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Abstract

The semi-markov model of the system operation process is proposed and its selected parameters are defined.
There are found reliability and risk characteristics of the multi-state series- “m out of k  system. Next, the joint
model of the semi-markov system operation process and the considered multi-state system reliability and risk is
constructed. The asymptotic approach to reliability and risk evaluation of this system in its operation process is

proposed as well.

1. Introduction

Many technical systems belong to the class of complex
systems as a result of the large number of components
they are built of and complicated operating processes.
This complexity very often causes evaluation of
systems reliability to become difficult. As a rule these
are series systems composed of large number of
components. Sometimes the series systems have either
components or subsystems reserved and then they
become parallel-series or series-parallel reliability
structures. We meet these systems, for instance, in
piping transportation of water, gas, oil and various
chemical substances or in transport using belt
conveyers and elevators.

Taking into account the importance of safety and
operating process effectiveness of such systems it
seems reasonable to expand the two-state approach to
multi-state approach in their reliability analysis. The
assumption that the systems are composed of multi-
state components with reliability state degrading in
time without repair gives the possibility for more
precise analysis of their reliability, safety and
operational processes’ effectiveness. This assumption
allows us to distinguish a system reliability critical
state to exceed which is either dangerous for the
environment or does not assure the necessary level of
its operational process effectiveness. Then, an
important system reliability characteristic is the time to
the moment of exceeding the system reliability critical
state and its distribution, which is called the system
risk function. This distribution is strictly related to the
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system multi-state reliability function that is a basic
characteristic of the multi-state system.

The complexity of the systems’ operation processes
and their influence on changing in time the systems’
structures and their components’  reliability
characteristics is often very difficult to fix and to
analyse. A convenient tool for solving this problem is
semi-markov modelling of the systems operation
processes which is proposed in the paper. In this
model, the variability of system components reliability
characteristics is pointed by introducing the
components’  conditional  reliability  functions
determined by the system operation states. Therefore,
the common usage of the multi-state system’s limit
reliability functions in their reliability evaluation and
the semi-markov model for system’s operation process
modelling in order to construct the joint general system
reliability model related to its operation process is
proposed. On the basis of that joint model, in the case,
when components have exponential reliability
functions, unconditional multi-state limit reliability
functions of the series- m out k, system are determined.

2. System operation process

We assume that the system during its operation process
has v different operation states. Thus, we can define
Z(t), te<0,+0>, as the process with discrete states

from the set

Z2={z,,2,,...,2

Ly

1.
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In practice a convenient assumption is that Z(t) is a
semi-markov process [1] with its conditional sojourn

times ¢,, at the operation state z, when its next

operation state is z,, b,1=12,...,v, b=l. In this case

this process may be described by:
- the vector of probabilities of the initial operation

states [p, (0)],, -
- the matrix of the probabilities of its transitions

between the states [p,,],,, .

- the matrix of the conditional distribution functions
[H,, ()], of the sojourn times 6,,, b=l

If the sojourn times 4,,, b, | =12,...,v, b=1, have
Weibull distributions with parameters ay,, S, i.e., if
for b,1=12,....,v, b =1,

H,, (t) =P(6,, <t)=1-exp[-a,t™'1], t>0,

then their mean values are determined by

1

o 1
My, = E[em]:ablﬂblr(lJr—),
bl

(1)
b1=12...v, bl.

The unconditional distribution functions of the process
Z(t) sojourn times ¢, at the operation states z,,
b=12,...,v, are given by

Hy (1) = épb'[l - exp[- amtﬂbl t]],

\2
=1-3 py exp[‘“bltﬂbI ]I, t>0, 2
1=1
b=12,...v,
and, considering (1), their mean values are
M, =E[6, ] =|§pb|M bl
5 ol 1 _
= Izlpblam rl+—),b=12,.yv, (3)
= bl
and variances are
D, =D[6,] =E[(6,)*1-(M,)?, 4)

where, according to (2),
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E[(6,)°1= [tdH, ()

