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Abstract

A propeller shaft generally experiences three linear forces and three moments, the most important of which
are thrust, torque, and lateral forces (horizontal and vertical). Thus, we consider 4DOFs (degrees of freedom)
of propeller shaft vibrations. This paper is presented to obtain the vibration equations of the various coupled
vibrations of the propeller shaft at the stern of a ship (including coupled torsional-axial, torsional-lateral, axi-
al-lateral, torsional-axial, and lateral vibrations). We focused on the added hydrodynamic forces (added mass
and added damping forces) due to the location of the propeller behind the ship. In this regard, the 4DOFs of
the coupled vibration (torsional-longitudinal and lateral vibrations in the horizontal and vertical directions)
equations of shaft and propeller systems located behind a ship were extracted with and without added mass
and damping forces. Also, the effect of mass eccentricity was considered on vibrations occurring at the rear of

the ship.

Introduction a large frequency range that can result in increased
vibrations in the hull or in specific parts and machin-
Vibrations occurring in marine propulsion sys- ery of the ship. The vibrational response of a ship’s
tems significantly affect a ship’s hydrodynamic structure due to the excitation of machinery at higher
performance, structure, noise propagation, and can frequencies can be controlled by altering the struc-
cause a variety of problems. A ship propeller is ture in local supports, such as motor foundations (Lin
often a source of vibration, and noise is transmitted et al., 2009). Generally speaking, when a propeller
through the shaft to a power transmission system and operates behind a ship, it generates six-component
then farther into the ship. Propeller shafts experience oscillating loads that act on the shaft due to unsteady
different exiting loads that generate torsional, later- and non-uniform flow (Figure 1). Thus, it is import-
al, and longitudinal vibrations. Although the most ant to consider the hydrodynamic added mass and
important are torsional vibrations, all vibrations damping of the propeller during unsteady flow when

must be considered when designing a shaft system. analyzing propeller shaft vibrations.
An exact investigation of the vibrations of a shaft and The shaft of a marine propulsion system extends
propeller is dependent on the flow field and the inlet torsional and longitudinal vibrations along the rota-
wake to the propeller, pressure fluctuations, and var- tion axis and lateral vibrations along the transverse
ious shaft parameters (Batrak, 2010). These vibra- direction of the rotation axis. Combined, these vibra-
tions can occur throughout a ship’s hull, or locally tions are often referred to as general vibration modes.
in specific parts and machinery. Therefore, there is In the last few decades, it has been discovered that
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(A)
Figure 1. (A) Hydrodynamic loads acting on the propeller shaft, (B) propeller behind the ship

marine propellers (and the diesel engine’s crank-
shaft) exhibit coupled torsional-longitudinal vibra-
tions in the shaft system. Lateral vibrations are
entirely separate from other modes.

Marine propellers operating in non-uniform cur-
rents create a vibrational response in the propeller
blades which produces hydrodynamic pressure dis-
tributions and unsteady propeller shaft loads that
exit the hull and cause unwanted underwater noise
(Kinns et al., 2007). Due to the importance of this
subject in the past, various research activities have
been carried out to identify ways to reduce vibra-
tions. The simplest methods are to increase efficien-
cy, reduce the blade area, increase the load near the
tip of the blade, and consider a large diameter at
a low speed. However, reducing vibrations and noise
is the first technique that a designer uses to increase
the efficiency of a propeller with these methods
(Bodger, Helma & Sasaki, 2016). Non-uniform
inflow produces unsteady hydrodynamic forces on
the blades, which causes blade vibrations. In order
to predict unsteady forces in propellers that operate
in non-uniform inflow, researchers have used com-
putational fluid dynamics (He, Hong & Wang, 2012;
Abbas et al., 2015; Broglia et al., 2015; Dubbioso et
al., 2016).

Marine propellers operating in non-uniform
incoming flows can produce very different unsteady
force responses for excitation frequencies similar to
the main blade frequency. Moreover, except for an
increase in the unsteady forces of the propeller near
resonance, blade vibration can reduce the propeller
forces over a wide range of frequencies in some sit-
uations and for special propellers. This mode occurs
for large hydrodynamic damping propellers and
loading frequencies higher than the main propeller
frequency.

By comparing the results of numerical simula-
tions and empirical experiments, the finite element
method can show the basis of the dynamics of the
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shaft and also provide good technical support for
predicting coupled vibrations (Huang et al., 2015).
Many parameters are involved in propeller vibra-
tions, and genetic algorithms are useful for evalu-
ating propeller vibrations and make it possible to
achieve proper efficiency and low vibration levels
(Chen & Shih, 2007).

