
Now, define a set A/ by the family of all finite sequences in {1,..., N}, i.e.,

N BN, (6.37)

with its partition blocks

NO Y (G, i) iy e{1,... ,N}forallj=1,....1},

for all [ € N.
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For each [ € N, define the subsets AN (1) of N (1) by

w is alternating in the sense that:
AN() = S w e N(I) if w= (i1,...,4), then . (6.38)
i1 # 2, G2 F 13,01 F U

Suppose N = 3, and let
wy = (1,2,2,3,1,1) € N(6) in NV,

and

ws = (1,3,1,2,1,2) € N'(6) in A,
where N and N (6) are in the sense of (6.37). Then
wy & AN(6), but we € AN(6),

in A, where AN(6) is in the sense of (6.38).
Define now the subset AN of N by

AN B AN(Q), in V. (6.39)

Now, let us take w € AN(n) in AN of (6.39), and choose an operator T,

N
T, = 11T, € £5(W), (6.40)

as a free “reduced” word in {T},,..., T}, }, where T}, are in the free blocks £ (jx)
in Sg(W), forall k=1,...,N.

Remark 6.7. By [14] and [16], if L‘,g(W) is identified with (Eg, W) in the sense
of (6.36), the free product Banach x-algebra Sg of £o(j1), ---, Lo(jn) has its
Banach-space expression,

SN Banach Sp Co < & £o(w)> ’ (6.41)
I=1 weAN (1)
where -
Lo(w) T TETP L) ® £4(Jn) ® ... ® £5(ji,),
whenever w = (i1,...,4) € AN(l) in AN, where
£ i) Banagh-Sp Lo 6C, forallk=1,...,L
«Banach-Sp,,

Here, means “being Banach-space isomorphic” and @ is the direct
product, ® is the tensor product, and © is the complement of Banach spaces under
topology, i.e., if an operator T is contained in £°(w), and if w € AN, then T is
understood as the free reduced words in Eg .



Banach *-algebras generated by semicircular elements. . . 527

By (6.36), (6.38) and (6.39), one obtains the following result.
Proposition 6.8. If T,, is in the sense of (6.40) in £5(W), then
v Tw) = H 7 (T,) 5 (6.42)
lew
whenever w € AN

Proof. The free-moment formula (6.42) is proven by (6.36), (6.38) and (6.39) (See [14]
and [16]). O

By the free-moment formula (6.42), one can get that, if
w = (i1,...,%,) € AN(n) in AN,
and if

n
nur =] Ujl € Lg(W), (6.43)

=1

d(’f
T1yTn
M,

le

for all r,...,7, € N, where U; =
of £4(j), for all j € Z, then one has

T1,-- 77”71
Yo = 1 (UF) H% (v32),

lew

1 ) . .
e (l® gq;) are our semicircular elements

by (6.42) §

=T wney (6.44)
=1
l

by the semicircularity of Uj,, for all
numbers for all £ € N.

Theorem 6.9. Let w = (ji,,...,Ji,) € AN(n) in AN, for some n € N, and let
M7 be a free random variable (6.43) in £g(W) of (6.36). Then

.,n, where ¢ are the k-th Catalan

n

w (M;h...,rn) =Wy, rn Hc%, (6.45)

with
1 dfallry,...,r, are even,
Wy T T
Lt 0 otherwise,

forry, ..., €N
Proof. The free-moment formula (6.45) is proven by (6.44). O

Similar to the free-moment formulas (6.45) for a free random variable M]™ of
(6.43) in Sg (W), one can get the following result.
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Corollary 6.10. Let w = (j1,...,7n) € AN(n) in AN, for some n € N. For a fized
w € AN(n), and fized quantities ry,...,m, € N, define an operator mit--"™ € Sg by

mylron def Hu;fl € 28(W), (6.46)
1=1
where uj =1 ® q; are our ¥(g;)?-semicircular elements of (£q,7;), for all j € Z. Then

Wiy = w11 (1“%'”)”0%1) : (6.47)

=1

T

for all k € N, where wy, .., isin the sense of (6.45).

