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ABSTRACT

We investigate multi-server queueing systems with Poisson arrivals, non-identical servers and
customers of random volume, under assumption that customer’s service time having an expo-
nential distribution doesn’t depend on his volume, but service time parameters can be different
for different servers. We also assume that the total volume of customers present in the system
at arbitrary time instant is bounded by some constant value V' > 0.

For such systems the stationary customers number distribution and loss probability are de-
termined.

1. ANALYSIS OF M/M/n/(m,V) QUEUEING SYSTEM

Consider the system M /M /n/(m, V) with identical servers [6].

Denote by n(t) the number of customers present in the system at time in-
stant t. Let o1(t),02(t), ..., 0y () be the volumes of customers numbered
by 1,2,...,n(t) according to their coming to the system; a be the parameter
of Poisson arrival flow and p be the parameter of service time distribution.
Let L(z) = P{¢ < z} be the distribution function of customers volume ¢
that is a non-negative random variable.

Then we can describe the system under consideration by the following
markovian process:

(n(t), o1(t), oo(t), . .. s On(t) (t)) . (1)

Process (1) can be characterized by the following functions:

Py(t) = P{n(t) = k},k=0,n+m, (2)

Gi(t,z) = P{n(t) =k,o(t) <z}, k=1,n+m, (3)

where o(t) = Z?itl) o;(t) is the total volume of customers present in the
system at time instant .
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It is clear that for k = 1,n + m we have the relation

Pu(t) = Gal(t, V). (4)

For the functions (2), (3) we can write down the following equations:
Fy(t) = —aPy(t) L(V) + pPi(t); ()

%4
Pi(t) = aPy(t)L(V) — a/o Gi(t,V —y)dL(y) — pPr(t) + 2uPs(t);  (6)

174 1%
Pi(t) = a/O Gr-1(t,V —y)dL(y) — a/o Gr(t,V —y)dL(y)—

—kpPy(t) + (k+ DpPpa(t), k=2,n—1; (7)
1% 1%
P =a [ GiatV =pitt) o [ Gu(t.V 1)Ly~
—npBy(t) + npPria(t), k=n,n+m—1; (8)
1%
Poin(® = [ Guina 0V =)L) = naPand). ()

In stationary mode that exists if p = a/(nu) < oo, we can introduce the
following stationary analogies of the functions (2), (3):

pr=P{n=Fk},k=0,n+m, (10)

ge(z) =P{n=ko<z},k=1,n+m, (11)
where n(t) = n and o(t) = o in the sense of a weak convergence.

Then the steady state equations for the functions (10), (11) follow from
the equations (5)-(9) and take the form

0 = —apoL(V') + pp1; (12)

Vv
0=apoL(V) — a/ g1(V —y)dL(y) — pp1 + 2pp2; (13)
0

Vv 14
0= a/o Ge1(V —y)dL(y) — a/o gr(V —y)dL(y)—

14 14
0= a/o gre—1(V —y)dL(y) — a/o 9k(V = y)dL(y)—
—nupk + nppg+1, k=mn,n+m—1; (15)

\%4
0= a/o Intm—1(V = y)dL(y) — npppim. (16)
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Let us introduce the notation Ly(y) for kth order Stieltjes convolution of
the distribution function L(y), which is defined recurrently as follows:

Yy
Lo(y) = 1, Luly) = [ Lialy - w)dL(w)

0
In addition, we introduce the notation

(np)*
Nk = THC Jifk=1,n;
ifk=n+1,n+m.

nlv

By direct substitution, we can check that the solution of (12)-(16) has
the form

gr(x) = poN(k)Li(x),k = 1,n+ m.
By the limiting transition in (4), we can obtain formulas for py:
pe = ge(V) = poN (k) Le(V), k = T,n +m. (17)
From the normalization condition 377, w0 pe = 1 we also obtain

n+m -1

1+ > N(k)Li(V)
k=1

The loss probability can be obtained from the following equilibrium con-

dition:
a(l - p,) = kawrnu 1—Zpk

po = (18)

whereas we have
n—1
pu=1-(np)~ kak_ P 1= ), (19)
k=0

where probabilities py are determined by (17). The results for analyzed
system were presented, for example, in [6].

