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A mathematical method for modeling the shape of apples
Part 2. Calculation and validation of results
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Summary. The aim of the study was to propose a
mathematical method for modeling the shape of apples
cv. Ligol and their anatomical parts, the locule and the
pericarp, with the use of Bézier curves. The method
developed in part 1 of the study was used to generate 3D
models describing the shape of an apple, the locule and
the pericarp. The main projection planes of the apple,
and pericarp were compared with their
corresponding models to reveal that the proposed method
supports modeling of geometric solids with sufficient
accuracy for practical applications.
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INTRODUCTION

This article is a continuation of the research
undertaken by Mieszkalski and Wojdalski [1].Ki et al. [2]
relied on the finite element method (FEM) to examine the
mechanical properties of apples in a 3D model. The 3D
model of an apple was generated in several steps. The
coordinates of points on the surface of the apple were
measured, and the results were used to generate a mesh on
the apple’s surface. In the following step, data were
smoothed. A 3D model of an apple comprising 30,000
finite elements was subjected to a strength analysis.
According to Anand and Scanlon [3], strength analyses of
fruit are difficult to perform due to the anisotropic
structure and complex shape of the examined objects.
Barton et al. [4] described the shape of a biological object
by measuring the coordinates of pixels along the object’s
circumference, where the least squares methods was used
to reduce the number of pixels. According to Barton [5],
photographs in three projections (main projection, from
the left, from the top) and approximation procedures
facilitate modeling. Rogge et al. [6] developed a
geometric model of an apple based on computed

tomography (CT) scans. The shape of the fruit was
described by elliptical Fourier analysis, and new apple
shapes were randomly generated in a statistical analysis.
3D models of apples were used in strength analyses with
the involvement of the finite element method.
Mieszkalski [7] used Bézier curves to describe the
external surface of an apple. Mendoza et al. [8] proposed
a method for 3D representation of the microstructure of
apples based on CT scans. The spatial distribution of
pores in apple tissue is an important consideration when
describing complex transportation processes in apples.
Jancsok et al. [9] conducted strength analyses of apples
and pears based on 3D models developed from
photographic images of object segments, image analyses
with edge detection, curve rotation by a preset angle, and
the finite element method. Rome [10] calculated the
pressure at which mechanical damage is inflicted on
apples at various packing densities. 3D models describing
the shape of apples are subjected to static and dynamic
tests with the involvement of the finite element method.
The finite element method was also applied to calculate
heat flow in strawberries with the use of 3D scanning in
the SolidWorks program (CAD software) [11].
Bubenickova et al. [12] described the shape of potato
tubers based on photographs, and they described potato
contours with the use of pole coordinates and Fourier
methods. According to Costa et al. [13] and Prabha and
Kumar [14], fruits are graded and sorted based mainly on
their shape. Machine vision and image analysis
techniques are deployed to control the quality, color and
shape of the processed objects. Fruits have irregular shape
which can be described with the use of boundary
descriptors. Ohali [15] proposed a fruit sorting system
based on machine vision. Kavdir and Guyer [16] analyzed
image recognition methods in apple sorting systems.
Defects in graded and sorted apples are detected with the
use of vision systems [17]. Ibrahim et al. [18] described
the shape of mango fruits with the use of elliptical Fourier
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analysis to eliminate incorrectly shaped fruits during
sorting.

The aim of this study was to develop a 3D model
describing the shape of an apple, its pericarp and locule
with the use of the method proposed in part 1 of the study

[1].

MATERIALS AND RESULTS

The study was performed on apples cv. Ligol
characterized by spherical and conical shape. Photographs
of an unbruised apple, selected from a batch of 50 fruits,
are presented in Figure 1 in part 1 of the study.