= i pblofotzamﬂb, E‘Xp[—abltﬁb' ]tﬁbudt
1=1 0

2

=¥ Py T+ —2), b=1.2,...v.
=1 bl

Limit values of the transient probabilities
p,(t) =P(Z(t)=12,), t=0, b=12,..y,

at the operation states z, are given by
pb:tllm pb(t):ﬂ-be/EﬂlMl, b=1,2,,V, (5)

where M, are given by (3) and the probabilities 7,
of the vector [r,],,, satisfy the system of equations

[7, 1=, 1[Pui]
i/ﬁ =1

1=1

3. Multi-state series- “m out of k,” system

In the multi-state reliability analysis to define systems
with degrading components we assume that all
components and a system under consideration have the
reliability state set {0,1,..,z}, z>1 the reliability
states are ordered, the state O is the worst and the state
z is the best and the component and the system
reliability states degrade with time t without repair.
The above assumptions mean that the states of the
system with degrading components may be changed in
time only from better to worse ones. The way in which
the components and system states change is illustrated
in Figure 1.

transitions

e

ORO.0

best state

o

worst state

@

Figure 1. lllustration of states changing in system with
ageing components
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One of basic multi-state reliability structures with
components degrading in time are series- “m out of

K, systems.
To define them, we additionally assume that E;, i =

1,2,k J = 1,21 Ko, 1y, I2,...,Ikn, n e N, are
components of a system, Ty(u), i = 1,2,..k, j =
12,1, k. | IZ,...,Ikn, n e N, are independent

random variables  representing the lifetimes of
components Ej in the state subset {u,u+1,...,z},

while they were in the state z at the moment t = 0,
e;(t) are components Ej; states at the moment t,
te<0,00), T(u) is a random variable representing the

lifetime of a system in the reliability state subset
{u,u+1,...,z} while it was in the reliability state z at the
moment t = 0 and s(t) is the system reliability state at
the moment t, t e<0, ).

Definition 1. A vector

Rij(t,-) = [Ry(t,0), Ry(t,1)...., Rjj(t,z)], t €<0,0),
where

Rij(t,u) = P(eii(t) > u | €;(0) = 2) = P(Tyj(u) > 1)

for te<0,), u=0,1,..,z,i=12,..k, j=12..1,is
the probability that the component Ej is in the
reliability state subset {u,u+1,...,zZ} at the moment t,

t €<0,0), while it was in the reliability state z at the

moment t = 0, is called the multi-state reliability
function of a component E;.

Definition 2. A vector

RIM (t)=[LR{M (t0), RN (t1).... R{ (t2)],
where

R{M (t,u) = P(s(t) > u| s(0) = 2) = P(T(u) > 1)

for te<0,0), u=0,1,...,z, is the probability that the
system is in the reliability state subset {u,u +1,...,z} at
the moment t, t €<0,00), while it was in the reliability

state z at the moment t = 0, is called the multi-state
reliability function of a system.

It is clear that from Definition 1 and Definition 2, for
u =0, we have R;(t.0) =1and R(") (t,0) = 1.
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Definition 3. A multi-state system is called series- “m
out of k,” if its lifetime T(u) in the state subset

{u,u+1,...,z} is given by
T(u) :T(kn*m+l) (u)) u =]-.2,...,Z,

where T . (U) is m-th maximal statistics in the
random variables set

Ti(u)= min{'l'ij Wk i=12..k,u=12,...z
1< j<l;

Definition 4. A multi-state series- “m out of k,”
system is called regular if I, =1,=...= Ikn =1, 1,
N.

Definition 5. A multi-state series- “m out of k,”
system is called homogeneous if its component
lifetimes T;; (u) have an identical distribution function,

i.e.
F(t,u):P(Tij (u)<t),te<0,0), u=12,...,2,
i=12,..k,, j=12,..1,

i.e. if its components E; have the same reliability
function, i.e.