In recent years, vibrations of the shaft and pro-
peller have become very important. Three distinct
types of vibrational motion occur in marine propul-
sion systems, each with specific sources, features,
and consequences. These three types of vibrations
are: torsional, longitudinal, and lateral vibrations
(Magazinovi¢, 2009). Torsional vibrations are
induced by motor torque, different propeller outputs,
and the torsional elasticity of transmission systems
(Murawski & Charchalis, 2014; Han, Lee & Park,
2015). In some cases, the torsional vibrational res-
onance of a shaft line may appear due to unusual
reasons (Sestan et al., 2016). In nonlinear torsional
vibrations, the shear stress in the shaft should not be
ignored (Sapountzakis & Tsipiras, 2010). Parameters
such as the stiffness of the joints and shaft and the
damping of the connections and shaft can increase
the torsional vibrations of a propeller shaft (Han,
Lee & Park, 2016). In damped multi-branched gear
systems, the effects of a structural damper on the
torsional vibration amplitude are greater than that
of a viscous damper (Firouzi et al., 2017). Longi-
tudinal vibrations increase due to unstable propeller
thrust and the relative movement between the fixed
and rotary parts, which damages the thrust bearing
(Zhang et al., 2014).

If flexural stiffness is ignored, errors may be
generated when calculating the natural frequencies
of the shaft. The prevailing vibrational mode of the
propeller, which occurs during non-uniform inflow,
is the fundamental flexural mode. Since shipbuilders
have tended to make ships larger and larger, dynamic
interactions between the hull and propulsion systems
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in large-scale ships are much stronger than those in
smaller ships. The deformation of a ship’s hull due
to excitation wave forces can affect the vibrational
characteristics of propulsion systems through the
bearings installed on the ship and put the reliability
and safety of the propulsion system at risk (Tian et
al., 2016). Stiffness and damping of the oil film of
a stern tube bearing is an effective method to predict
the lateral vibrational amplitude distribution along
the axle.

A study of the torsional and frictional vibrations
showed that the propeller is the source of vibra-
tional excitation and can result in low-frequency
noise underwater, as well as frictional noise of the
shaft and its bearings (Liang & Zhao, 2014). Active
control systems effectively reduce propeller shaft
vibrations, and such control systems have included
a pneumatic servo control that is compressed by air.
Experimental results describing a controller proto-
type for a shaft excited by a three-blade propeller
with a diameter of 0.15 m indicated that longitudi-
nal vibrations were reduced to about 11 dB in the
frequency range of 0 Hz to 10 Hz (Baz, Gilheany
& Steimel, 1990). The frequency characteristics of
thrust forces produced by a blade are significantly
different from the total thrust force produced by all
blades due to the phase cancellation of forces on var-
ious blades (Wei & Wang, 2013).

Power transmission systems with spring and
damper elements can be modeled as systems with
four degrees of freedom by considering all forc-
es acting to the propeller and engine. Springs can
also be placed between the main engine, the gear-
box, the bearings, the propeller, and the foundation
(Rao, 2005). Because of their transient nature at
low speeds, resonance vibrations are not very sig-
nificant. However, to prevent this phenomenon at
higher speeds, the transfer of the critical speed to
speeds greater than the maximum velocity, and in
some vessels increased propeller weight, reducing
the diameter of the shaft and adding a flexible shaft
are suitable solutions (Yari & Ghassemi, 2016).

Proper evaluation of the dynamic behavior of
the shaft and propeller ship is necessary to provide
optional output power to the propeller and to mini-
mize vibrations. The reliability of a propeller shaft
is related to ship safety and navigation. Excessive
vibrations in the torsional, longitudinal, and trans-
verse modes and the coupling of these vibrations
are undesirable and can cause damage during the
operation of the shaft (Murawski, 2004). The effect
of coupled torsional-longitudinal vibrations is the
most significant, and designers must ensure that

Zeszyty Naukowe Akademii Morskiej w Szczecinie 61 (133)

the longitudinal and torsional frequencies are far
apart, in order to predict the time domain when they
approach each other.