Proof. Let myl-"™ € L£J(W) be in the sense of (6.46), for w € AN(n), and
n,r1,...,7, € N. Observe that

n n
iz =2 (T ) = (1,
K 1
=1 =1

by understanding m/} "™ as a free reduced word in £°(w) of (6.41)

n n

— . Tl — .\t

o HTjil (ujil> o Hw”ﬂ}(qﬁz) e
=1 =1

by the 9(g;,)?-semicircularity of G, - Thus, we obtain the free-distributional data
(6.47). O

The above free-moment formulas (6.45) and (6.47) provide ways to compute free
moments of certain free random variables of Sg (W) generated by our semicircular
elements U;, and weighted-semicircular elements u; of the j-th filtered probability
spaces (£qg, 7;), for j € Z.

Also, by (6.45) and (6.47), we obtain the following trivial, but interesting
free-distributional data on Eg (W).

Theorem 6.11. Let Sg(W) = (Sg,TW) be the Banach *-probability space (6.36) for
a fized N-tuple W = (j1,...,4n) in Z. Let

uj, =1® q;, € Lo(jr) in £5(W), for allk =1,...,N, (6.48)

where £4g(j1), ..., Lo(jn) are the free blocks of Sg(W) Then u;, are ¥(q;, )?-semi-
circular in Sg(W), forallk=1,...,N. Now, let

1
Uj, = ——uj, € Lq(jx) in £(W), for allk =1,... N. (6.49)
w(ij)

Then they are semicircular in Eg(W)
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Proof. Let uj, be in the sense of (6.48) in £0(W), for k € {1,..., N}. Then it forms
a free reduced word with its length-1 in the free block £¢(ji) of Sg(W), inducing

free reduced words 7 with their length-1 in £¢(jx) in Sg(W), for all n € N. So, one
obtains that "
™ (uf) = T (05) = wn ($(03)°) % eg,
by (6.47), for alln € N, for all k =1,..., N.
Therefore, the operators uj, of (6.48) are (g, )*-semicircular in Eg(W), for all
k=1,...,N.
Similarly, one obtains that, if Uj, are in the sense of (6.49) in £ (W), then

™ (U},) = 7 (Uf,) = wney,

by (6.45), for alln € N, for all k =1,...,N.
So, the operators Uj, of (6.49) are semicircular in Sg(W), foralk=1,...,N. O

The above theorem shows that our weighted-semicircularity, and semicircularity
in free blocks £¢(j), the j-th filtered probability spaces, for j € W, are preserved by

those in the free product Banach *-probability space ng |(W)

7. EXAMPLE: FROM ORTHOGONAL RANK-1 PROJECTIONS ON [3(Z)

Let H = [%(Z) be the canonical [?-Hilbert space with its orthonormal basis
Bu = {{;} ez satisfying

<€j17§j2>2 = 0,45, for all j1,j2 € Z, (7.1)
where

¢ = (oo 1, 0,...,0,...), for all j € Z,
j-th

and where (-,-)o is the usual I2-inner product on H,

e}
<(...,t_1,t0,t1,...),(...,8_1,30781,...»2: Z tkﬂ

k=—o0
Then on the operator algebra B(H), one can naturally define the rank-1 projec-
tions g; by
q; = (-, &;)2¢;, for all j € Z. (7.2)
i.e., for any h € H, one has
Qj(h) = <h,§j>2§j7 for allj S Z7

and hence, if h = Y ¢,&, € H, with ¢,, € C, then
nez

qj(h) = <Ztn§m §j> & =t;&;,
2

neZ
by (7.2), for all j € Z.
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Thus, one can get the family

Q= {gj}jez
of mutually orthogonal projections ¢;’s of (7.2), and the corresponding C*-subalgebra
Q@=0C"(Q) (7.3)

of the C*-algebra B(H ), which is #-isomorphic to C®I%.
Now, fix an arbitrary vector hy of H,

ho =Y tnln € H, witht, € C.
nez

For the fixed vector hg of H, define now a linear functional ) on B(H) by
(T) = (T'(ho), ho),, for all T € B(H). (7.4)