R(t,u) = 1— F(tu), te<0,0),u=12,...,z

From the above definitions it follows that the reliability
function of the homogeneous and regular series- “m
out of k,” system is given by [3]

RM (t)=[L RN (tD), RTY (t,2),.... R (t,2)1,(6)

where

R(m)

kn.In

(t.u)
@)
—1-5 (0 Rt u) L - R™ (¢, u)]
i=0

for te<0,0), u=12,..z,
or by
Riin (t,) =[1 Riqy (t1), Rigiy (£.2), .., Riots (t, 2)1,(8)

where
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R (t,u) = i(ﬁn )[1— R, w)IR" (t,w)I*"  (9)

for te<0,), u=12,.,z, m=k,—m,

where k, is the number of series subsystems in the “m
out of k,” system and |, is the number of components
of the series subsystems.

Under these definitions, if Rénmlﬁ (tu) = 1 for t < 0,
u=12,.,z,0r R (tu)y=1fort<0, u=12,.,7
then

M(u) = IRm)n tu)dt, u=12,...,7, (10)
or

M(u) = Iﬁk(m tu)dt, u=12,.,2, (1)
is the mean lifetime of the multi-state non-

homogeneous regular series “m out of k,” system in
the reliability state subset {u,u+1,...,z}, and the
variance is given by

D[T (u)] = 2TtR o (t,u)dt— E*[T (u)], (12)
0
or by
D[T (u)]= 2Tt§ ) (t,u)dt— E2[T ()] (13)
0

The mean lifetime M (u), u=12,...,z, of this system
in the particular states can be determined from the

following relationships

M@U)=M(@Uu)-M(@Uu+1), u=12,...,z2-1,

M (z) = M (2). (14)
Definition 6. A probability

r(t) = P(s(t) <r|s(0) =z) = P(T(r) <1t), t e<0,),
that the system is in the subset of states worse than the
critical state r, r €{1,...,z} while it was in the reliability
state z at the moment t = 0 is called a risk function of

the multi-state homogeneous regular series “m out of
k,” system.

Considering Definition 6 and Definition 2, we have
r®) =1- R (tr), te<0,00), (15)

and if 7 is the moment when the system risk function
exceeds a permitted level &, then

r=r(5), (16)

where r71(t), if it exists, is the inverse function of the
risk function r(t).

4. Multi-state series- “m out of k,” system in its
operation process

We assume that the changes of the process Z(t) states
have an influence on the system components E;

reliability and the system reliability structure as well.
Thus, we denote the conditional reliability function of
the system component E; while the system is at the

operational state z,, b=12,...,v, by

[ROD(t, )] =[L, [ROD(, DI?, ... [R*P(t,2)])]

where for t e<0,0),u=12,...,z, b=12,...,v,
[RED (t,u)]® = P(T” (u) > 12 (1) = 2,)

and the conditional reliability function of the system
while the system is at the operational state z,,
b=12,...v, by

R, 1= (1, [R™, DI, ... [RT, (t.2)]®

for t e<0,00),u=12,...,z, b=12,..v,
where according to (7), we have

[Re), € wI® =PT® ) >tZ(t)=2,)

Kn.ln

—1- 5 (0 IR w1 T
i=0

-[IRE,u]® 1" 1* for t e<0,00),
u=12,..,z, b=12,...,v,

or by

R €N°= 1, R, €017, ., R (.21

Kn.In
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for t e<0,00),u=12,...,z, b=12,..,v,
where according to (9), we have

[RM (t,w]® =PT® ) >tZ(t)=2,)

013

(kin )[1— [[R(t, u)](b) ]Ini

T
o

JIREW]® T for t e<0,00),
u=212,...,z, b=12,...,v.

The reliability function [R®P(t,u)]® is the
conditional probability that the component E;; lifetime

T* (u) in the reliability state subset {u,u+1,...,z} is

not less than t, while the process Z(t) is at the operation
state  z,. Similarly, the reliability function

R (twI® or [RM (t,u)]® is the conditional

probability that the system lifetime T®(u) in the
reliability state subset {u,u+1,...,z} is not less than t,

while the process Z(t) is at the operation state z,. In

the case when the system operation time & is large
enough, the unconditional reliability function of the
system