Coupled longitudinal and torsional vibrations of
the shaft were first discussed in 1960 using a hydro-
dynamic propeller with added damping and inertia,
and the longitudinal and torsional vibrations were
considered as coupled movements. The variation
between the natural frequency obtained for the
uncoupled vibration modes and the corresponding
natural frequency of the coupled mode was negli-
gible. However, the mode shapes were significantly
different, and the propeller coupling can significant-
ly affect the amplitude of vibrational forces during
coupled longitudinal-torsional vibrations (Parsons,
1983). To simulate a shaft and propeller, a beam with
a lumped mass model has shown good accuracy for
predicting coupled vibrations (Huang et al., 2017).
Thus, the main goal of this paper was to obtain
the vibration equations of coupled vibrations with
4DOFs (longitudinal, lateral (horizontal and verti-
cal), and torsional).

Propeller behind a ship

The location behind the ship where the flow into
an operating propeller is non-uniform and unsteady
is called the “wake field”. Thus, the velocity of water
in a propeller will be lower than the speed of the
ship, or, on the other hand, the advance velocity (V)
will be lower than the speed of the ship (Vs), and its
relation is V, = Vs(1— w), where w is the wake fac-
tor. The axial advance velocity V; is important from
a hydrodynamic point of view, while other the veloc-
ities (¥, and V;) generate vibrations and noise. The
advance coefficient J is defined by J = V,/nD, where
D and n are the diameter and rotating speed of the
propeller, respectively.

Thrust forces and propeller torque at the stern of
the ship are not constant and oscillating, even when
the ship operates at a constant speed in still water.
Since the inflow of the propeller changes with the
radius, the thrust and torque oscillate, which caus-
es an unsteady loading on the propeller blades. The
main frequency of these variable forces is the same
frequency of the shatft.

Typically, the components of the axial and tan-
gential velocities (¥, and V;) into the propeller in
a single-propeller vessel vary with the relationship
r/R = 0.7, as shown in Figure 2, where 0 is the angu-
lar rotation, and V is the speed of the ship. Due to the
symmetry of the ship’s hull, the axial velocity should
be an even function of 6, and tangential velocity
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Figure 2. Axial and tangential velocities in a propeller disk (Ghose & Gokarn, 2004)

must be an odd function of 8, that is: V,(0) = V.(—6)
and V;(0) = V;(-0).

In general, the axial and tangential velocities of

a propeller disk can be expressed in terms of a Fou-
rier series:
V. (r,0)=> {a, (r)cos(m8)+ b, (r)sin(me)}

e)
{a. (r)cos(m®)+b], (r)sin(m6)}

M 11

v,(r,0)=

3
Il
(=}

where m is the number of harmonics that can be
obtained, up to 20, to find an exact solution.

The thrust and torque at different 6 values of
a blade are as follows (Ghassemi, 2018; Mahmoodi,
Ghassemi & Nowruzi, 2018):

T :J~1-0 dT(x,H)dx
' Xp dx (2)
_ (0do(x0)
Qi B J‘Xb dx x

where dT(x, #) and dQ(x, 6) are respectively the
thrust and torque of a dx element in x = 7/R for the
specified velocities ¥, (r, 8) and V; (r, 0); x» is the
dimensionless radius in the root (x, = 74/R).

The thrust and torque at & for all of the Z blades

are as follows:
: [0+ 2n(i—1)}
Z
(i-

o

The average thrust and torque are determined
by integrating the local thrust and torque along the
blade range; therefore, the mean thrust and torque of
a propeller are equal to:

2

V4

T,
i=1

4
2.0

i=1

7(0)=
3)
0(0)=

1 2=

T=o- L 7(0)d6 “
1 2=

0= L (6)do
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For all Z blades, the tangential force and its axial
and vertical components are as follows:

F<e>=§@{e+@}
3+ 280 ol . 21
|

S [6’ + M} sin {9 +
(5)

D.F
The thrust and torque for all blades are as follows:
A, cos {m@ + @} +

+B,, sin {m@ + —2n(l; ) m}

A, CcOS [mH + @} +

|

An example is shown in Figure 3 for thrust (7),
torque (Q), and the vertical and horizontal forc-
es (Fy, Fn) acting on a propeller with 4 blades. As
shown in this Figure, the thrust and torque are much
higher than Fy and F.

2m(i - 1)

FH(H):
FV(H): 7

N

r0)-33

=1 m=0

(6)

0(6)= ZZ

i=l m=0

21t(i —1) m
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Figure 3. Oscillating propeller loading acting on the shaft
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As expected, all four quantities, 7(6), O(8), Fi(6),
and F(60) can be represented by A + Bcos(mf + ¢),
where ¢ is the phase angle.