2. M/M/n/(m,V) QUEUEING SYSTEM WITH NON-IDENTICAL SERVERS
AND THE RANDOM CHOICE OF A SERVER

In this section we present some generalization of the system discussed
in section 1. The purpose of our investigations is to obtain formulas for
probabilities pr and loss probabilities in the steady state and to analyze
some special cases. We use some classical results for M/M/n/m queuing
systems with non-identical servers [1-5, 8] and some basic properties of
queueing systems with non-homogeneous customers and customer’s service
time independent on its volume [6, 7].
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If the parameters of service time distribution are not identical for ev-
ery server, then the behaviour of the system is described by the following
markovian process:

(n(t)a il(t)v i2(t)7 SRR il(t)7 Jl(t)7 02(t>7 s 7Un(t)(t)) ) (20)
where [ = min(n(t),n) and i1(¢),i2(t), ..., 4 (t) is the sequence of the num-
bers of busy servers ordered increasingly. If n(t) = 0, the process (20)
reduces to n(t).

Process (20) is characterized by the following functions:

Py(t) = P{n(t) = 0}; (21)
Grfifo..i(t, ) = P{n(t) =k, i1(t) = f1,i2(t) = fa,...,0(t) = fi,o(t) <z},
E=1n+m. (22)

It is obvious that for & > n function (22) can be rewritten as
Gi(t, ) = P{n(t) = k,o(t) < x}.
If kK < n, we have
Gk(t,l’) = P{U(t) =k, U(t) < :E} = Z Gk‘f1f2---fk (t>$)7 (23)
{F}
where { F]'} is the set of all k-element combinations of the set { f1, f2, ..., fn}.
Assume additionally that we have only two non-identical servers. Denote

as u1, o time service parameters for first and the second server conse-
quently. Let us introduce the notation p = —%

p1tpe”
In this case the process (20) take the form
(n(),i1(t), ..., (), 01(t), 00(t), ..., 001 (1)) , (24)

where [ = min(n(t), 2).
Process (24) can be characterized by the following functions:

Po(t) = P{n(t) = 0}; (25)

Pu(t) = P{n(t) = 1,1 (t) = 1}; (26)

Pro(t) = P{n(t) = 1,01 (t) = 2}; (27)

Py(t) = P{n(t) =k}, k=2,m+ 2; (28)
Gu(t,x) = P{n(t) = 1,01(t) = 1,0(t) <z} (29)
Gua(t,z) = P{n(t) = 1,i1(t) = 2,0(t) < z}; (30)
Gi(t,x) = P{n(t) = k,o(t) <z}, k=2,m+2. (31)

If we analyze the behaviour of the system, we can write down the follow-
ing equations:

Py(t) = —aPo(t)L(V) + p1 Pr1 (t) + p2Pra(t); (32)
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Pi)) = ~a [ Gu(tV = 2)dL() ~ maPut) + GROLYV) + paFa(t)
(33)
Plo(t) = ~a [ Gua(t,V = 2)dL(z) ~ paPralt) + GRLIV) + i Pa(e)
(34)

1%
PO = =a | Galt.V = 2)dL(@) - (u + ) Pa(t)+

“+a </ G11 t,V — I‘)dL / G12 t,V — x)dL( )> + (,u1 + MQ)Pg((?:f;;

1%
Pit) = =a | GultV = 2)dLia) = (1 + o) Ple)+
1%
+a/0 G s (b — 2)dL(x) + (i1 + 1) Posa (1), k= 3m TT: (36)

/o) = — (1 + p2) Prga(t) + / Gir(t,V — 2)dL(z);  (37)

m+2
Po(t) + P (t) + Pia(t) + Z Pyt (38)

In the steady state (if only p < o0), we obtaln the following equations
for functions pg, p11, P12, Pk, 911(x), gi12(x), gr(x), that are the limits of
functions (25)-(31) (if t — oo) in the sense of weak convergence:

0= —apoL(V) + p1p11 + papi2; (39)

v
a
0= —a/ g11(V —x)dL(x) — pip11 + QPOL(V) + p2p2; (40)
0

1%
0= —a/o g12(V — x2)dL(x) — pop1a + gpoL(V) + p1p2; (41)
v
0= —a/ 92(V — z)dL(z) — (p1 + p2)p2+
0
v 1%
+a </0 g11(V —z)dL(z) + /0 g12(V — x)dL(m)) + (1 + p2)ps;  (42)
v
0= —a / gu(V = 2)dL(z) — (1 + p2)pi-t
0