R™ (t) =[1, R™, (D), ., R™, t.2)],
where

Rénm,)ln (t,u) =P(T(u)>t) foru=12,..,z,
or

R™ () =[1, R™ D), ... R™ (t,2)],
where

R™ (t,u) = P(T(u)>1) for u=12,...z,

and T (u) is the unconditional lifetime of the system in
the reliability state subset {u,u +1,...,z}, is given by

R, G = 2[R )1, (17)

or

In

R, (L= S p,[RT) (tu)]” (18)

for t>0 and the mean values and variances of the

system lifetimes in the reliability state subset
{u,u+1,...,z} are

M(u);élpbmb(u) for u=12,...,2, (19)
where

M (u) =I[Ré;“,’.n]<b> (t,uydt (20)
or

M, (u) =I[ﬁé:}n]<b> (tuydt, (21)
and

DIT® @)]=2[tR™ W]V dt-EXTO W), (22)
0

or

DIT® W]=2{tR ™ W]V dt-ETOW)]  (23)

for b=12,...,v, t>0, and p, are given by (4).
The mean values of the system lifetimes in the
particular reliability states u, by (14), are

M@U)=M@Uu)-M@Uu+1), u=12,..,z-1,
M (z) =M (2). (24)

5. Large multi-state series- “m out of k,”
system in its operation process

Definition 7. A reliability function
H,)=[LRKtD,...H{,2)],t € (—o0,x),

where

A(t,u) = bzl P72 (t, ),
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is called a limit reliability function of a multi-state
homogeneous regular series- “m out of k,” system in
its operation process with reliability function

R (t ) =[1, R D), R (t,2)],

or

R(m)(t =11, R(m)(tl) Y R(m)(t 1,

where R (t,u), R (t,u), u=12,..,z, are given
by (17) and (18) if there exist normalising constants

a® (u) >0, b® (u) e (~0,0), b=12,....v,
u=12,...,2,

such that for t € Cw(b)(u) ,u=12,..2,b=12..y,
lim[R{™ (@l (u)t +b{ (u),u)]® = 2 (t,u),
Nn—o0 ’

or

im[R™ (@l (uyt+b{ (u),u)]® = 22 (t,u).
n—oo !

Hence, the following approximate formulae are valid

R{M (t,u) = Z pv9r® (¢ 2)( ) ), (25)
u=12,...,z,
or
_p®
R (t,u) = Z ph o (L NORIEE (26)

u=12,...,z
The following auxiliary theorem is proved in [7].

Lemma 1. If
(i) limk, = o, m= constant

(r% —0 and k, > ),
(i) 2™ (t,u)

~1- 3 p, Fexpbv O, LA )“ u)l

is a non- degenerate reliability functlon,

(i) R\ (¢, ) =[1 R} (tD),...RM (t,2)],

kn.lIn
t € (—o0, ),
where

R (1) = Zpb[Rk 1 ©17

is the reliability function of a homogeneous regular
multi-state series- “m out of Kk, ” system, where

[R(, (tu)]®

-1- 30 R @) - RO @
te(-o0,0), u=1,2,....z,

is its reliability function at the operational state z,,
then

RO )= #™(tD),... 2™, 2)],

t € (—o0, ),

is the multi-state limit reliability function of that
system if and only if [7]

limk, [R® @® (u)t +b® (u),u)"

_\y (b)
=V ™ (t,u), teCV(b)(u),
u=12,...,z, b=12,...,v.

(27)

Proposition 1. If components of the multi-state
homogeneous, regular series- “m out of k,” system at

the operational state z,

(i) have exponential reliability functions,
R® (t,u) =1for t <0,
R® (t,u) = exp[-A® (u)t] for t >0, (28)
u=12,..,z, b=12,.,v,

(i) m=constant, k, =n, 1, >0,

(ii)a® )=+ b® =— L _jogn,

PIC(T)] I LN (T) N
u=12....z,b=12,..,v,
then
2{" (t,)=[1, 2" (t)),... %" (t, )], (29)
t € (—o0, ),

324
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Where
97 (1) =1- 3 p, TexpEexp-0] 2B (30)

for te(—oo,0), u=12,...,z,is the multi-state limit
reliability function of that system , i.e. for n large
enough we have

m, v m-1 t— br(1b) u
R‘gn)*'n (t,u) =1- bz—l Py goe)(p[— exp(- a‘T(u()))]
_p®
exp[-i M]

b
a” (u)
i!