Added mass and added damping coefficient

Knowing the vibrational behaviors of a propeller
is very important to successfully design a propulsion
system. The presence of unsteady flow around a pro-
peller that is part of the system changes the dynam-
ic characteristics of the propeller, and therefore the
interaction of the fluid and the structure should be
considered in the vibration analysis of the propeller.
In general, a fluid’s response to additional hydrody-
namic forces on a propeller is included in the added
mass and damping forces. Generally, these coef-
ficients (M; and Cj) are defined in matrix form as
follows:

m, 0 0 my, O O

M. = (7

C, = ®)

These coefficients (m;;, ¢;) depend on the propel-
ler parameters like the pitch ratio (P/D), expanded
area ratio (4o/Ag), blade number (Z), water density,

and operating conditions (7, V4), as shown in the fol-
lowing equation:

my; 4, P
(CJJ:f(_AO ,—D,Z,n,VA,pJ &)
y s

y

Practical formulas are used to calculate these two
coefficients (Carlton, 2012; Li et al., 2018).

Vibration equations

When a marine propulsion system experiences
vibration, there are three different types of vibra-
tional, each of which has specific features and
consequences. These three types of vibrations are
torsional, longitudinal, and lateral coupled vibra-
tions. To derive the vibrational equations of a shaft
and propeller, the shaft is considered as an equiva-
lent cantilever beam with lumped mass at the free
end.

As shown in Figure 4, the shaft is an elastic body
with length L and diameter d. Other parameters such
as p, J, L, A, and E are the density, moment of iner-
tia, length, cross-sectional area, and Young’s mod-
ulus, respectively. The other parameters m, e, and [/
are defined as the mass, cross-sectional eccentricity,
and area moment of inertia in the axial direction,
respectively.

Based on the theory of mechanics, the geometric
relationship of the center-mass coordinates during
transverse and longitudinal deformations, x. and y.,
and ¢, are the curvature angles as follows:

Y. =y+ecosp
z,=z+esing (10)

p=wt+0, y,=ecosp,z,=esing

where o is the rotational speed, and 6 is the rotation
angle at the center s.

Figure 4. Shaft and propeller with an eccentricity in its cross-section
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The first and second derivatives of the lateral
deformation in Equation (10) are written as:

y.=y—eg@sing
Z,=Z+eQCcosy (11)
p=w+0
y.=y—e@sinp—ep’ cosp
i, =%+e@pcosp—eq’sing (12)
G=0

Torsional vibration

Torsional vibrations are created in the shaft and
propeller system mainly due to the periodic injection
of fuel in the diesel engine, the non-uniform rotation
of the propeller, the impact of the gearbox due to
gear failure, the incorrect installation of the ship’s
propulsion system, and the non-alignment of various
parts of the shaft. The torsional vibrations of a shaft
and propeller appear at different speeds of the shaft.
Compared with other types of detectable vibrations,
such as longitudinal or lateral vibrations, torsional
vibrations are undetectable. However, this kind of
shaft and propeller vibration may cause serious dam-
age and may cause shaft failure. Torsional vibrations
are characteristic of all rotary devices and equipment
and are significant for internal combustion engines,
shafts, and propellers. Therefore, the torsional vibra-
tion equation in the shaft and propeller system can
be written as follows:

(J+me)d+cf+kp=M,  (13)

The moment of inertia along the shaft is
J = m(D/2)*/2, where D represents the shaft diam-
eter, ky and ¢y are the shaft’s stiffness and damping
coefficient, and My is the moment of excitation.

Longitudinal vibration

The longitudinal vibrations of the shaft and pro-
peller are detected by the axle in the axial direction
of the shaft within its normal range. This motion
may be compared with the movement of an accor-
dion over time. Longitudinal vibrations in the shaft
are mainly driven by changes in the propeller’s
thrust force, as well as by the forces generated by an
engine’s crankcase; therefore, the excitation forces
resulting from the gas pressure in engine cylinders
and the periodic inertia of the mass are converted
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into reciprocating forces moving along the axial
direction. In some cases, due to the coupled longi-
tudinal-torsional vibrations, excessive longitudinal
vibrations may be excited by an increase in torsional
fluctuations.

To minimize the undesirable effects of longi-
tudinal vibrations of a shaft, most manufacturers
of low-power diesel engines install a longitudinal
vibration damper inside the engine. Thus, the lon-
gitudinal vibrations of diesel engines rapidly damp-
en vibrations; therefore, the longitudinal vibration
equation in the shaft and propeller system can be
written as follows:

mi+cx+kx=F, (14)

where m, ¢, kv, and F, are the mass, damping coeffi-
cient, longitudinal stiffness coefficient, and exciting
force, respectively.