By the sesqui-linearity of the inner product (-, )3, the morphism v of (7.4) is indeed
a linear functional on B(H), i.e., (B(H), ) forms a well-defined C*-probability space.
Observe that the linear functional ¢ of (7.4) on B(H) satisfies that
¥(g;) = (gj(ho), ho)y = (&, No)y
=t (& ho)y =13,
by (7.1) and (7.2), i.e.,
¥(g;) = t3, for all j € Z, (7.5)

where ¢; is the j-th coefficient of a fixed vector hgy of (7.3).
Clearly, one can restrict the linear functional ¢» on B(H) to that on the
C*-subalgebra @ of B(H), in the sense of (7.3), also denoted by . Then, for any

T = ZSj(]j € @, with S; € C,
JEZL

one has

by (7.5).
So, one can determine the family {t; };ez of linear functionals providing sectionized
free probability on @, where they are linear functional satisfying that

Vi <ZS”%> =1 (s545) = s;9(a5) = 815, (7.6)

ne”Z

by (7.5), for all j € Z, i.e., we obtain the following sectionized C*-probability spaces,
{(Q.¢) - j € Z},

for the linear functionals v; of (7.6).
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Now, construct the radial projection algebra £,

go=2ec QY TN 2cq (7)

of @, by defining the radial operator [ on @ by the linear transformation satisfying

1(g) = c(qj) +algj) = g1+ qj-1,

for all j € Z, where ¢ and a are the creation, respectively, the annihilation on Q.
On the Banach *-algebra £¢g of (7.7), define the sectionized linear functionals ¢,
by linear morphisms satisfying that

0 ((®q:)") =¢; (1" @q) = ¢; ("(@:)), (7.8)

for all 4,j € Z, for all n € N, where v, are in the sense of (7.6).
Note that, by (7.6), one has that

with help of (7.5), for all n € N, for j € Z.
Define now a new linear functional 7; on the radial projection algebra £¢ of (7.7)
by a linear morphism satisfying

) n—1
7 (l®q;)") = »; <5j,z' <w(qj) (l® qg‘)”)) : (7.9)

for all n € N, for all j € Z, where ¢; are in the sense of (7.8).
Then, by (4.18), if

u; =1®q; € (Lq,75),

then we obtain that
n

7y (uf) = wath(g;)" ey = wati ey, (7.10)
by (7.5) and (7.6), for all n € N, where w,, = 1, if n is even, and w,, = 0, if n is odd
in N, for all j € Z. Recall again that ¢; are the j-th entry of the fixed vector hg of
(7.3) in H = 1%(Z).
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Observation 7.1. Let u; = l®gq; be a free random variable of the Banach x-probability
space (L£q,T;), where T; are in the sense of (7.9), for all j € Z. If the j-th entry t;
of the vector hy of (7.3) is nonzero, then u; is t?—semicircular in (L£qg,7;), for all
jE€Z, by (7.10) and (3.3). By the Mébius inversion of [14], one obtains the equivalent
free-distributional data of (7.10) as follows: if t; # 0 in hg, then

4 apo
t; ifn=2,

. (7.11)
0 otherwise,

k’éj) (Uj,...,Uj) :{

for alln e N, for j € Z.
Therefore, by Observation 7.1, we immediately get the following result.

Observation 7.2. Letu; =1 ®q; in £g, and let U; = tj_2 u; € £g, for some j € Z,
where the j-th coefficients t; are the “nonzero” in the fixed vector hy of (7.3) in H.
Then U;j is semicircular in (£qg, T;), for such j € Z, by Section 5.

The above Observations 7.1 and 7.2, we obtain the weighted-semicircularity and
corresponding semicircularity on £q, for suitable j € Z.

From below, let us assume ¢; # 0, as the j-th entry of a fixed Hilbert-space vector
ho of (7.3), and let

1

u; =1®gq;, and U; = ——
! ’ T U(g)

u; = t—zuj in £q,
J

for such j € Z.
For the fixed vector hg € H = [2(Z) of (7.3), define a subset Supp(hg) of Z by

Supp(ho) “ {j € Z:t; # 0in ho}. (7.12)

We call this set Supp(hg) of (7.12), the support of hg.