~1- 3 p, T expl-expA® (U)l,t — logn)]
Xpy

=1 i=0

exp[-iA® (u)l .t —ilogn]
il

(31)

for t € (—o0,0), U=12,...,Z.
Proof. For n large enough we have

t+logn
AP,
u=12,...,z, b=12,...,v.

a® (u)t+b{ (u) = >0 for t e (—o0,)

Therefore, according to (28) for n large enough, we
obtain

R® @® (W)t +b® (u),u)
=exp[-2® (u)(af” ()t +b{ ()]
= exp[_t_l—logn
b=12,..,V.

] for t € (—o0,0), U=12,...,2,

Hence, considering (27), it appears that

[V (t,u)]® = limk,[R® (@ (u)t + b )"

= lim nexp]l, —t-logn

n—oo

] =exp[]

n

for t e (—o0,0), u=12,...,z, b=12,...,v,
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which means that according to Lemma 1 the limit
reliability function of that system is given by (29)-(30).
U

The next auxiliary theorem is proved in [7].

Lemma 2. If

(1) kﬂ—w], O0<np<1 for n—>oo0,
n

m
K

n

_o L
—U—O(\/E),

= 1 v
(n) =1—
(it) 2,27 (t,u) \/2_b§1pb

is a non-degenerate reliability function,
v® (t,u) is a non-increasing function

(i) R (t )=[L R\ (tD)....R" (¢2)],
t € (—o0,0), where

Rig:)ln (t,u) = bZ:;Lpb[Rémn t,w)]®, te(—o0,),

) ()

]

—00

X2
exp[-—1]dx,
pL 2]

where

is the reliability function of a homogeneous regular
multi-state series- “m out of Kk, ” system, where

[R(, (tu)]®

=1- (0 RO ()] L - [R® (¢ u) ]
i=0
te(om), U=12,..2, b=12...v,

is its reliability function at the operational state z,,
then

RO, ) =[L KD (t),.... 2", 2)],

t € (—o0,00)

is the multi-state limit reliability function of that
system if and only if [7]

lim Jko +2[R™ (@ (u)t + b (u),u)1® - 7]
Jnl=n)

_y(® _
=v¥ (t,u) forteCV(b)(u), u=12,...,z,
b=12,...,v.

n—o

(32)

Proposition 2. If components of the multi-state
homogeneous, regular series- “m out of k,” system at

the operational state z,
(i) have exponential reliability functions,
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R® (t,u) =1for t <0,
R® (t,u) = exp[-A® (u)t] for t >0,
u=12,...,v,b=12,...,v,

(33)

(i) km_)ﬂ’ O<n<1forn—ow, k,=n, I, >0,

R/
A® )l mn’

ez, b=12,...v,

—logn

b® (u) =

(i) af” (u) =

u=12

then

RO, ) =[1, R (t),... 7t 2)],

t € (—o0, 0),

(34)

where

2
v t X
ﬂépb Je 2dx

for t e (—o0,0), U=12,...,2,

2 (t,u)=1— (35)

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

t-b{®) (u)

a(b)(u) _ﬁ
R™ (t,u) = Li p, | e 2dx
n:'n 7 bl -
=11
N2
Jm 2O @Wylnt+logn
v N X
- 2 Py | e 2dx (36)
b=1 —o0
for t € (—o0,0), u=12,...,2.
Proof. Since, for sufficiently large n, we have
J1-
al” (Wt +b{ (u) =— ! =4 _logn) >0
Z( )( )| \/_
for t € (o0, ), u=12,...,z, b=12,...,v,

then according to (33) for sufficiently large n, we
obtain

R® (@ (u)t +bg” (u).u),

=exp[-A® (W)@ (u)t +b ()]
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=exp[—|1(—vj7;_n’7

u=12,...,z,b=12,...,v.

t —log#n)] for t € (—o0,0),

Hence, considering (32), it appears that

v® (t,u)