Lateral vibration

The lateral vibrations of the shaft and propeller
are generated due to the lateral oscillations of parts
of the shaft and propeller in a plane that passes
through the center of the shaft line. The lateral vibra-
tions are mainly excited by the propeller weight,
variable induced forces of the propeller, the weight
of the various parts of the shaft, and unbalances.
The lateral vibration amplitude generally increas-
es by increasing the distance between the shaft line
bearings; however, a small distance between bear-
ings can cause large lateral vibrations. Therefore, the
lateral vibration equations of the shaft and propeller
can be written as follows:

{m)j+c},?/+kyy F, 15)
mz+c,z+kz=-mg+F,

where k, and k. are the transverse stiffness in the
Y- and Z-directions, and ¢, and c; are the transverse
damping coefficients. The parameters m and g are
the mass and gravity of the earth.

Coupled longitudinal-torsional vibrations

When a propeller rotates behind a ship, two oscil-
lating loads (thrust and torque) are created which are
proportional to the speed and acceleration of the
propeller, which couples longitudinal and torsional
motions. Thus, the shaft is considered to have two
degrees of freedom (2DOF), and its longitudinal
contraction is excited by normal torsional motion.
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This contraction mainly occurs due to a slight shaft
deflection and deviation from the shaft’s main axis.
The shaft is shortened upon maximum contraction
and shifts to its original position when the contrac-
tion is zero, so the change in the amount of con-
traction during each rotation causes the vibration
to occur along the axial direction. The vibrational
equations of this type of vibration were derived by
Huang et al. (Huang et al., 2017).

{(J+mez)é+c99+k90—k9xx =T, sin a),t(16)

mx+c.x+kx—k.,0=F sinwt

where ¢y, cx, ko, kv, kw, and kg are the torsional
damping coefficient, the axial damping coefficient,
the torsional stiffness, the axial stiffness, the coupled
longitudinal-torsional stiffness, and the coupled tor-
sional-longitudinal stiffness, respectively.

Coupled lateral-torsional vibration

Coupled transverse and torsional vibrations
can occur due to a misaligned shaft, which can be
caused by propeller rotation, the mass of the shaft
components, the force applied to the bearings, and
the encounter force of gears. In addition, the cen-
trifugal force is appeared due to the eccentricity of
propeller (Oguamanam, 2003; Shi, Xue & Song,
2010).

In the coupled torsional and lateral vibrations,
the effect of the excitation forces, as well as stiff-
ness and damping, is considered along the y- and
z-axes. There are two equations for the lateral
vibrations, i.e. horizontal and vertical. The coupled
lateral and torsional vibration equations are defined
as follows:

my+c y+k,y=
=meésin(p+me(a)+ H)Z cosp+F,
mz+c,z+k,z=
=—mg—meé?'cosq)+me(a)+6'?)2 singp+ F,
(J+mez)é+c59+k90=
=—mg'}sinqo+me(g+'z')cos¢)+Ma

a7

The equations of motion of the shaft and propel-
ler can be written as the matrixes (18).

Thus, it can be concluded that the eccentrici-
ty cross-section is an important parameter during
coupled lateral-torsional vibrations. When e = 0,
the widths Y and Z are independent of the torsional
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m 0

0 m

—mesin(wr)|( 7
mecos(ot) | % b+

—mesin(wt) mecos(wt) J+mé 6

e, 0 05 [k, 0 0
+0 ¢, ORzy+| 0 k£ O =
0 0 ¢ |6 |0 0 &k,

y
z
0
me(a) + 9)2 cos(a)t +F,
= —mg+me(a)+¢9.)Z sin(ct )+ F. (18)
+ megcos(a)t)+ M,

vibration. By increasing the eccentricity, interactions
between transverse vibrations and torsional vibra-
tions increase.

Coupled torsional-longitudinal and lateral vibrations

Without added hydrodynamic forces

In general, shaft and propeller at the stern of
a ship can be affected by forces in three directions,
as well as torques in three directions. Although the
force component in the x-direction and the torque
around the x-axis are greater than the other force and
torque components, in the case of unbalanced mass,
centrifugal forces can also exhibit lateral forces in
the Y- and Z-directions. Therefore, the thrust force
(in the x-direction), the torque around the X-axis, and
the lateral forces in the Y- and Z-directions may be
important as coupled torsional-longitudinal and lat-
eral vibrations (bending moments) of the shaft and
propeller.