In the mathematical model proposed in part 1 [1], the
coordinates of points on the surface of the apple are
written in a matrix. The model relies on Bézier curves to
describe the shape of the apple, its locule and pericarp.
Apples have concave and convex surfaces, therefore,
three smooth-joined Bézier curves were used to model the
contour of the analyzed fruit. The initial point (node) of a
Bézier curve is positioned inside the lower part of the
pedicel cavity. The first Bézier curves (a total of 10
curves) plotted from that point describe the shape of an
apple’s pedicel cavity. The second nodes of the first
Bézier curves are connected to the nodes of the second
Bézier curves describing the middle part of the apple
which is a convex surface. The points at which the curves
intersect are smoothed. The second nodes of the second
Bézier curves are connected to the first nodes of the third
Bézier curves describing the shape of the calyx basin. The
second nodes of the third Bézier curves meet in the apex
of the calyx basin. The nodes at the bottom of the pedicel
cavity and the apex of the calyx basin are determined by
the values of parameters h; and h, presented by
Mieszkalski and Wojdalski [1] (Fig. 2 and Table 1).
When determining the shape of the three joined Bézier

curves, the second nodes of the first Bézier curves, the
first nodes of the second Bézier curves, and the first nodes
of the third Bézier curves have to be positioned on the
meridians of the modeled surface. The external surface of
the locule and the external surface of the pericarp were
described with two smooth-joined Bézier curves each.
The nodes and control points of those Bézier curves are
presented in Figure 5 in part 1 of the study.

The accuracy of a 3D model of an apple cv. Ligol, the
locule and the pericarp was determined by calculating the
difference in the distance (mm) between the edge of the
apple, the locule and the pericarp, and the edges of their
corresponding models in the main projection planes in the
Inkscape program.

RESULTS

A single contour of the modeled apple (three joined
Bézier curves) was mapped with four nodes and six
control points. The coordinates of 40 nodes and 60
control points have to be changed to modify the shape of
10 contours positioned at 36° intervals along the apple’s
surface (Fig. 4, Tables 1 and 2 in part 1 of the study [1]).

Table 1. Coordinates of nodes in pedicel cavities and
calyx basins of the modeled apple

Nodes in the pedicel cavity Node coordinates
and the calyx basin [mm]
Ax 0
Ay 0
Az 69.7
Cx 0
Cy 0
Cz 15.4

Table 2. Coordinates of nodes and control points of Bézier curves for ten contours of the modeled apple cv. Ligol

Control points Number of curve (n

and nodes 1 2 3 4 5 6 7 8 9 10
Anx -7.2 -1.4 -8.4 -8.1 -8.2 -1.1 1.9 1.9 1.6 1.9
Any -71.2 -7.4 -8.4 -8.1 -8.2 -1.1 1.9 1.9 1.6 1.9
Any 83.6 83.2 84.6 84.7 84.9 83.2 82.9 82.9 83.2 82.8
AANX -26 -26.7 -28 -27.9 -25.5 18.7 18.7 18.7 18.6 18
AAny -26 -26.7 -28 -27.9 -25.5 18.7 18.7 18.7 18.6 18
AAnz 78.2 78.3 78.2 78.1 78.5 83 81.2 81.1 80.9 81.1
ABNX -31.2 -31.7 -32.8 -33.3 -31.2 29.4 28 27.6 27 27
ABny -31.2 -31.7 -32.8 -33.3 -31.2 29.4 28 27.6 27 27
ABnz 73.5 73.5 73.5 73.5 73.5 73.5 73.5 73.5 73.5 73.5
BCnx -35.3 -38 -38.5 -34.5 -30.7 29.6 27.3 27.1 25.4 25.5
BCny -35.3 -38 -38.5 -34.5 -30.7 29.6 27.3 27.1 25.4 25.5
BCnz 11.5 11.5 11.5 11.5 11.5 11.5 11.5 11.5 11.5 11.5
Bnx -51.2 -55.6 -56.4 -56.5 -54.4 41.2 38.6 38.9 37.6 42.8
Bny -51.2 -55.6 -56.4 -56.5 -54.4 41.2 38.6 38.9 37.6 42.8
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Bnz 55.2 51.6 51.9 51.8 51.8 62.3 63.5 63.1 61.7 56.8
BBnx -49.5 -47.8 -46.2 -43.4 -39.8 46.2 41.8 43.2 41.2 41
BBny -49.5 -47.8 -46.2 -43.4 -39.8 46.2 41.8 43.2 41.2 41
BBnz 22.4 23.9 243 24.4 24.4 37.6 34.5 35.2 35.7 35
CCnx -31.2 -33.9 -32.2 -31.7 -28 19.5 17.6 18.1 16.3 16
CCny -31.2 -33.9 -32.2 -31.7 -28 19.5 17.6 18.1 16.3 16
CCnz 4.1 4.6 4.8 6.2 6.4 -2.2 -3.1 -1.4 -2 -1.7
Cnx -13.1 -13.7 -12.3 -12.5 -12.2 -0.5 -0.9 -0.4 -0.5 -0.9
Cny -13.1 -13.7 -12.3 -12.5 -12.2 -0.5 -0.9 -0.4 -0.5 -0.9
Cnz -10.1 -5.9 -2.4 -2.5 -2.7 -3.4 -3.1 -3.3 -5.3 -5.5