Observation 7.3. Let hg = ), ., tn&n € H be in the sense of (7.3), and let Supp(ho)
be the support (7.12) of hqg in Z. If j € Supp(hg) in Z, then one has a t;*-semicircular
element uj, and a semicircular element U; in the j-th filtered probability space £¢(j).

Now, take a finite sequence W = (j1,...,jn) of integers ji,...,jy in
Supp(hg), for some N € N. Then, by Observation 7.3, one can take corresponding
weighted-semicircular elements u;,, ..., u;,, and semicircular elements Uj,,...,U;,

(which are not necessarily distinct from each other) in £¢. Construct the direct product
Banach *-algebra SgN generated by (|W| = N)-copies of £¢.

On SgN , define a linear functional 7y by a linear morphism satisfying that
N
N 1
W (k@ Tk> = N ZTjk (Tk), (7.13)

N
for all ® Ty € £5", as in (6.9).
k=1
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Then we obtain a well-defined Banach #-probability space,
LEN W) = (£8N,Tw) ; (7.14)

where 7y is in the sense of (7.13).

Observation 7.4. For a fized finite sequence W in Supp(hy), define a free random
variable Ty of the Banach x-probability space QS‘Wl(W) of (7.14) by

def 1 o|W|
Tw < U )eg W), 7.15
w7 ((g,u) e 5™ om) (7.15)

where U; are our semicircular elements of £¢o(j), for j € W. Then the free random

variable Ty of (7.15) is W-semicircular in Sglwl(W), by (6.12).

Now, for a fixed finite sequence W = (j1,...,jn) of “mutually distinct” integers
J1y---,7n in Supp(hop), define the tensor product Banach *-algebra Q%N generated by

N-copies of £5. On this Banach x-algebra £%N , define linear functionals {@w,x -,
by the linear morphisms satisfying

N
N 1
PW.k <k@_<>1Tk> =13, (H = T (Tz)> ; (7.16)

=1 J

forall k=1,..., N, as in (6.31).
Then one can get the family
QN denote QN N
{£8V Wik 2 (28", owa)} (7.17)
of Banach -probability spaces, where ¢y 5 are in the sense of (7.16).

Observation 7.5. For a fized finite sequence W = (ji,...,Jjn) of mutually distinct
integers in Supp(hg), one can construct the family (7.17) of Banach *-probability

spaces Sglw‘ (W, k), fork =1, ..., N. For a fized k € {1,...,N}, define a free
random variable Ty, of Sglwl(VV, k) by

Twi =1Iwj @...0 Iwj_, @uj, @ Iwj,, @... 0 Iwy, (7.18)
k- th

where u;, s our ti -semicircular element of (£¢, 7;,.), and
Iwj, =1le®(q;,) € Lq, fork=1,...,N.

Then the operator Ty, of (7.18) is t?k -semicircular in Eg‘wl (W, k) by (6.33), for all
k=1,...,N.
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Observation 7.6. Under the same conditions of Observation 7.5, if we take a free
random variable

SW,k: = IW,j1 ®R...Q0 IW,,jk—l (024 Ujk 024 IW,jk-H ®R...x0 IW,jz\m
k-th

in E%N(W, k), for k € {1,..., N}, where U;, is our semicircular element of (£¢,7j, ),
then Sw i, is semicircular in SSN(VV, k), fork=1,...,N.

Now, let W = (j1,...,jn) be an N-tuple of integers in Supp(hg), and let
QQ(jk) = (SQ, Tjk), for k = 1,. .. ,N,

be the corresponding ji-filtered probability spaces of ). Construct the free product
Banach x-probability space,

N N
Eg(W) = (Eg,’rw) = (ktng’kilTjk> . (719)

Observation 7.7. Let W be a finite sequence of integers in Supp(hg), and let ng (W)
be in the sense of (7.19). Then the free reduced words uy and Uy with their length-1

in the free blocks £o(ji) are t}-semicircular, respectively, semicircular in SlyQW‘(W)7
forallk=1,...,|W], by (6.48) and (6.49).
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