The differential equation of vibration in the lon-
gitudinal and lateral directions and the differential
equation of equilibrium in the torsion direction are
expressed as follows:

mi+cx+kx—-90k6=F,
my+c,y+k,y=
=meésin¢+me(a)+9.)Z cosp+F,
mz+c,z+k,z=
=—mg—meécosgb+me(a)+t9')Z sing + F,
(J+mez)é+ceé+k99—5k9x=
=—méysing+mdg +7)cosp+ M,

(19)

The vibrational equations of the shaft and propel-
ler without added hydrodynamic force can be writ-
ten as the following matrix:
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m 0 0 0 X
0 m 0 —mesin(at) || y
0 0 m mecos(ot) ||z ’
0 —mesin(or) mecos(a)t) J+mé 0
¢cc 0 0 O x
0 ¢, 0 O %
" 0 0 ¢, O i z i
0 0 0 ¢| |6
k. 0 0 -5k |[x
0 k, 0 0
o o k.0 i -
|—0ky O 0 &k, |0
me(a) + 0)2 cos(a)t)+ F,
= —mg+me(co-|—9')Z sin(wt)+ F, (20)
+ megcos(a)t)+M9

With added hydrodynamic forces

Added mass and added damping coefficients are im-
portant and effective dynamic coefficients for describ-
ing the acceleration of a body due to the non-uniform
motion of a fluid around a body. These play import-
ant roles, especially in determining the control and
analysis parameters of the vibration of a ship and its
parts, such as the propeller. The natural frequencies of
a structure in water are less than the natural frequen-
cies in air due to the effect of the added mass of water.

The lateral forces in two directions, Y and Z, the
thrust force in the X direction, and the torque around
the X-axis are applied to the shaft and propeller sys-
tem. So, the system has 4DOFs, and the matrix of
added mass and added damping coefficients are con-
sidered as 4x4 matrices.

(m+m,)x+m,0+(c, +c,)x+c,0+
+kx-90kO=F,

(m+m22)j}—m322+(cy +c22)j/—0322'+kyy =
= (m+m22)eésin¢)+
-|—(m-|—11122)<3(co+6")2 cosp+F,

(m+my,) 2+ myy+(c. +¢pp) 2+ cypy+k.z=
= —(m+my,)g —(m+my,)ebcosp+
+(m+m22)e(6c)+6")Z sinp+ F,

[J+(m+m44)e2]é+m4ljé+(c9 +c44)9+
+ e X+ ky0— 6 kyx = —(m+m,,)esin g +

1)

+(m+m22)e(g+2)cos¢)+M9
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The vibrational equations of the shaft and propel-
ler with added hydrodynamic forces can be written
as the following matrix:

m, 0 0
0 m, 0
0 0 m,

0 —m,esin(wt) myecos(wr)

my,
— myesin(wr)

m,ecos(wt)

D: N e =

J +me’
¢ 0 0 ¢

+ +

cg 0

csy 0 0 ¢

k., 0 -5k, |[x

k, 0 i

0 0 z

0 ky, |10

+

X

0 ¢ —¢; 0 y
0 ¢, z
Y

0
J’_
0

o o o

~5k,

m,e (a) + 9)2 cos(a)t)+ F,
=<—m,g+me (a)+ 0)2 sin(a)t)+ F

z

+m,eg cos(a)t) +M,

(22)
where:

m =m+my, m, =m-+m,,

my =m-+my, C=c, +¢yy

(23)

¢y =¢,+Cy 3 =c, +Cy

Cyp=Cy+Cyy

where m;; and ¢; are defined by Eqs (7) and (8). These
coefficients are important from a vibrational point of
view when a propeller operates behind the ship hull.
There are some practical formulas to calculate them,
as given in Eq. (9), but it is difficult to determine
these coefficients by numerical methods, which will
be investigated in our future work.

Conclusions

In this paper, the vibration equations of the
4DOFs of the coupled torsional-longitudinal and lat-
eral vibrations of a propeller shaft were presented.
Since the propeller operates behind a ship, the flow in
non-uniform and unsteady. Due to these conditions,
it is important to consider the added mass, added
moment of inertia, and added damping of the propel-
ler. These terms can have effects on the vibrational
response of a propulsion system. In future work, we
will prepare a numerical program to solve these equa-
tions for various case studies in ship shafting systems.
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