A 3D model of an apple (Fig. 1) was developed based  Table 3. Coordinates of nodes and control points of the
on the proposed mathematical model and the data locule and the pericarp of the modeled apple

presented in Tables 1 and 2. Control points and nodes Locule Pericarp

AlX 0 0.3

Alz 65.5 62.4

B1x 1 2.8

Blz 61.3 56.3

Bx 8.1 7.1

Bz 53.7 50.9

B2x 16.3 11.6

o f B2z 42.1 41.5
Clx 2.5 1

Clz 24.2 30.3

(20

3D models of the modeled apple’s locule and the
pericarp (Fig. 2) were developed based on the proposed
mathematical model and the data presented in Tables 1
and 3.

40

604

Fig. 1. A 3D model of an apple cv. Ligol §

11

The shape of the locule and the pericarp is modeled by 404

rotating the contour composed of two smooth-joined
Bézier curves. The position of locule apex points on the

204

side of the pedicel cavity is determined by the first node

of the first Bézier curves. The position of locule apex : s
points on the side of the calyx basin is determined by the %
third node of the second Bézier curves. The first and
second Bézier curves are connected at points where the
first Bézier curves end and the second Bézier curves
begin.

The position of locule and pericarp apexes is
determined by the values of parameters h; and h,
presented in part 1 of the study [1] (Fig. 2, Table 1).
Three nodes and four control points are used to change
the shape of the locule and the pericarp (Tables 1 and 3).

Fig. 2. A 3D model of an apple’s locule and pericarp and
a 3D model of an apple cv. Ligol with the locule and the

pericarp



108
VALIDATION

The three main projection planes of an apple cv. Ligol,
its locule, pericarp and their corresponding 3D models are
overlaid in Figure 3. The differences in the distance (mm)
between the edges of the apple, locule, pericarp, and the
edges of their corresponding models in the main
projection planes are presented in Table 4.

Fig. 3. A comparison of an apple cv. Ligol, its locule and
pericarp with their corresponding 3D models.

Table 4. Differences in the distance (mm) between the
edges of an apple, locule and pericarp, and the edges of
their respective models in the main projection planes

Measurement in the main Difference in
projection plane distance
(mm) (mm)
Apple

1.5 4.1
10.8 0.8
18.5 1.1
22.8 0.9
39.9 1.1
66.5 1.5
74.4 1.7
72.2 1.3
77.2 34
78.1 0.2

Locule

25.6 0.5
29.7 0.7
53.6 1.4
56.9 2.2

Pericarp

33.5 0.4
36.3 0.8
39.7 1.2
424 0.1

The differences in the distance (mm) between the
edges of the apple and the edges of the model in the main
projection plane range from 0.1 to 1.7 mm and, locally
along a short section, from 3.4 to 4.1 mm. These minor
differences indicate that the developed 3D model provides
a good fit to the external surface of the apple. The
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differences in the distance (mm) between the edges of the
apple’s locule and the edges of the model in the main
projection plane range from 0.5 to 2.2 mm and between
the edges of the pericarp and the edges of the model —
from 0.1 to 1.2 mm. These minor differences also suggest
that the 3D model provides a good fit to the apple’s locule
and pericarp.

CONCLUSIONS

The proposed mathematical method for modeling the
shape of an apple, its locule and pericarp renders the
external surface of apples and their anatomical parts with
sufficient accuracy for practical applications. The
differences in the distance (mm) between the edges of the
apple, its locule and pericarp, and the edges of their
corresponding models in the main projection planes were
small in the range of 0.1 to 4.1 mm. The results of this
study can be used to design innovative solutions for
packaging apples or detecting bruised fruits [see for
instance 19-22].
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