Jkq +2R® @ (uyt +b® (u),u)]" -
Jn@=n)

~ lim 7l

n—o0

Jn+1(exppl, (1 'Olg”)]—n)
= lim b
no n\l-n
vn+1(exp[- ViZ7 t+|ogn] n)
=lim ‘/%
N n\l-n
Jn+1(p(exp =7 -1)
=lim ‘/%
no nd-n
ST B ot/ R L RO
= lim ( Jm Jin |
e n(l-n)
\/n+1(—Mt+77 o(”1 ?7,[))
=lim Jn \/77_
N nd-n

=—t for t € (—oo,0), b=12,...,v,

which means that according Lemma 2 the limit
reliability function of that system is given by (34)-(35).
U

The next auxiliary theorem is proved in [7].
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Lemma 3. If
(i) k, —> o0, kﬂ 51, (k, —m) — m = constant

n
for n - oo,

0 i
()% ™ (tu) = X p, SexplV u)][\’()f%“)]
is anon- degeneréte re]iability function, -
(i RM ¢ )=[L RN tD,.RM (t.2)],

te (—oo 00), where

Rkn I (t,u) = Z pb[Rkn In (t, u)](b) t € (—o0,00),

is the reliability function of a homogeneous regular
multi-state series- “m out of k,,” system, where

[Rigin ©1
Kn—-m . .
=5 (0 Ja-RO @I TRO @,
i=0
te(-0,0), u=1,2,...z,b=12,...,v,

is its reliability function at the operational state z,,
then

RO, )=[1, #™tD),..

t € (—o0, ),

7™M (t,2)],

is the multi-state limit reliability function of that
system if and only if [7]

limk,1_F® @® )t +b® (u),u)

_\7 (b
=V ¥ (t,u) forteCV(b)(u) (37)
u=12,...,z, b=12,...,v.

Proposition 3. If components of the multi-state
homogeneous, regular series- “m out of k,” system at
the operational state z,
(i) have exponential reliability functions,

R® (t,u) =1for t <0,

R® (t,u) = exp[-A® (u)t] for t >0, (38)
u=12,..,z,b=12...v,

(if) ky— oo, limk, —m=m = constant,

1

iia®u)=———— b® ) =0,

(2" 1) =g o @
u=12,..,z,b=12,...,v,

then
7M1 =1L 7 (L), T ¢ 2)], (39)
t € (—o0,),

where

- 1, t<0,

72" (t,u) = o zexp[—t]— t>0, 0

b=1 i=0

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

RM (t.u)
1, t <0,
t—by” (u)
ex
bzlp*’.zo PE ﬁ’)(u)]
b® (u
(L= W
a
n. 1 tZO’
i!
1, t <0,
\ m (0)
b% ; expftA™ (u)l k,
~ 0 (41)
(b) i
KOS D)
il
Proof. Since
t
a®Wt+b®PU)y=———— <0 for t <0,
b W) =gy
u=12,...,.z,b=12,...,v,
and
t
(b) (b) _
a’”’ (Wt+b”(U)=————>0 fort =0,
n ( ) n ( ) ﬂ(b)(u)lnkn
u=12,...,z, b=12,...,v,

therefore, according to (38), we obtain

F®@® uyt+b® (u),u)=0 for t <0,
u=12,...,.z,b=12,...,v,
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and

F®@P @t +b® (u),u)

=1-exp[- t

” ] fort>0, u=12,...,z,

b=12,...,v.

In

n

Hence, considering (37), it appears that
vV O (t,u)

= limk,I,F® @® (u)t + b (u),u) =0 for t <0,
n—o0
u=12,...,z, b=12,...,v,

and

V O t,u)=limk,I,F® @® u)t+b® (u),u)
n—oo

= limk, I, (L—exp[- ——1)
am kI

. t t
=limk, | (1-1 -

fim Kl (1144 =0 )

n'n n'n

=tfort>0, u=12,...,z, b=12,...,v,
which means that according Lemma 3 the Ilimit
reliability function of that system is given by (39)-(40).
-

The next auxiliary theorem is proved in [7].