\%4
—|—a/ ge—1(V —x)dL(x) + (11 + p2)prt1, k=3, m+1; (43)
0
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%
0= —(p1 + p2)pm+2 + a/ gm+1(V — x)dL(x); (44)
0
m—+2
po+put+pa+ Y pr=1 (45)
o

By the direct substitution, we can check that the solution of (39)-(45)
has the form

a
= —mpoL —poL 46
g1 () 2,7 (@), gr2(z) = 2M2P0 (z); (46)
1 1 .
o) =B (Lo L) fin ), b-zmr s
2\ p2
a
p11 = TMPOL(V) pi2 = ﬂpoL(V) (48)
a 1 1
p1=pu +pi2 = %(E + B)L(Vﬁ (49)
1 1 .
pp = 20 ( + > PPLE(V), k=2,m+2. (50)
2\ pe
The formulas (49)—(50) can be rewritten as it follows:
1 1 .
p = 0 ( + ) PLL(V), k=T,m ¥ 2, (51)
2\ pe

where py can be obtained from the normalization condition (45) and has

the form
m—+2
po= |1+ ( > ML (
’ [ I S ) Zp WV

The above analysis can be generahzed for the arbitrary number of non-
identical servers. For example, in the case of n = 3 we obtain

(52)

apo apo apo
= 221V = — (Vv = —L(V): 53
D1 o (V), p12 312 V), p13 305 (V): (53)
apo 1 1 1
pr=putprtpy=-—-( -+ _—+ - L(V); (54)
Mo B2 M3
a*po a?po a?po
= P01 V), pais = PO Lo(V), pass = — P Lo(V); (55
D212 6iiia 2(V), pa13 Gisis 2(V'), paz3 Griasis 2(V); (55)

2
a 1 1 1
P2 = P212 + P213 + P23 = o < + + ) Ly(V);  (56)
6 Hip2  HAp3 M3

2
a 1 1 1 -
P = po( +—+ )p’“‘sz(V), k=3m+3,  (57)
6 Hip2  pp3 pH2p3
where p = TR JmaQ ot
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Formulas (56)—(57) can be rewritten as
2

a 1 1 1
0 ( + +
6 Hip2  HIp3 H2M3

where we obtain the following value for pg:

111
po = [1+a<++>L(V)+
3\ pe o p3

pr— ) K V) k=T EE (58)

-1

a2 1 1 m—+3

k—2
+ — + E Lp(V
6 < M2H3> g

Hip2  H1p3

(59)

The solutions of analyzed systems of equatlons in the steady state are
obtained using computer algebra systems (ex. Mathematica environment).
In general case we obtain the following formulas:

a*(n — k)!po

= Ly(V),k=1,n—-1; (60)
n! [Ty ey,

Pkfifafro =
k k -
) MZ{F”}mLk(V)7 k=1n-2,
k an 1 pk n+1Lk(V), kzn—l,n—f—m,
(61)

p

>{Fr VT

w €PN Hay

where F}" denotes k-element subset of n-element set and

+ i, Stk Y L)+

"= {Fr} H’fiEF;? Has

nl n+m

— > Y B — L. (62)

k—n— 1{Fn 1 z, €F) lul'z

3. LOSS PROBABILITY

Assume that we have a system with two non-identical servers. Denote as
11, pe service time parameters for the first and second server consequently.
Denote as p, the loss probability for the system under consideration. To
obtain the value of p,, we can write down the following equilibrium condition:

1
a(l = pu) = paprr + paprz + (p1 + p2) (1 - Zm) : (63)
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In the case of three servers the equilibrium condition has the form

a(l — py) = pip11 + papiz + pspis + (f1 + p2)p2ie+

+(p1 + p3)pais + (H2 + p3)p2es + (w1 + p2 + p3) (1 - ZPk) . (64)

In general we have the following formula
n—1
ESED D) LTS VR0 318 () 3P P
k=1{Fn} k=0
The solution of (65) leads to the following result:

n—1
p=1- S f,czuﬁzuk( -5 ) 66)
k=0

k=1 {F7}
where pyy, 7,5, and py are determined by relations (60) and (61).
4. ANALYSIS OF SOME SPECIAL CASES