Lemma 4. If
(i) limk, =k, k>0, 0<m<Kk, liml, =0,
n—o0 n—o0

(i) BEu) =3 p,#® (t,u) is a non-degenerate
b=1

reliability function,
(i) R\, (¢, ) =[L R (tD),...R
t € (—o0,0), where

(m)

kn.In

(t.2)],

(m)

RIE:],)In (t) = bZ_:l Po Ry ®1®

is the reliability function of a homogeneous regular
multi-state series- “m out of k,” system, where

(m)

kn.In

[RC (& u)]®
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~1-F(0 RO @i - [RY @)1
te(-0,0), u=1,2,....z, b=12,..,v,

is its reliability function at the operational state z,,
then

Rt ) =[, R, . R )]t (o0 0),

is the multi-state limit reliability function of that
system if and only if [7]

lim[R® (a” (u)t + b (u),u)]" =% (L) (42)

fOI’ teC (b) y u :1,2,...,2, b=l,2,...,V,
% @

where % (t,u), u=12,...,z, is a non-degenerate
reliability function and

R(t,u)

\
=1-3
b

m=
=1 i

z'mwéb’a,u)]‘[1—9féb’<t,u)]k-‘ (43)

i—o\ I

Py

for t € (-o0,0), U=12,..., 2

Proposition 4. If components of the multi-state
homogeneous, regular series- “m out of k,” system at
the operational state z,
(i) have exponential reliability functions,

R® (t,u) =1for t <0,

RO (t,u) =exp[-A® (u)t] for t >0, (44)
u=12,..,z,b=12,..,v,
(ii) kn—> k, k>0, I,— o, m=const,
1
iiia®u)=——— b® ) =0,
(2" ) = g5 5 b7 W)
u=12,...,z, b=12,...,v,
then
() =[1, #M(L),..., 2™ (¢, 2)], (45)
t € (-00,00),
where
725" (t,u)
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1, t <0,

1-3p, % m[exp[ 1y

N

(46)

[L—exp[-t]]*, t>0,

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

72" (t,u)
1 t<0,
_brgb)(u) i
N 1 zpb Ol(lJ[ p[ ar(]b)(u) ]]
_h
f-exp— (t;) Wi, 0
(u)
1 t <0,

1- Zpb l( ][exp[ -0 W, 11

IR

(47)
- exp[-tA® )1, 117, t>0.

Proof . Since

t

(b) (b) _
a”’(WWt+b”(uU)=————<0 for t <0,
b ) = g

u=12,...,z, b=12,...,v,

and

t
(b) (b) —
a,’(Wt+b,”(u)=———2=0 for t >0,
bW = g

u=12,...,z, b=12,...,v,
therefore, according to (44), we obtain

[R® @® (u)t +b® (u),u)]" =1 for t <0,
u=12,...,z, b=12,...,v,

and

[R® (a® (u)t +b® (u), u)] = exp[—li] for t>0,

u=12,...,z, b=12,...,v.
Hence, according (42)-(43), it appears that

2P (t,u) = im[R® (@® ()t +b{” (u),u]" =1
n—o0o
fort<0,u=12,...,z,b=12,...,v,

and
72 (t,u)

=lim[R® @® (u)t + b (u),u]'"
. t
= lim[exp [—I—]]
=exp[t] fort >0, u=12,..,z, b=12,...v.

which, by Lemma 4, completes the proof. [

6. Conclusion

The purpose of this paper is to give the method of
reliability analysis of selected multi-state systems in
variable operation conditions. As an example a multi-
state series-“m out of k” systems are analyzed. Their
exact and limit reliability functions, in constant and in
varying operation conditions, are determined. The
paper proposes an approach to the solution of
practically very important problem of linking the
systems’ reliability and their operation processes. To
involve the interactions between the systems’ operation
processes and their varying in time reliability
structures a semi-markov model of the systems’
operation processes and the multi-state system
reliability functions are applied. This approach gives
practically important in everyday usage tool for
reliability evaluation of the large systems with
changing their reliability structures and components
reliability characteristic during their operation
processes. The results can be applied to the reliability
evaluation of real technical systems.
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