1) M/M/n/(0,V) queueing system with non-identical servers.
Consider now a queueing system with no waiting places in the

queue (m = 0). In this case formula (61) has the form
F(n — k)! 1 S
pr = L0 Pl L(V), k=Tn—T,
n: (Fry H:pieF,? Ha;
an ! 1
po= LN LV,
iy Heer e
where
1 n—1
Py = 1—0—5261’“(71— Z H (V)+
k=1 (rpy Haserp Ha
-1
a” P
Z I
! no} H:EZEF 1

Loss probablhty on the base of the relation (66) has the form

Py = 1— - Z > Prfife. kaMfz +PnZ“k

k=1 {Fn}
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Assume additionally that customer’s volume has an exponential
distribution with the parameter f i.e. L(x) = 1 — e~ f*. In this case
we have

k—1 i
_1_ —fz (f.l‘)
Lp(z)=1—e Z i
i=0
i.e. the function Lg(z) has the k-Erlang distribution with the pa-
rameter f. So we finally obtain the formulas

a*(n — k)'po - (fV) -
Pkfifo.fro = k. 1—e 1V g R k=1n—1;
n: Hi:l Hf; i=0 :

pk:ak(n—k)!po Z 1 <1_€—f\/l§(fv)i>7 k:m;

| |
" {F} HIZEFI? Ha; =0 v
a"pyp 1 v (V)
o T (e L B
ey Heer He i—0

Assume now that customers’s volume has geometric distribution
with the parameter f ie. L(z) = > ,_,(1 — f)f*. Then we have

k+1— i

Li(x) =) ( Z. >f (1-pk
i<T

So we obtain the following results:

a®(n — k)po k+i—1\ -
Pkfifafr. = T TTF Z < . )f (1- f)kv k=1,n—1;
n! ey by i

~

Pk n_ 'pOZH Z(k—'_z_l)fl(l_f)k?kzlvn_la

{Fn :DZEF /"be i<V

a™” pop <n+i—1) i1 an
Pn = : fra=nt (68)
{1; b H%GF e <Zv '

Finally we assume that customer’s volume is constant i.e. { = fj.

Then we have L(z) = H(x— fy), where H (z) is the Heaviside unitstep
function and Ly (x) = H({ — fo).
So we obtain the following results:

a*(n —k)!po V -
Phfiforfr = ——7——H <—fo) Jk=1,n-1;
U Ly \E
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k(n — k) 1 -
S ] AN

|

anfl

Pop 1 <V >
p, = L PoP Sl (LA 69
n! Z Hxing_ o n ( )

F 1} 1
2) M/M/n/(o0,V) queueing system with non-identical servers.
Consider now queueing system with infinite number of waiting
places
(m = 00). In this case formula (61) has the form

M 1 —
S} Tk BV, =T =2,

k= PV, k> 1,

L 1} Hz EF" 'U'IZ'

where

+ % dd -k ;Lk(VH

-1

+ Z Z H pk—n+1Lk(V)

k=n—1 ' {Fn !L’ZGF"L ILL$1

In addition, loss probablhty is determined by (66).
Assume additionally that customer’s volume has exponential dis-
tribution with the parameter f. Then we have the following formulas:

ak(n—k)!pg 1 " (fV)i S
_ fV _ .
PE = y g 1—e ;0 i ,k=1,n—2;

n—1 k—n+1 1 k-1 14 7
P e A < R S 1_e—fVZ@ ksl
n! [Lo.crn . Ha , i!
{Fn_ |} HRTiES T i=0
(70)
Assume now that customers’s volume has geometric distribution
with the parameter f . Then we have

pr = n_. DS Z(Hﬁ_l)f"(l—f)’ikzl,n—2;

{Fn} Ha:ZEF Mwl i<V
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n—1 k—n+1 1 k i — 1 .
P L ) DN (A FAIC IS LA =i B (4
" ey Hegerp  poi 300
If the customer’s volume is constant ({ = fy), then we obtain the
following results:

k(yn — I _
et L (VN

|
n: (Fr} Hzing Hea;
n—1 k—n+1 1
il H(V—fo),an—l (72)
" {(Fr_} Maierp , pai \ K

n—

a
Pr =
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